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Usage notes As these notes will be officially made public by the lecturer, I reckon that it might be a good
idea to explain some things.

• These are my personal notes. The only reader I have in mind is my future self. You might find these
notes at multiple times too verbose.
Nevertheless, I appreciate any feedback about the lecture notes. You can either write me an e-mail at
tien.nguyen@uni-bonn.de or a chat message on WhatsApp if you have my number.

• These notes should contain all content from the lecture and in the official lecture notes (definitions,
propositions, theorems, corollaries, lemmas, examples, and many remarks, although not often declared as
such by the lecturer), and maybe a bit more. Many proofs are a lot more detailed. Some proof steps are
entirely different compared to the lecture, but hopefully equivalent and more understandable.

• Every now and then, the lecturer gives exercises for the interested, which will be stated as such and
might be solved by me. Missing proofs and new remarks I do start with ‘(From me.)’. But watch out, not
everything I add is marked that way.

• There are solutions to many exercises from the weekly exercise sheets. These are not my priority, and
please take them with a grain of salt: Some exercises have complete and revised solutions, but more often
then not, they are incomplete scratches I take during the tutorials. You will see whether a solution is a
readable one if it is listed in Table -1.1. Note that the lecturer did not check the solutions.

• You find date stamps on the right margin. Reading up to ‘Peer-reviewed’ in bold is save to do – this
part was reviewed by the lecturer. Reading up to ‘Reviewed’ is also okay – this part was revised by me.
After that, you continue at your own risk.

• There are internal and external hyperlinks in the PDF. All coloured text is clickable. Here a gallery:
Observation 4.87, (i), [Sta, 000I], ✓ (the check is an exercise), Wikipedia, the section titles in the table of
contents, etc.

Solved exercises Table -1.1 shows all properly formulated solutions to exercises in these notes.

Sheet Exercise 1 Exercise 2 Exercise 3 Exercise 4
01 ✓ ✓ ✓ ✓
02 ✓ ✓ ✓ ✓
03 ✓ ✓ ✓ ✓
04 ✓ ✓ ✓ ✓

05 ✓ ✓ ✓ ✓
06 ✓ ✓ ✓ ✓
07 ✓ ✓ ✓ ✓
08 ✓ ✓ ✓ ✓

09 ✓ ✓ ✓ ✓
10 ✓ ✓ ✓ ✓
11 ✓ ✓ ✓ ✓
12 ✓ ✓ ✓ ✓

Table -1.1: Properly written solutions in these notes. Horizontal lines act purely as visual guides.

Acknowledgements Many thanks to the lecturer Andreas Mihatsch for proof-reading these notes (it goes
without saying that you should look out for errors anyway), and to my tutor Kim Lukas Kiehn for providing
solutions to the exercises in my weekly tutorials. Also thanks to everyone who found errata and gave me ideas
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Algebra I – Commutative Algebra

0 Introduction Lect. 1
03.04.23

0.1 Motivation
Galois theory considers a single polynomial in a single variable over a field. In that regard, the primitive element
theorem states that every separable finite field extension L/K is simple. If we have L = K(α) for an element
α ∈ L, we know that L = K(α) ∼= K[T ]/(f(T )), where f(T ) ∈ K[T ] is the minimal polynomial of α over K.

Commutative algebra instead considers a system of polynomial equations in several variables with general
coefficients. There are mainly two historical origins:

(i) Algebraic geometry: Let T1, . . . , Tn be variables, and let f1, . . . fn ∈ C[T1, . . . , Tn] be polynomials. Then
we can consider the ring A = C[T1, . . . , Tn]/(f1, . . . , fm) or the solution set X = {t = (t1, . . . , tn) ∈
Cn | f1(t) = · · · = fm(t) = 0}, which is a set of points in n-dimensional space.
Algebraic geometry recognises that the properties of A and X somewhat match, e. g.

• dim(A) (the Krull dimension) is the C-dimension of X,
• A is regular if and only if X is non-singular, i. e. a manifold.
• The only idempotents in A are 0 and 1 if and only if X is connected.

(ii) Algebraic number theory: We are interested in Z[T ]/(f) for some f ∈ Z[T ]. Then we see that e. g.
the Gaussian numbers Z[i] or the Eisenstein numbers Z[ζ3] reflect certain classical number-theoretic
properties.

This lecture on commutative algebra focuses on commutative rings and modules over them as well as some
examples in algebraic geometry and algebraic number theory. Examples for commutative rings include the
ring of functions over C in algebraic geometry, or the ring of algebraic integers over Q in algebraic number
theory. Possible continuations of this lecture are algebraic geometry, algebraic number theory and algebra II.
The prerequisite for this course is the course introduction to algebra, for example [Sch].

These notes deviate from the intended content structure as envisioned by the lecturer:
(i) Chapter 1, Rings, containing everything from ch. 1 and 2.
(ii) Chapter 2, Modules, containing everything from ch. 3 and 4.
(iii) Chapter 3, Geometry and Algebra, containing everything from ch. 5 and 6.
(iv) Chapter 4, Number Theory and Algebra, containing everything from ch. 7.

0.2 References
The main reference for (at least the first half of) this lecture is the following:
[AtMac] Atiyah, Michael F.; MacDonald, Ian G.: Introduction to commutative algebra. CRC Press 2018.

Other literature include (in descending importance):
[Sch] Schröer, Jan: Einführung in die Algebra. Lecture notes, winter term 22/23. In German. To be

found on eCampus.

[Sta] de Jong, Aise J.: The Stacks project. Online at https://stacks.math.columbia.edu/.

[Mat] Matsumura, Hideyuki: Commutative Algebra. Benjamin 1980, 2nd ed. For a digital version, see:
TEXromancers (ed.), 2022: https://aareyanmanzoor.github.io/assets/matsumura-CA.pdf.

[Bos] Bosch, Siegfried: Algebra. Springer 2023, 10th ed. In German.

[Cox] Cox, David A.: Primes of the Form x2 + ny2. Wiley 2013.

[LMF] The LMFDB Collaboration: The L-functions and modular forms database (LMFDB). Online at
https://www.lmfdb.org/.

[Sut] Sutherland, Andrew: 18.785 Number theory I, Lecture #6. Lecture notes, fall 2015. Online at
https://math.mit.edu/classes/18.785/2015fa/LectureNotes6.pdf.

[Mum] Mumford, David: The Red Book of Varieties and Schemes. Springer 1999, 2nd ed.

[Leb] Lebruyn, Lieven: Muford’s treasure map. Online at http://www.neverendingbooks.org/
mumfords-treasure-map.

4

https://stacks.math.columbia.edu/
https://aareyanmanzoor.github.io/assets/matsumura-CA.pdf
https://www.lmfdb.org/
https://math.mit.edu/classes/18.785/2015fa/LectureNotes6.pdf
http://www.neverendingbooks.org/mumfords-treasure-map
http://www.neverendingbooks.org/mumfords-treasure-map


Algebra I – Commutative Algebra

1 Rings and Ideals
This following few subsections will follow [AtMac, ch. 1].

1.1 Rings and Ideals

Definition 1.1. A ring A is a set with two binary operations addition and multiplication +: A×A→ A
and · : A×A→ A, resp., for which the following hold:

(i) (A,+) is an abelian group.

(ii) Multiplication is associative and distributive over addition (left and right distributive).

Sometimes, a ring A has an identity element 1 ∈ A satisfying x1 = 1x = x for all x ∈ A.
We call a ring A commutative, if multiplication is commutative.
In this course, a ring will always denote a commutative ring with 1.

Definition 1.2. Let A be a ring.

(i) A subset a ⊆ A is an ideal in A if it is an abelian additive subgroup of A, such that ax ∈ a for all
x ∈ a and a ∈ A.

(ii) Let S ⊆ A be a subset. Then the ideal generated by S is defined as

(S) :=
⋂

S⊆a⊆A
a is ideal

a,

which is the smallest ideal containing S.

Note that we are in a commutative ring, so there is no distinction between left- and right-ideals.

Lemma 1.3. Let A be a ring, and let S ⊆ A be a subset. Then we have

(S) =
∑
s∈S

As =
{∑
s∈S

ass

∣∣∣∣∣ as ∈ A, as ̸= 0 for finitely many
}
.

Proof. Let b be the right hand side. Let
∑
s∈S ass,

∑
s∈S bss ∈ b, where only finitely many as and bs are not 0.

It follows that

−
∑
s∈S

ass =
∑
s∈S

(−as)s ∈ b and
∑
s∈S

ass+
∑
s∈S

bss =
∑
s∈S

(as + bs)s ∈ b.

Note that there are only finitely many non-zero −as and as + bs. Thus b is an abelian additive subgroup. We
also have

a
∑
s∈S

ass =
∑
s∈S

(aas)s ∈ b for all a ∈ A.

Again, note that there are only finitely many aas not equal 0. Thus b is an ideal. Since 1s ∈ b for all s ∈ S, it
follows that S ⊆ b and hence by definition (S) ⊆ b.

Conversely, let a ⊆ A be an ideal such that S ⊆ a. From the properties of ideals, we get as ∈ a for all s ∈ S
and a ∈ A and thus

∑
s∈S ass ∈ a for all finite sums. Therefore b ⊆ a and finally b ⊆ (S).

How can we construct rings?

(i) We already know some rings, e. g. Z, Q, R, C, Fp, etc.

(ii) Given a ring A, we can form polynomial rings.

(iii) Given a ring A and an ideal a ⊆ A, we can form quotient rings.
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1.1 Rings and Ideals Algebra I – Commutative Algebra

Definition 1.4. Given any ring A, we can construct polynomial rings A[T ] over A in a single variable T
(which is just a symbol):

A[T ] :=
∞⊕
i=0

AT i =
{

n∑
i=0

aiT
i

∣∣∣∣∣ n ≥ 0, ai ∈ A, an ̸= 0
}
.

Remark 1.5. By definition, two polynomials
∑n
i=0 aiT

i and
∑m
i=0 biT

i in A[T ] are equal (assuming an, bm ̸= 0)
if and only if n = m as well as ai = bi for all i = 0, . . . , n.

Definition 1.6. Given a ring A, we can construct a polynomial ring over A in several variables T1, . . . , Tn
by

A[T1, . . . , Tn] := A[T1, . . . , Tn−1][Tn]

inductively. Similarly, if I is any index set, we can form a polynomial ring over A in a family of variables
(Ti)i∈I by

A[Ti, i ∈ I] :=
⋃

finite J ⊆ I

A[Tj , j ∈ J ].

Definition 1.7. Given a ring A and an ideal a ⊆ A, the additive abelian quotient group A/a endowed with
the multiplication

(a+ a)(b+ a) := ab+ a for all a, b ∈ A

forms a ring which we call a quotient (ring) of A.

Proof. We have to check that this multiplication is well-defined. For all x, y ∈ a, we have

(a+ x+ a)(b+ y + a) = ab+ ay + bx+ xy + a = ab+ a

since ay + bx+ xy ∈ a due to the ideal properties.
All other ring axioms follow directly from those of A.

Notation 1.8. Let A be a ring, let a ⊆ A be an ideal, and let a, b ∈ A. Then we write a ≡ b mod a if
a− b ∈ a, or equivalently, a+ a = b+ a. We also write ā ∈ A/a for the residue class a+ a.

Definition 1.9. Let A and B be rings. We call a map φ : A→ B a ring homomorphism if the following
hold:

(i) φ(a+ b) = φ(a) + φ(b) for all a, b ∈ A.

(ii) φ(ab) = φ(a)φ(b) for all a, b ∈ A.

(iii) φ(1) = 1.

From now on, we will call ring homomorphisms simply ring maps.

Some important properties which are known from the introductory course to algebra.

Theorem 1.10 (homomorphism theorem for rings, [Sch, Thm. 5.8]). Let φ : A→ B be a ring map.
Then φ(A) is a subring of B and ker(φ) is an ideal of A. Furthermore, we have

A/ ker(φ) φ(A)∼

Definition 1.11. Especially in the context of category theory, assume that a morphism f : A→ C can be
written as f = h ◦ g with morphism g : A→ B and h : B → C. Then we will say that f factors through
any of g, h or B.
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1.2 Examples of Rings Algebra I – Commutative Algebra

Theorem 1.12 (universal property of polynomial rings, [Sch, Thm. 5.23]). Let φ : A → B be
a ring map, and let I be an index set. Then for every map I 7→ B, i 7→ bi, there is a unique ring
map ψ(bi) : A[Ti, i ∈ I]→ B, such that ψ(bi) : Ti 7→ bi, and such that

A B

A[Ti, i ∈ I]

φ

∃!ψ(bi)

commutes, i. e. ψ(bi)(a) = φ(a) for all a ∈ A. We also call ψ(bi) the evaluation of Ti at bi. Furthermore,
there is a bijection between all ψ satisfying the above and map(I,B) via

ψ 7→ (i 7→ ψ(Ti)),
(ψ : Ti 7→ bi) 7→(i 7→ bi).

Theorem 1.13 (universal property of quotient rings, [Sch, Thm. 5.7]). Let φ : A→ B be a ring map,
and let a ⊆ ker(φ) be an ideal in A. Then there exists the following unique factorisation of φ:

A B

A/a

φ

∃!

1.2 Examples of Rings
Example 1.14. Let k be a field, k[T ] a polynomial ring and f =

∑n
i=0 aiT

i ∈ k[T ] with an ̸= 0. Consider
A = k[T ]/(f). Then for all m ≥ n, we have

Tm = a−1
n Tm−nf − a−1

n

n−1∑
i=0

aiT
m−n+i

=⇒ Tm ≡ −a−1
n (an−1T

m−1 + an−2T
m−2 + · · ·+ a0T

m−n) mod (f).

This means any residue class of A has a representative g + (f) with deg(g) < n, for we can apply the above
iteratively to eliminate the term of highest degree at least n.

Set t := T̄ = T + (f). The above shows that 1, t, t2, . . . , tn−1 is a k-basis of A. Hence for all 0 ≤ i ≤ n,

t · ti =
{
ti+1, if i < n− 1,
−a−1

n (an−1t
n−1 + · · ·+ a1t+ a0), if i = n− 1.

This multiplication law inductively defines the multiplication of two elements in A completely.
More generally, let A be a ring, and let f = anT

n+an−1T
n−1 + · · ·+a0 ∈ A[T ] with an invertible. Consider

A[T ]/(f), and set t := T + (f) ∈ A[T ]/(f). Then

A[T ]/(f) ∼=
n−1⊕
i=0

Ati

as abelian groups endowed with the same multiplication as before.

Exercise 1.15. Show that this ‘minimal’ representative g is unique.

Solution. By way of contradiction, suppose that we have g+ (f) = g′ + (f) with g ≠ g′ and deg(g),deg(g′) < n.
But this implies f | (g − g′), and hence n = deg(f) < deg(g − g′) ≤ n− 1.
Example 1.16. Consider A := Z[X,Y ]/(XY ). Note that (XY ) = Z[X,Y ] ·XY is the set of all multiples of XY
over Z[X,Y ]. We see that every f ∈ Z[X,Y ] is of the form

f = c+
n∑
i=1

aiX
i +

m∑
j=1

bjY
j + g ·XY

7
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with unique c, ai, bj ∈ Z and g ∈ Z[X,Y ]. Then every residue class in A has a unique representative of the
form c+

∑n
i=1 aiX

i +
∑m
j=1 bjY

j . Let us set x := X + (XY ) and y := Y + (XY ). We conclude that

A ∼= Z⊕
∞⊕
i=1

(Zxi ⊕ Zyi)

as abelian groups with multiplication defined by xixj = xi+j and yiyj = yi+j , but xy = 0.

1.3 Basic Properties

Definition 1.17. Let A be a ring.

(i) x ∈ A is nilpotent if xn = 0 for some n > 0. A is reduced if 0 is the only nilpotent element.

(ii) x ∈ A is a zero divisor if there exists some 0 ̸= y ∈ A such that xy = 0, otherwise x is regular.
A is an integral domain or just domain if A ̸= 0 and if 0 is the only zero divisor.

(iii) x ∈ A is a unit if there is some y ∈ A such that xy = 1. We denote the set of all units in A by A×,
which forms a multiplicative group.

Remark 1.18. Consider the map φ : A→ A, a 7→ xa for a given x ∈ A.
(i) φ is injective if and only if x is regular.

Proof: φ is injective as an abelian group map if and only if ker(φ) = 0, meaning if xy = 0 for some
y ∈ A, then y = 0. This is the definition of x being regular.

(ii) φ is bijective if and only if φ is surjective if and only if x ∈ A×.
Proof: φ being bijective implies φ being surjective. If φ is surjective, then there exists some a ∈ A with
φ(a) = xa = 1, hence x ∈ A×. If x ∈ A×, then there exists some y ∈ A such that xy = yx = 1. Hence
the inverse map φ−1 : A→ A, a 7→ ya exists, implying that φ is bijective.

Notice that im(φ) = Ax = (x) is the ideal generated by x.
Example 1.19. Let n ∈ Z and consider A := Z[T ]/(T 2 − n), i. e. we adjoin Z by the square root of n. Set
t := T + (T 2 − n), so t2 = n.

(i) If n = 0, then t2 = 0 in A. Thus t ̸= 0 is nilpotent, and A is neither reduced nor an integral domain.

(ii) If n = m2 is a square for m > 0, then (m− t)(m+ t) = m2 − t2 = n− n = 0. Both factors are not 0
since m ∈ Z, but t /∈ Z. Thus A is not an integral domain.

(iii) If n is not a square, then A ∼= Z[
√
n] given by t 7→

√
n. So we find an embedding A ↪→ Q(

√
n) into a

field, and A is in particular an integral domain.
Exercise 1.20. Show that if n ∈ Z \ {0}, then A = Z[T ]/(T 2 − n) is reduced.
Solution. If n ̸= 0, we have A ∼= Z⊕ Zt as an abelian group. Let a+ bt ∈ A, and assume that (a+ bt)k = 0
for some odd k > 0. Expanding yields 0 = aa′ + bb′t for some a′, b′ ∈ Z, where each summand in a′ or b′ is a
product of squares and positive integers (more precisely, binomial coefficients). Since a′, b′ ≥ 0 and necessarily
aa′ = bb′ = 0, we have a = b = 0, and hence A is reduced.

Proposition 1.21. Let A be a reduced ring (resp. an integral domain). Then A[Ti, i ∈ I] is so as well for
any index set I.

Proof. Let B := A[Ti, i ∈ I]. First we assume that I = {1, . . . , n} is finite. Because of A[T1, . . . , Tn] ∼=
A[T1, . . . , Tn−1][Tn], we can proceed inductively. It suffices to show the inductive step assuming B = A[T ].

Let f = anT
n + · · ·+a0 and g = bmT

m + · · ·+ b0 be in B with an, bm ̸= 0. Then fg = anbmT
n+m + · · · and

fr = arnT
nr + · · · for any r ≥ 0. A being reduced (resp. an integral domain) implies arn ̸= 0 (resp. anbm ̸= 0).

Thus fr ̸= 0 (resp. fg ̸= 0), and B is reduced (resp. an integral domain.)
Now to the general case. Given any f, g ∈ B, there exists a finite J ⊆ I such that f, g ∈ A[Tj , j ∈ J ]. It

follows that fg, fr ∈ A[Tj , j ∈ J ] for any r ≥ 0. Now we proceed similarly as in the finite case and show that
fg ̸= 0 (resp. fr ̸= 0 for any r ≥ 0) in A[Tj , j ∈ J ]. By the inclusion A[Tj , j ∈ J ] ↪→ B, this also holds in B.
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Definition 1.22. Let A be a ring. We define nil(A) to be the set of all nilpotent elements in A, called the
nilradical of A.

Proposition 1.23. Let A be a ring. Then we have the following:

(i) nil(A) is an ideal.

(ii) Ā := A/nil(A) is reduced.

(iii) Universal property of nilradicals: For any reduced ring B, any ring map φ : A→ B factorises
through Ā.

Proof.

(i) Let x, y ∈ nil(A), say xn = ym = 0. Then (ax)n = anxn = 0 for all a ∈ A. Furthermore,

(x+ y)n+m−1 =
n+m−1∑
i=0

(
n+m− 1

i

)
xn+m−1−iyi = 0,

since we always have either n+m− 1− i ≥ n or i ≥ m. Finally, we have (−x)n = (−1)nxn = 0. In the
end, −x, x+ y, ax ∈ nil(A) for all x, y ∈ nil(A) and a ∈ A.

(ii) Let x̄ = x + nil(A) ∈ Ā be nilpotent, say x̄n = 0. This means xn ∈ nil(A), i. e. (xn)k = xnk = 0 for
some k > 0. Thus x ∈ nil(A), hence x̄ = 0.

(iii) Let B be reduced, and let φ : A→ B be a ring map. If xn = 0 for x ∈ nil(A), then φ(x)n = φ(xn) = 0,
so φ(x) = 0 since B is reduced. In other words, nil(A) ⊆ ker(φ), hence φ factors through Ā according
to the universal property of quotients.

Exercise 1.24. Compute units and the nilradical of the rings Z/(n) and C[ε]/(ε2)[T ].

1.4 Fields Lect. 2
06.04.23

Lemma 1.25. Let A be a ring.

(i) Let a ⊆ A be an ideal. Then a = A if and only if 1 ∈ a if and only if a contains a unit.

(ii) Given x ∈ A, we have (x) = A if and only if x ∈ A×.

Proof.

(i) The only if directions are trivial: If a = A, then obviously 1 ∈ a. If 1 ∈ a, then there is obviously a unit
in a, namely 1.
For the last implication, let u ∈ a be a unit, and let a ∈ A be arbitrary. By the ideal property, it follows
that a = au−1 · u ∈ a since u ∈ a and au−1 ∈ A. Hence a = A.

(ii) According to what we just proved, (x) = A if and only if 1 ∈ (x) if and only if 1 = xy for some y ∈ A if
and only if x ∈ A×.

Definition 1.26. A ring A is a field if A ̸= 0 and A× = A \ {0}.

Lemma 1.27. Let A ̸= 0 be a ring. Then A is a field if and only if the only ideals in A are (0) and A.

Proof. Assume that A is a field, and that (0) ̸= a ⊆ A is an ideal. Then we pick any 0 ̸= x ∈ a, which is a unit
because A is a field. Thus by Lemma 1.25, A = (x) ⊆ a and hence a = A.

Conversely, let 0 ̸= x ∈ A. By the premise, we have (x) = A, and Lemma 1.25 yields x ∈ A×. Hence A is a
field.
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Definition 1.28. Let A be a ring. An ideal m ⊆ A is maximal, if m ̸= A and if there is no ideal a ⊆ A
with m ⊂ a ⊂ A.

Corollary 1.29. Let A be a ring. An ideal m ⊆ A is maximal if and only if A/m is a field.

Proof. We know the following fact from [Sch, Cor. 5.10]: Let a ⊆ A be any ideal and π : A→ A/a the canonical
projection. Then there is a bijection

{ideals b̄ ⊆ A/a} ∼= {ideals a ⊆ b ⊆ A}, b̄ 7→ π−1(b̄), π(b) = b/a 7→b.

Using this fact, we make the following observations: Firstly, m ≠ A if and only if A/m ̸= (0). Secondly, for
all m ̸= A, there exists no ideal m ⊂ a ⊂ A if and only if there exists no ideal (0) ⊂ ā ⊂ A/m, i. e. (0) and A/m
are the only ideals of A/m. By Lemma 1.27, this is equivalent to A/m being a field.

1.5 Principal ideal domains

Definition 1.30. A principal ideal domain (PID) is an integral domain A such that every ideal a ⊂ A is
principal, i. e. of the form a = (f) for some f ∈ A.

Example 1.31. Z and k[T ] for any field k are prototypical principal ideal domains.
Example 1.32. A = C[ε]/(ε2) is not an integral domain, but every ideal is principal, namely (0), (ε̄), (1̄) = A
are the only ideals in A.

To proof that, we can use the correspondence of ideals in the proof of Corollary 1.29. There is a bijection
between ideals in A and ideals (ε2) ⊆ a ⊆ C[ε]. Since C[ε] is a principal ideal domain, the latter set of ideals is
{(f) | f | ε2} = {(1), (ε), (ε2)}. After projecting, we obtain the claimed ideals of A.

Alternative: We show that A× = {a + bε̄ ∈ A | a ∈ C×}. Let a + bε̄ ∈ A with a ∈ C×. Then
a−2(a+ bε̄)(a− bε̄) = 1, so a+ bε̄ ∈ A×. Conversely, let a+ bε̄ ∈ A×, i. e.

1 = (a+ bε̄)(c+ dε̄) = ac+ (ad+ bc)ε̄

for some c+ dε̄ ∈ A. This implies ac = 1 and ad+ bc = 0, and in particular, a ∈ C×.
Now we consider some ideal (0) ̸= a ⊆ A. If there exists some 0 ̸= a+ bε̄ ∈ a with a ∈ C×, then a+ bε̄ ∈ A×

and by Lemma 1.25, a = A. Otherwise, a = {bε̄ | b ∈ C} = (ε̄).

Definition 1.33. A ring is a principal ideal ring, if every ideal in it is principal.

In contrast to principal ideal domains, A might have non-zero zero divisors.

Lemma 1.34. Let A be an integral domain, and let f, g ∈ A. Then (f) = (g) if and only if there exists
some u ∈ A× such that g = uf .

Proof. If g = uf , then (g) ⊆ (f). Because of u ∈ A×, we also have f = u−1g, so (f) ⊆ (g).
Conversely, if (f) = (g), we have f ∈ (g) and g ∈ (f), i. e. we can write f = ug and g = vf for certain

u, v ∈ A. We obtain f = uvf , or equivalently f(1− uv) = 0. Since A is an integral domain, f = 0 or uv = 1.
In the first case f = 0, we must have g = 0 too, so g = 1f satisfies the assertion. In the second case uv = 1,

we have u ∈ A× and the assertion is again satisfied.

Corollary 1.35. If A is a principal ideal domain, then there is a bijection between ideals in A and the
multiplicative group A/A×, given by (f) 7→f .

Example 1.36. In Z, all ideals are exactly nZ for all n ≥ 0. In k[T ], all ideals are exactly (f) with monic
f ∈ k[T ].

Definition 1.37. Let A be an integral domain. Then p ∈ A is prime if 0 ̸= p /∈ A×, and p | ab implies p | a
or p | b.
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Theorem 1.38. Let A be a principal ideal domain, but not a field, and let 0 ̸= f ∈ A. Then there
exist u ∈ A×, p1, . . . , pr ∈ A prime and e1, . . . , er ≥ 1 such that

f = upe1
1 · · · per

r ,

which we call a prime factorisation of f . Furthermore, we may assume that pi ∤ pj for all i ̸= j.
Then (pi, ei) are unique up to reordering and up to units, i. e. pi 7→ uipi with ui ∈ A× for all 1 ≤ i ≤ r.

We will prove this theorem in a number of steps, and we will need the following auxiliary statement.
Nevertheless, the results on this endeavour are quite interesting in themselves. Besides, we will demonstrate a
common technique in commutative algebra: Constructing an ascending chain of ideals.

Lemma 1.39. Let A be an integral domain, and let p, q ∈ A be prime. Then p | q implies q | p, i. e. q = up
for some u ∈ A×.

Proof. p | q implies q = xp for some x ∈ A. The prime property gives q | x or q | p. We now show that q | x is
impossible.

By way of contradiction, suppose that x = qy for some y ∈ A. Thus q = qyp, hence (1− yp)q = 0. Since A
is an integral domain and q ̸= 0, we necessarily have 1 = yp. But this contradicts p /∈ A× for prime elements.

Thus q | p. In particular, (p) = (q). Now, q = up for some u ∈ A× follows from Lemma 1.34.

Now to the actual proof.

Proof. We will prove a series of claims.

(i) If f ∈ A×, then f = f is the ‘unique’ prime factorisation.
Assume that p | f for some p ∈ A. Then p | ff−1 = 1, so p ∈ A× and p cannot be prime. Thus the
only factors of f are units, and f = f is a unique prime factorisation.
So from now on, we may assume f /∈ A×.

(ii) For each f /∈ A×, there exists a maximal ideal m ⊂ A with f ∈ m.
We define the following chain of ideals: Set a0 := (f). For each i ≥ 0, if ai ⊂ A is not maximal, we
choose some ideal ai+1 such that ai ⊂ ai+1 ⊂ A. Otherwise we set ai+1 := ai. We obtain the ascending
chain a0 ⊆ a1 ⊆ · · ·.
The union b :=

⋃
i≥0 ai is again an ideal. (For all f, g ∈ b, there is some i with f, g ∈ ai. Now, all ideal

properties hold in ai.) As A is a principal ideal domain, we can write b = (g) for some g ∈ b. Then we
must have g ∈ ai for some i, giving (g) ⊆ ai ⊆ b = (g). So this chain stabilises at ai = ai+1 = · · · and
ai must be maximal.

(iii) Let (0) ̸= m = (p) be an ideal in A (recall that A is not a field and Lemma 1.27). Then m is maximal if
and only if p is prime. (We actually only need the ‘only if’ direction.)
Let (0) ⊂ m ⊂ A be maximal, thus 0 ̸= p /∈ A× due to Lemma 1.25. Assume that p | ab, i. e. ab ∈ m.
This implies ā · b̄ = 0 in A/m, which is a field by Corollary 1.29. Thus we have ā = 0 or b̄ = 0, hence
a ∈ m or b ∈ m. This means p | a or p | b, and hence p is prime.
Conversely, let p be prime. As p /∈ A×, by (ii), there exists some maximal ideal n ⊂ A such that (p) ⊆ n.
We want to show that m = (p) = n.
Since A is a principal ideal domain, we can write n = (q) for some q ∈ A. This implies q | p According
to the ‘if’ direction we just showed, q is prime. Thus by Lemma 1.39, we also have p | q and hence
m = (p) = (q) = n.

(iv) Any 0 ̸= f ∈ A \A× has a prime factorisation as asserted.
We define the following sequence inductively: Set f0 := f . For i ≥ 0, we set fi+1 := fi if fi ∈ A×,
and fi+1 := fi/pi otherwise, where (pi) ⊂ A is a maximal ideal with fi ∈ (pi) (notice that in this case,
pi | fi and thus fi/pi ∈ A). We obtain the ascending chain (f0) ⊆ (f1) ⊆ · · ·. By the exact same
argument as in (ii), this chain becomes stationary at some point, say (fn−1) ⊂ (fn) = (fn+1) = · · ·.
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By (iii), the pi are all prime. Furthermore, we have fn ∈ A×: Otherwise by Lemma 1.34, we would
have fn/pn = fn+1 = fnu for some u ∈ A×. This implies fn(1− pnu) = 0. As A is an integral domain
and fn ̸= 0, we would obtain pnu = 1 and thus pn ∈ A×, contradicting pn being prime.
This yields f = fnp0 · · · pn−1 by construction (we continuously factor out prime elements from f0 = f).
Using Lemma 1.39, we can collect the pis w. r. t. to the equivalence relation pi ∼ pj if pi = upj for some
u ∈ A×. This finally yields the prime factorisation f = u′(p′

1)e1 · · · (p′
r)er with u′ ∈ A× and p′

i ∤ p′
j for

all i ̸= j.

(v) The prime factorisation as claimed in the theorem is unique.
Assume that upe1

1 · · · per
r = vqf1

1 · · · qfs
s are two prime factorisations as claimed in the theorem. As p1 is

prime, by the prime property, p1 | qj for some 1 ≤ j ≤ s (p1 | v is impossible since p1 /∈ A×). Then
Lemma 1.39 implies qj = wp1 for some w ∈ A×. As A is an integral domain and p1 ̸= 0, we may divide
this equation by p1 and obtain

upe1−1
1 pe2

2 · · · per
r = v′qf1

1 · · · q
fj−1
j · · · qfs

s with v′ := vw ∈ A×.

By induction over
∑r
i=1 ei, we may assume that u = vqf1

1 · · · qfs
s . Thus all factors on the right hand

side must be units and no prime can exist, i. e. s = 0.
We conclude that in our initial assumption,

∑r
i=1 ei =

∑s
j=1 fj . More precisely, we have ei = fj for

corresponding prime elements pi and qj , as we cancel prime elements one by one. Notice that in the
induction step, if p1 | qj , then pi ∤ qj for all i ≠ 1. Otherwise we would have wp1 = qj = w′pi with
w,w′ ∈ A× for some i and hence p1 | pi, contradicting the premise.

Corollary 1.40. Let A be a principal ideal domain, but not a field. Then there exists a bijection between
the maximal ideals of A and the prime elements of A modulo A× via (p) 7→p. (That means we do not
differentiate between primes which are different up to a unit.)

In a principal ideal domain, we can obtain notions of a greatest common divisor or the least common
multiple by the prime factorisation.

Definition 1.41. Let A be a ring and a, b ⊆ A ideals. Then the sum and the product of a and b are,
resp., defined as

a + b := {a+ b | a ∈ a, b ∈ b} = (a ∪ b) and ab := (ab, a ∈ a, b ∈ b).

Corollary 1.42. Let A be a principal ideal domain. Then we have a well-defined notion of the greatest
common divisor gcd(f, g) and least common multiple lcm(f, g) for any 0 ̸= f, g ∈ A (‘greatest’ in the
sense that any other common divisor divides gcd(f, g), ‘least’ in the sense that any other common multiple
is a multiple of lcm(f, g)). Moreover, we have the following properties:

(i) (f)(g) = (fg) (actually true in any ring A).

(ii) (f) + (g) = (gcd(f, g)).

(iii) (f) ∩ (g) = (lcm(f, g)).

Proof. (From me.) As f and g have unique prime factorisations, any common divisor and common multiple
must be a product of prime elements (and units). In particular, the gcd(f, g) (resp. lcm(f, g)) must have each
prime divisor of maximal (resp. minimal) common multiplicity, and is thus unique up to units.

(i) By definition, (f)(g) = (afbg, a, b ∈ A) = (afg, a ∈ A) = (fg).

(ii) Since A is a principal ideal domain, there is some d ∈ A such that (f) + (g) = (d). We have f, g ∈ (d),
so d | f, g. For every e ∈ A with e | f, g, we have f, g ∈ (e) and hence (d) = (f, g) ⊆ (e), thus e | d. In
the end, d = gcd(f, g).

(iii) Since A is a principal ideal domain, there is some m ∈ A such that (f)∩(g) = (m). We have m ∈ (f), (g),
so f, g | m. For every n ∈ A with f, g | n, we have n ∈ (f) ∩ (g) and hence (n) ⊆ (f) ∩ (g) = (m), thus
m | n. In the end, m = lcm(f, g).
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1.6 Power series

Definition 1.43. Let A be a ring. Then we call

A[[T ]] :=
{

infinite series
∞∑
i=0

aiT
i

∣∣∣∣∣ ai ∈ A
}
∼=

∞∏
i=0

AT i = AZ≥0

the power series ring over A. The standard multiplication law on polynomial rings also applies to A[[T ]].

Remark 1.44. We observe that only finitely many summands contribute to a coefficient in a product (namely
the ones of lower degree), so there is no need to define convergence of series.
Remark 1.45. The difference between the infinite direct sum

⊕∞
i=0 AT

i and the infinite product
∏∞
i=0 AT

i is
that in the former, all but finitely many coefficients are required to vanish. But in the case of finite direct sums
and products, both coincide.
Remark 1.46. Some properties of A[T ] carry over.

(i) We can define A[[T1, . . . , Tn−1, Tn]] := A[[T1, . . . , Tn−1]][[Tn]].

(ii) If A is reduced (resp. an integral domain), then A[[Ti, i ∈ I]] is so as well.
The proof is completely analogous to Proposition 1.21, but this time, we have to consider the non-zero
coefficients of lowest degree.

Proposition 1.47. Let A be a ring. Then f =
∑∞
i=0 aiT

i ∈ A[[T ]]× if and only if a0 ∈ A×.

Proof. We have a ring map

A[[T ]]→ A,

∞∑
i=0

aiT
i 7→ a0.

Indeed, this map preserves multiplication since

(a0 + a1T + a2T
2 + · · · )(b0 + b1T + b2T

2 + · · · ) = a0b0 + · · · 7→ a0b0.

Since any ring map maps units to units, if f ∈ A[[T ]]×, then a0 ∈ A×.
Conversely, suppose that a0 ∈ A×. We want to show f ∈ A[[T ]]×, or equivalently a−1

0 f ∈ A[[T ]]×. So w. l. o. g.
we may assume f to be of the form f = 1− gT with g ∈ A[[T ]].

For all n ≥ 0, let hn :=
∑n
i=0(gT )i ∈ A[[T ]]. These have the following properties:

(i) hn ≡ hn+1 mod (Tn+1), or in other words, the coefficients of degree smaller n+ 1 are equal.

(ii) hnf = 1− (gT )n+1, a quite known factorisation.

Now set h∞ as the unique power series such that h∞ ≡ hn mod (Tn+1) for all n ≥ 0, or informally h∞ :=
limn→∞ hn. We claim that h∞f = 1. For any n ≥ 0, we can write h∞ = hn + εnT

n+1 with εn ∈ A[[T ]] (here
we used the first property). Therefore

h∞f = (hn + εnT
n+1)f = 1− (gT )n+1 + εnfT

n+1 ≡ 1 mod (Tn+1) =⇒ h∞f − 1 ∈
⋂
n≥1

(Tn) = (0).

Thus h∞f = 1, and hence f ∈ A[[T ]]×.

Example 1.48. Let us consider Z[[T ]]. Then we have the following (as only finitely many summands contribute
to a coefficient of a product, we could show the following by induction):

• (1− T )−1 = 1 + T + T 2 + T 3 + · · ·.
This holds since for n ≥ 1, the nth coefficient of (1− T )(1 + T + T 2 + · · · ) is Tn − TTn−1 = 0.

• (1 + T )−1 = 1− T + T 2 − T 3 + · · ·.
This holds since for n ≥ 1, the nth coefficient of (1 + T )(1− T + T 2 − · · · ) is (−T )n + T (−T )n−1 = 0.
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• (1− T − T 2)−1 = F (T ) := 1 + T + 2T 2 + 3T 3 + 5T 4 + · · ·, i. e. the coefficients are the Fibonacci sequence.
This follows from F (T ) = TF (T ) + T 2F (T ) + 1.

Exercise 1.49. Prove that 1 + T ∈ Q[[T ]]× has a square root.

Solution. We construct the square root f :=
∑∞
i=0 aiT

i recursively as follows: Set a0 := 1 and a1 := 1
2 . Then for

all i ≥ 1, set ai+1 := − 1
2
∑i
k=0 akai−k ∈ Q. The coefficients are chosen in such a way that if f2 =

∑∞
i=0 biT

i,
we have b0 = 1, b1 = 1

2 + 1
2 = 1 and bi+1 =

∑i
k=0 akai−k + 2a0ai+1 = 0 for all i ≥ 1. Hence f2 = 1 + T .

Proposition 1.50. Let k be a field. Then the ideals of k[[T ]] are precisely (0) and (Tn) for all n ≥ 0. In
particular, k[[T ]] is a principal ideal domain, and there exists a unique maximal ideal, namely (T ). In this
case, T is up to units the only prime element.

Proof. Let (0) ̸= a ⊆ k[[T ]] be an ideal. We pick 0 ̸= f =
∑∞
i=n aiT

i ∈ a with an ̸= 0 such that n is minimal.
As an ∈ k×, we can factor out Tn from f and obtain a unit in k[[T ]]× by Proposition 1.47, i. e. f = uTn with
u ∈ k[[T ]]×. By minimality of n, we must have Tn | g for all g ∈ a (g has infinitely many summands of degree
at least n), hence a = (f) = (Tn).

In particular, since (0), (Tn) ⊆ (T ) ̸= k[[T ]] for all n ≥ 1, (T ) is maximal. From the proof of Theorem 1.38,
step (iii), T is the only prime element.

Definition 1.51. Let A be any ring. Then the Jacobson radical is defined as

jac(A) :=
⋂

maximal m ⊂ A

m.

Example 1.52.

(i) jac(k[[T ]]) = (T ) (we just proved this).

(ii) jac(Z) = (0), as by the proof of Theorem 1.38, part (iii), the maximal ideals are (p) with primes p ∈ Z
(recall that Z is a principal ideal domain). The only number divisible by all primes is 0.

(iii) jac(k[T ]) = (0) (Exercise 8.3).

(iv) jac(C[ε]/(ε2)) = (ε) (Exercise 8.3).

1.7 Euclidean Rings Lect. 3
13.04.23

We want to find a criterion for rings being a principal ideal domain.

Definition 1.53. A ring A is euclidean if A is an integral domain, and if there exists a degree function

deg : A \ {0} → Z≥0

such that for all a, b ∈ A \ {0}, there exist some q, r ∈ A with a = qb+ r and either r = 0 or deg(r) < deg(b).

Proposition 1.54. Every euclidean ring is a principal ideal domain.

Proof. The proof is based on the Euclidean algorithm. Let A be a euclidean ring w. r. t. deg and a ⊆ A any
ideal. If a = (0), then we are done. Otherwise, pick any 0 ̸= b ∈ a such that deg(b) = min{deg(a) | 0 ̸= a ∈ a}.

We claim that a = (b). (b) ⊆ a is obvious. Take an arbitrary 0 ̸= a ∈ a. By definition of euclidean rings,
there are q, r ∈ A such that a = qb+ r with either r = 0 or deg(r) < deg(b). r ̸= 0 cannot occur, as otherwise
deg(r) < deg(b) and r = a − qb ∈ a, which violates the minimality of deg(b). Thus r = 0 and a = qb ∈ (b),
hence a ⊆ (b).

Now we consider some specific examples from number theory. These properties are not that common among
rings over Z.

14
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Proposition 1.55. Let A be one of the rings Z[i] (Gaussian integers), Z[
√
−2] and Z[ζ6] (Eisenstein

integers). (The minimal polynomial of 1
2 (1 +

√
−3) = ζ6 is T 2 − T + 1, thus Z[ζ6] ∼= Z[T ]/(T 2 − T + 1).)

We can understand A as a subring of k, where k is Q(
√
−1), Q(

√
−2) or Q(

√
−3), resp. In particular, A is

an integral domain.
For d = −1,−2,−3, we define the norm

N : k → Q, a+ b
√
−d 7→ a2 + db2

which restricts to a function N : A \ {0} → Z≥0. Then A is euclidean w. r. t. N .

Proof. Pick any field embedding φ : k ↪→ C (e. g. the canonical inclusion). Then φ(A) is a lattice generated by
1 and resp. i, i

√
2 or 1

2 (1 + i
√

3) (see Figure 1.1). Now we make the following observations:
(i) For all a ∈ A, we have N(a) = ∥φ(a)∥2, where ∥·∥ is the absolute value of complex numbers.

(ii) For each z ∈ C, there exists some lattice point z0 ∈ φ(A) such that ∥z − z0∥2 < 1. This geometric
property holds specifically for these lattices: We can subdivide the lattice into cells. Then z must land
in one of these cells. z achieves the largest distance to a closest lattice point z0 in this cell if it lies at
the centre of the cell. Thus ∥z − z0∥2 is at most

12 + 12

22 = 1
2 ,

12 +
√

22

22 = 3
4 ,

(
2
3 ·
√

3
2

)2

= 1
3 ,

resp.
Now we have to show the euclidean property. For any a, b ∈ A\{0} set z := φ(a)/φ(b). We choose z0 ∈ φ(A)

such that ∥z − z0∥2 < 1. Now set q := φ−1(z0) ∈ A and r := a− qb ∈ A. Then we obtain
N(r) = N(a− qb) = ∥φ(a− qb)∥2 = ∥φ(a)− φ(q)φ(b)∥2 = ∥φ(b)∥2∥z − z0∥2 < ∥φ(b)∥2 = N(b).

Figure 1.1: Lattices in the Gaussian plane. Left: a+ bi. Middle: a+ b
√
−2. Right: a+ bζ6 + cζ2

6 .

A ring being euclidean is a very strong condition, which is only satisfied by some principal ideal domains.

Corollary 1.56. Z[i], Z[
√
−2] and Z[ζ6] are principal ideal domains and thus unique factorisation

domains, i. e. they have unique prime factorisations.

2 Computing Spectra
An important process in algebraic geometry and number theory is to determine the set of all prime ideals of a
ring, the so-called spectrum.

2.1 Computing Maximal Ideals
Before we come to prime ideals, we will compute maximal ideals first.
Problem 2.1. Let A = Z[T ]/(f), where 1 ̸= f ∈ Z[T ] is monic. Our aim is to determine MaxSpec(A), the set
of all maximal ideals of A.
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2.1 Computing Maximal Ideals Algebra I – Commutative Algebra

Lemma 2.2. Let A := Z[T ]/(f) and m ∈ MaxSpec(A). Then m ∩ Z = (p) for some prime number p ∈ Z.

Proof. From Example 1.14 we know that A ∼=
⊕deg(f)−1

i=0 Z as an abelian group, which is finitely generated.
Under the canonical projection A↠ A/m, we see that A/m must be finitely generated as an abelian group too.
By Corollary 1.29, A/m is a field.

Recall from [Sch, Lem. 5.12, 5.13] that for any field k, there exists a unique ring map φ : Z → k, and
ker(φ) = (char(k)). Thus φ is either injective (if char(k) = 0) or φ(Z) ∼= Fp for some prime p (if char(k) = p).
In the first case, k contains a subfield isomorphic to Q, as φ(n)−1 ∈ k corresponds to 1

n ∈ Q for all n ∈ Z \ {0}.
Now back to our original task. Consider φ : Z→ A/m. Since Q is not finitely generated as an additive abelian

group (namely Q = ⟨ 1
n , n ≥ 1⟩), there is no embedding Q ↪→ A/m. Therefore we must have char(A/m) = p for

some prime p. If we look more closely, φ is actually Z ↪→ A↠ A/m. This implies (p) = ker(φ) = m ∩ Z.

Thus we can refine our problem: Given a prime p, what are all m ∈ MaxSpec(A) such that m ∩ Z = (p)?
Remark 2.3. Some general facts for any ring A.

(i) Let a ⊆ A be an ideal. Then there is a bijection (the same as in Corollary 1.29)

MaxSpec(A/a)↔ {m ∈ MaxSpec(A) | a ⊆ m},
m̄ 7→ π−1(m̄),

π(m) = m/a 7→m.

(ii) Let a, b ⊆ A be arbitrary ideals. Then we already know a + b := (a ∪ b). In particular, we have

(f1, . . . , fn) + (g1, . . . , gm) = (f1, . . . , fn, g1, . . . , gm).

Set ā = (a + b)/b ⊆ A/b and b̄ = (a + b)/a ⊆ A/a. By Noether’s isomorphism theorem, we obtain

(A/b)/ā ∼= A/a + b ∼= (A/a)/b̄.

(iii) Let a ⊆ A be an ideal and b̄ = (g1, . . . , gm) ⊆ A/a. Pick any lift g̃i of gi to A for all 1 ≤ i ≤ m, i. e.
any g̃i ∈ A such that π(g̃i) = gi. Then by the well-known bijection between ideals,

π−1(b̄) = a + (g̃1, . . . , g̃m).

Observation 2.4. Back to A = Z[T ]/(f). With f̄ := f mod (p) we obtain

{m ⊂ A | m ∩ Z = (p)} 2.2= {m ⊂ A | (p) ⊆ m} (i)= MaxSpec(A/pA) (ii)= MaxSpec(Z[T ]/(p, f))
(ii)= MaxSpec((Z[T ]/pZ[T ])/(f̄)) (i)= MaxSpec(Fp[T ]/(f̄))
(i)= {(h̄i) | irreducible factors h̄i ∈ Fp[T ] of f̄}

(ii),(iii)= {(p, hi) | hi ∈ A is image of any lift h̃i ∈ Z[T ] of h̄i to Z[T ]}.

The second to last equality follows from properties of Fp[T ] being a principal ideal domain (irreducible
elements generate maximal ideals, and (f) ⊆ (g) if and only if g | f).

Annotation to the lift: For any irreducible factor h̄i ∈ Fp[T ] of f̄ , we pick a pre-image h̃i ∈ Z[T ] under
the projection Z[T ]→ Fp[T ], h̃i 7→ h̃i mod (p) = h̄i. After that, we take the image of h̃i under the projection
Z[T ]→ A, h̃i 7→ h̃i + (f) = hi.

Z[T ]

A h̃i Fp[T ]

hi h̄i
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2.2 Sum of Squares Algebra I – Commutative Algebra

2.2 Sum of Squares

Theorem 2.5 (Fermat, Euler 1758). Let p ∈ Z≥0 be a prime. Then p = x2 + y2 for some x, y ∈ Z if
and only if p ≡ 1, 2 mod 4.

Before we start, we need the following.

Lemma 2.6. T 2 + 1 ∈ Fp[T ] is either

• (T + 1)2, if p = 2,

• (T − α)(T + α), if p ≡ 1 mod (4), where α ∈ F×
p such that α2 = −1,

• irreducible, if p ≡ 3 mod (4).

Proof. The case p = 2 is correct. Assume that p ̸= 2.
We know that F×

p is a cyclic group of even order p−1. Then there exists some ζ ∈ F×
p such that ord(ζ) = p−1,

hence ζ(p−1)/2 ̸= 1 and (ζ(p−1)/2)2 = 1. We conclude that ζ(p−1)/2 = −1 (if char(k) ̸= 2, then T 2 − 1 has
precisely the roots ±1).

Now T 2 + 1 has root α ∈ Fp (i. e. α2 = −1) if and only if we can write ζ(p−1)/2 = (ζk)2 for some k ≥ 0 if
and only if 1

2 (p− 1) is even. This is only possible if and only if p ≡ 1 mod (4) (in both cases 1
2 (p− 1) ≡ 0, 2

mod (4)).

Now to the actual proof.

Proof. Firstly, the easier ‘only if’ implication: The quadratic residue classes are 02 ≡ 22 ≡ 0 and 12 ≡ 32 ≡ 1
mod (4). Therefore x2 + y2 ≡ 0, 1, 2 mod (4) for any x, y ∈ Z. Thus p ≡ 1, 2 mod (4) (no prime is divisible
by 4).

Now to the converse. This implication is far more difficult and we will exhaust the fact that Z[i] is a
principal ideal domain.

(i) Let p ∈ Z be a prime. As we have seen in Observation 2.4, we have

Z[i]/(p) ∼= Z[T ]/(p, T 2 + 1) ∼= Fp[T ]/(T 2 + 1).

According to Observation 2.4 in combination with Lemma 2.2, we have

MaxSpec(Z[i]) =
∐

p prime


(2, i + 1), if p = 2,
(p, i− α), (p, i + α) with α2 ≡ −1 mod (p), if p ≡ 1 mod (4),
(p), if p ≡ 3 mod (4).

(ii) Since Z[i] is a principal ideal domain (Corollary 1.56), every m ∈ MaxSpec(Z[i]) has the form m = (π)
for some prime element π ∈ Z[i] (see the proof of Theorem 1.38 (iii)).
Assume that (π) ∩ Z = (p) with p ≡ 1, 2 mod (4), according to Lemma 2.2. Then (p) ̸= (π)
because π ≠ 0 in Fp[T ]/(T 2 + 1) ∼= Z[i]/(p) (we saw that (π) = (p, i + a) corresponds to some ideal
(0) ̸= (T + a) ⊆ Fp[T ]/(T 2 + 1) with (T + a) | (T 2 + 1) in Fp[T ]) and thus p ∤ π in Z[i]. Therefore by
Lemma 1.34, π is a proper divisor of p in Z[i], i. e. p

π /∈ Z[i]×.
Let us write π = x + iy ∈ Z[i]. We claim that N(π) := x2 + y2 = p. Proving this finishes the whole
proof.
Since the norm is multiplicative, we have N(π)N( pπ ) = N(p) = p2, hence N(π) ∈ {1, p, p2}. Again by
multiplicativity and N(Z[i]) ⊆ Z≥0, we observe that u ∈ Z[i]× if and only if N(u) = 1 = N(1). Since
π, pπ /∈ Z[i]× (π is prime), we have N(π) ̸= 1 ̸= N( pπ ), thus N(π) = N( pπ ) = p.

Exercise 2.7. Use the fact that Z[i] is a principal ideal domain to prove that for n ∈ Z>0, the following are
equivalent:

(i) n = x2 + y2 for some x, y ∈ Z.
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(ii) Let n = pe1
1 · · · per

r with pi ̸= pj for all i ≠ j be the prime factorisation of n. If pi ≡ 3 mod (4), then ei
is even.

Remark 2.8. There exists analogue statements for Z[ζ6] = Z[ 1
2 (1 +

√
−3)] (Exercise 8.8) and Z[

√
−2]. For

Z[
√
−2], we have p = x2 + 2y2 if and only if p ≡ 1, 2, 3 mod 8. In these cases, we can factorise p in the

respective rings, see e. g. sec. 2.2. In all other cases, p is indeed a prime element.

prime p ∈ Z>0 in Z[i] in Z[
√
−2]

2 −i(1 + i)2 −(
√
−2)2

3 prime (1 +
√
−2)(1−

√
−2)

5 (1 + 2i)(1− 2i) prime
7 prime prime

Remark 2.9. Historically, these specific examples and other generalisations in number theory were an important
driver in the development of commutative algebra.

However, solving p = x2 + ny2 with primes p ∈ Z>0 or, more generally, m = x2 + ny2 with m ∈ Z>0 for
large n is far more difficult and requires class field theory, which will be a topic in algebra II. As a reference,
there is the nice book [Cox].

2.3 The Spectrum Lect. 4
17.04.23

Definition 2.10. Let A be a ring. An ideal p ⊆ A is prime if p ̸= A and if ab ∈ p, then a ∈ p or b ∈ p.

Lemma 2.11. Let A be a ring. Then an ideal p ⊆ A is prime if and only if A/p is an integral domain.

Proof. (From me.) Suppose that (a+ p)(b+ p) = 0 in A/p. By definition, A/p is an integral domain if and only
if a+ p = 0 or b+ p = 0. This means a ∈ p or b ∈ p. As ab ∈ p, this is equivalent to p being prime.

Lemma 2.12. Let φ : A → B be a ring map and q ⊂ B be a prime ideal. Then φ−1(q) ⊂ A is a prime
ideal, i. e. pullbacks are prime ideals.

Proof. Preimages of ideals are again ideals (q is an abelian group, so φ−1(q) is an abelian group too; for all
a ∈ A and x ∈ φ−1(q) we have φ(ax) = φ(a)φ(x) ∈ q since φ(a) ∈ B and φ(x) ∈ q).

By Lemma 1.25 and q ̸= B, we have 1B /∈ q. Thus 1A /∈ φ−1(q) and hence φ−1(q) ̸= A. Moreover, suppose
that xy ∈ φ−1(q), then φ(xy) = φ(x)φ(y) ∈ q. Since q is prime, it follows that φ(x) ∈ q or φ(y) ∈ q, thus
x ∈ φ−1(q) or y ∈ φ−1(q).

Definition 2.13. The spectrum Spec(A) of a ring A is the set of all prime ideals p ⊂ A.
Let φ : A→ B be a ring map. Then we define

Spec(φ) : Spec(B)→ Spec(A), q 7→ φ−1(q).

Example 2.14. Let π : A↠ A/a be the canonical projection map. Then, as in Observation 2.4,

Spec(π) : Spec(A/a)→ Spec(A)

is obviously injective, where the image is the set of all prime ideals a ⊆ p ⊂ A.
Example 2.15. Let ι : Z ↪→ Z[i] be the canonical inclusion map. Then consider

Spec(ι) : Spec(Z[i])→ Spec(Z), p 7→ p ∩ Z.

Some general facts known from the introduction to algebra: Through the combination of Corollary 1.29
and Lemma 2.11, we conclude that maximal ideals are prime. Furthermore, directly by definition, an ideal
(p) ̸= (0) is prime if and only if p is a prime element. So specifically in principal ideal domains, due to
Theorem 1.38 (iii), we conclude that all non-zero prime ideals are maximal.

Thus Spec(ι) is (almost) identical to the map MaxSpec(Z[i])→ MaxSpec(Z) from the previous subsection
with the addition of (0) 7→ (0). As we have seen in the proof of Theorem 2.5, each fibre (i. e. a preimage of an
element) contains either one or two elements.
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Example 2.16. Spec(Z ↪→ Q) : Spec(Q)→ Spec(Z) maps (0) 7→ (0). Since Q is a field, by Lemma 1.27, (0) is
the only maximal ideal in Q. On the other hand, (0) is not maximal in Z. Here we see that preimages of
maximal ideals need not to be maximal, but prime ideals do. This is the reason why we consider Spec more
naturally than MaxSpec.
Remark 2.17. Apparently Spec(0) = ∅. On the other hand, for all rings A ̸= 0, we have Spec(A) ̸= ∅ due to
the following theorem.

Theorem 2.18 (Krull’s theorem). Every ring A ̸= 0 has a maximal ideal.

Proof. This is an application of Zorn’s lemma. Let Σ be the set of all ideals a ⊂ A. We can partially order Σ
w. r. t. inclusion. As A ̸= 0, we have (0) ∈ Σ ̸= ∅.

Let S ⊆ Σ be a chain, i. e. we can order any two elements (in this case a ⊆ b or b ⊆ a for all a, b ∈ S).
Then c :=

⋃
a∈S a is again an ideal. (By the definition of a chain, we can literally order all elements of S into

an ascending chain. Then for finitely many elements in c, we find an a ∈ S containing them. Then all rules
of ideals apply to a.) By Lemma 1.25 and a ̸= A for all a ∈ S, it follows that 1 /∈ a and thus 1 /∈ c, implying
c ̸= A. Hence c ∈ Σ is an upper bound of S.

Finishing with Zorn’s lemma, there exist maximal elements in Σ.

Corollary 2.19. Let A ̸= 0 be a ring, and let a ⊂ A be an ideal. Then there exists a maximal ideal m ⊂ A
such that a ⊆ m.

Proof. We can apply the previous theorem to A/a ̸= 0. The result follows from Remark 2.3 (i).

Corollary 2.20. Let A ̸= 0 be a ring. Then x ∈ A× if and only if x /∈ m for all maximal ideals m ⊂ A.

Proof. This follows from Lemma 1.25: We have x ∈ A× if and only if (x) = A. (x) = A implies x /∈ m for all
m ∈ MaxSpec(A). If x /∈ m for all m ∈ MaxSpec(A), there is no m that contains (x). By Corollary 2.19, we
must have (x) = A.

Example 2.21. Let A ̸= 0 be a ring with a unique maximal ideal m. Then A = A× ⊔ m. (For example,
A = k[[T1, . . . , Tn]] has the unique maximal ideal m = (T1, . . . , Tn).) Conversely, if A \ A× =: m is a maximal
ideal in A ̸= 0, then m is the only maximal ideal (another maximal ideal would contain a unit, which is
impossible). We will later call such a ring local.

Recall: The nilradical nil(A) of a ring A is the set of all nilpotent elements in A.

Proposition 2.22. For any ring A, we have

nil(A) =
⋂

p∈Spec(A)

p.

Proof. Let x ∈ nil(A), say xn = 0. Then xn = 0 ∈ p for all p ∈ Spec(A), thus x ∈ p by definition of prime
ideals. So nil(A) ⊆

⋂
p∈Spec(A) p.

The converse inclusion is again an application of Zorn’s lemma. Let f /∈ nil(A), and let Σ be the set of all
ideals a ⊆ A with fn /∈ a for all n ≥ 0. We can partially order Σ by inclusion. Since fn ̸= 0 for all n ≥ 0, we
have (0) ∈ Σ ̸= ∅.

Let S ⊆ Σ be a chain. For all n ≥ 0 and a ∈ S, we have fn /∈ a and thus fn /∈ c :=
⋃

a∈S a. Hence c ∈ Σ is
an upper bound of S.

By Zorn’s Lemma, there exists a maximal element in Σ, say p ∈ Σ. We claim that p is prime. Firstly, note
that p ̸= A as f /∈ p. Let x, y /∈ p. Then (x) + p, (y) + p /∈ Σ by maximality of p. This means there is some
n ≥ 0 such that fn ∈ (x) + p, (y) + p, say fn = ax+ p1 = by + p2 with a, b ∈ A and p1, p2 ∈ p. Then

f2n = abxy + byp1 + axp2 + p1p2 ∈ (abxy) + p.

Thus (abxy) + p /∈ Σ, and hence xy /∈ p (otherwise (abxy) + p = p ∈ Σ), so p is prime. In particular,
f /∈

⋂
q∈Spec(A) q.
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Corollary 2.23. Let A be a ring, and let π : A→ A/ nil(A) be the canonical projection. Then the induced
map

Spec(π) : Spec(A/ nil(A))→ Spec(A).

on spectra is a bijection.

Proof. (From me.) We already have a bijection between ideals ā = π(a) ⊆ A/ nil(A) and ideals nil(A) ⊆ a ⊆ A.
We claim that if p ∈ Spec(A), then π(p) = p̄ ∈ Spec(A/nil(A)). By Noether’s isomorphism theorem, we

have (A/nil(A))/p̄ ∼= A/p, which is an integral domain due to Lemma 2.11. Thus p̄ ∈ Spec(A/ nil(A)).
Together with Lemma 2.12, π and π−1 retain primality of ideals. Therefore the bijection between ideals

actually restricts to a bijection between prime ideals (notice that all prime ideals contain nil(A)).

Problem 2.24. We want to develop techniques to study spectra in order to generalise and conceptualise the
map MaxSpec(Z[T ]/(f))→ MaxSpec(Z) for monic 1 ̸= f ∈ Z[T ] from previous sections. As we have argued
before, it is more natural to generalise

Spec(Z[T ]/(f))→ Spec(Z).

2.4 Example: Spec(Z[T ])
To motivate this question, we will consider a non-trivial example.
Remark 2.25. For any ring A, Spec(A) naturally forms a partially ordered set w. r. t. inclusion. E. g. for Spec(Z),
although relatively boring, we have (0) ⊂ (2), (3), (5), . . .

Definition 2.26. Let A be a ring.

(i) The height ht(p) of p ∈ Spec(A) is defined as the supremum over all n ≥ 0 such that there exist
p0, . . . , pn ∈ Spec(A) with

p0 ⊂ p1 ⊂ · · · ⊂ pn = p.

(ii) The Krull dimension of A is
dim(A) := sup

p∈Spec(A)
ht(p).

Remark 2.27. In general, the height of any specific maximal ideal is in general not the Krull dimension of the
ring. Instead, the Krull dimension is the supremum of the heights of all maximal ideals.

The reason is that different maximal ideals can have different heights. For example, take rings A1, A2 with
maximal ideals m1 ⊂ A1 and m2 ⊂ A2 such that ht(m1) ̸= ht(m2). Then m1 × A2 and A1 ×m2 are maximal
ideals in A1 ×A2 with different heights (the ideals A1 × p2 and p1 ×A2 with pi ∈ Spec(Ai) for i = 1, 2 are the
only prime ideals).

Proposition 2.28. We have dim(Z[T ]) = 2. Furthermore, Spec(Z[T ]) consists of the following elements:

(i) (0) (of height 0).

(ii) (f) with irreducible f ∈ Z[T ] (of height 1).

(iii) (p, f) with prime p ∈ Z and f ∈ Z[T ] such that f mod (p) is irreducible (of height 2).

Moreover, every prime ideal of height 1 is contained in a prime ideal of height 2, meaning only prime ideals
of height 2 are maximal.

Proof. The proof follows a common strategy: We compute all fibres of Spec(Z[T ])→ Spec(Z), p 7→ p ∩ Z (this
map originates from the canonical inclusion). Let 0 ̸= p ∈ SpecZ[T ]. Recall that the prime ideals in Z are
(p) and (0) for all primes p ∈ Z.

(i) Assume that p∩Z = (p) for some prime p ∈ Z. Then p̄ := p/pZ[T ] is a prime ideal of Fp[T ] ∼= Z[T ]/pZ[T ]
(this follows from Noether’s isomorphism theorem with Lemma 2.11). Since Fp[T ] is a principal ideal
domain, every non-zero prime ideal is generated by an irreducible f̄ ∈ Fp[T ]. Hence we have p = (p) if
p̄ = (0) or p = (p, f) if p̄ = (f̄), where f ∈ Z[T ] is any lift of an irreducible f̄ = f mod p in Fp[T ].
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2.5 Localisation Algebra I – Commutative Algebra

(ii) Assume that p ∩ Z = (0). Here we need a new technique called localisation (we will later introduce this
in more generality). Consider q := pQ[T ], i. e. the ideal in Q[T ] generated by elements in p. We claim
that q is a prime ideal of Q[T ].
If 1 ∈ q, then we can write 1 =

∑n
i=1 fiai with fi ∈ Q[T ] and ai ∈ p. Let 0 ̸= m ∈ Z be the

common denominator of all coefficients of all fi. Then mfi ∈ Z[T ] for all i = 1, . . . , n, hence
m =

∑n
i=1(mfi)ai ∈ p, which yields the contradiction 0 ̸= m ∈ p ∩ Z = (0). We conclude 1 /∈ q and, by

Lemma 1.25, q ̸= Q[T ].
Next let gh ∈ q for some g, h ∈ Q[T ]. Then we can write gh =

∑n
i=1 fiai with fi ∈ Q[T ] and ai ∈ p.

Now we choose a common denominator 0 ̸= m ∈ Z such that mg,mh,mfi ∈ Z[T ] for all i = 1, . . . , n.
Then mf ·mg = m

∑n
i=1(mfi)ai ∈ p and by the prime ideal property, mf ∈ p or mg ∈ p. Thus f ∈ q

or g ∈ q as m−1 ∈ Q, and we proved that q is prime.
Since Q[T ] is a principal ideal domain, we can write q = (h) for some irreducible h ∈ Q[T ]. Multiplying
with the common denominator of all coefficients, we may assume that h ∈ Z[T ]. Further factoring out
the greatest common divisor of all coefficients, we may assume that h is primitive, i. e. that the greatest
common divisor of all coefficients of h is 1.
With Gauss’s lemma, we can prove the following: If h ∈ Z[T ] is primitive and f ∈ Z[T ], then h | f
in Z[T ] if and only if h | f in Q[T ]. (A proof: Let f = hg for some g ∈ Q[T ]. Then there exists a
c ∈ Q such that g = cg′ and g′ ∈ Z[T ] is primitive. By Gauss’s lemma, hg′ ∈ Z[T ] is primitive. Since
chg′ = f ∈ Z[T ], we must have c ∈ Z; otherwise the denominator would divide all coefficients of hg′.
Hence g = cg′ ∈ Z[T ] and h | f in Z[T ].)
As a consequence, we have q ∩ Z[T ] = (h) in Z[T ] with irreducible and primitive h. We will later show
that q ∩ Z[T ] = p (see Lemma 2.52). The claim about the heights is Exercise 8.13.

Definition 2.29. A ring A is a unique factorisation domain (UFD), if A is an integral domain, and if
every f ∈ A \ {0} has a prime factorisation. Similar to Theorem 1.38, it must be unique up to permutation
and units.

Proposition 2.30. A is a unique factorisation domain if and only if A[T ] is a unique factorisation domain.

Proof. (From me.) We know the ‘only if’ implication from the introduction to algebra, see Gauss’s theorem
([Sch, Thm. 5.50]). For the converse, notice that, due to A ↪→ A[T ], there is a prime factorisation in A[T ] for
each element in A. By considering the degree of the factors, it follows that this prime factorisation is actually
in A.

Proposition 2.31. Let A be a unique factorisation domain. Then we have the following:

(i) A prime ideal p ⊆ A is of height 1 if and only if there exists a prime element π ∈ A such that p = (π).

(ii) A is a principal ideal domain if dim(A) ≤ 1.

Proof. Exercise 8.11.

2.5 Localisation
The following on localisations will partly be treated in [AtMac, ch. 3].

Definition 2.32. Let A be a ring and S ⊆ A a subset. Then the localisation of A in S is a ring map
φ : A→ A[S−1] (here, A[S−1] is just notation for some ring which we are characterising) such that:

(i) φ(S) ⊆ A[S−1]×.

(ii) Universal property of localisations: For all ring maps ψ : A→ B such that ψ(S) ⊆ B×, there is
a unique factorisation

A A[S−1]

B

φ

ψ
∃!
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2.5 Localisation Algebra I – Commutative Algebra

Remark 2.33. Because of the universal property, the localisation is unique up to unique isomorphism. (Consider

A A[S−1] A[S−1]

A[S−1]′

φ

φ′ ∃!f

id

∃!f ′

where φ and φ′ are two localisations of A in S. Then there are unique ring maps f and f ′ such that f ◦ φ = φ′

and f ′ ◦ φ′ = φ. Hence f ′ ◦ f ◦ φ = φ. But by the universal property, the only ring map g : A[S−1]→ A[S−1]
with g ◦ φ = φ is id. Thus f ′ ◦ f = id. Similarly f ◦ f ′ = id, so f is a unique isomorphism.)

Proposition 2.34. Localisations exist.

Proof. For all s ∈ S, let Ts be a variable. Consider the canonical map

φ : A→ Ã := A[Ts, s ∈ S]/(sTs − 1, s ∈ S) (2.35)

(which might not be injective).

(i) Then φ(s)Ts = sTs = 1 in Ã, meaning φ(S) ⊆ Ã×.

(ii) Let ψ : A→ B be any ring map with ψ(S) ⊆ B×. Then there is at most one factorisation

A Ã

B

φ

ψ
α

through φ: α must map α(sTs − 1) = α(s)α(Ts)− 1 = 0 for all s ∈ S. Noticing ψ(s) = α(φ(s)) = α(s),
this is equivalent to ψ(s)α(Ts) = 1, meaning α(Ts) = ψ(s)−1. Thus α is uniquely defined by α(Ts) =
ψ(s)−1 for all s ∈ S and α|A = ψ.
For the existence, consider β : A[Ts, s ∈ S]→ B given by β(Ts) = ψ(s)−1 and β|A = ψ. Then ψ = β ◦φ.
Furthermore, β(sTs − 1) = 0, so β factors through Ã according to the homomorphism theorem.

Now we will give a more explicit construction of localisations, known from [Sch, sec. 5.17].

Definition 2.36. Let A be a ring and S ⊆ A a subset.

(i) S is multiplicative, if 1 ∈ S and a, b ∈ S implies ab ∈ S.

(ii) S is saturated, if S is multiplicative, and ab ∈ S implies a, b ∈ S.

Saturated subsets are thus closed under taking divisors.
Remark 2.37. Every subset S ⊆ A has a multiplicative closure Smult and a saturated hull Ssat. We
observe: For all x, y ∈ B in a ring B, we have xy ∈ B× if and only if x, y ∈ B×. So if φ : A→ B is a ring map
and S ⊆ A, then φ(S) ⊆ B× if and only if φ(Smult) ⊆ B× if and only if φ(Ssat) ⊆ B×. If we consider B to be
A[S−1], A[Smult,−1] or A[Ssat,−1], we see through the universal property that

A[S−1] ∼= A[Smult,−1] ∼= A[Ssat,−1].

So w. l. o. g. we may require S to be multiplicative.
Example 2.38. Let S = {8} ⊂ Z. Then Smult = {8n | n ≥ 1} and Ssat = {±2n | n ≥ 0}.

Notation 2.39. For a subset S of a ring A, we will denote S := Smult.
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2.5 Localisation Algebra I – Commutative Algebra

Definition 2.40. Let A be a ring and S ⊆ A be multiplicative. Then we define an equivalence relation on
S ×A by the following:

a1

s1
∼ a2

s2

if there exists some s3 ∈ S such that s3(s1a2 − s2a1) = 0. We denote the set of all equivalence classes by

S−1A :=
{a
s

∣∣∣ a ∈ A, s ∈ S}/ ∼,
which forms a ring with the usual addition and multiplication rules we know for fractions in Q:

a

b
+ c

d
= ad+ bc

bd
,

a

b
· c
d

= ac

bd
.

Proposition 2.41. Let A be a ring, and let S ⊆ A be multiplicative. Then S−1A together with the
map A→ S−1A, a 7→ a

1 forms a localisation of A in S, i. e. S−1A ∼= A[S−1].

Remark 2.42. If A is an integral domain and if 0 /∈ S, then we could equivalently require a1/s1 ∼ a2/s2 if
a1s2 = a2s1.

Definition 2.43. Let A be an integral domain and S = A \ {0}. We then call Quot(A) := A[S−1] the
quotient field or field of fractions of A.

Example 2.44. We have Quot(Z) = Q and Quot(Z[i]) = Q(i).
If k is a field, then Quot(k[T ]) = { fg | f, g ∈ k[T ], g ̸= 0} =: k(T ), and similarly Quot(k[T1, . . . , Tn]) =:

k(T1, . . . , Tn).

Problem 2.45. Lect. 5
20.04.23

We want to study

Spec(φ) : Spec(A[S−1])→ Spec(A), q 7→ φ−1(q).

Lemma 2.46. Let A be a ring and S ⊆ A. Then

ker(A→ A[S−1]) = {a ∈ A | there exists s ∈ S such that sa = 0}.

Proof. a
1 ∼ 0 means s1(s2a− 0 · 1) = 0, so the condition sa = 0 for some s ∈ S is equivalent to a

1 ∼ 0. Since
A[S−1] ∼= S

−1
A, the result follows (the kernel of the map is precisely the equivalence class of 0).

Recall: s ∈ A is a zero divisor if there exists some 0 ̸= a ∈ A such that sa = 0. Otherwise it is regular.

Corollary 2.47. Let A be a ring and S ⊆ A. Then the localisation A→ A[S−1] is injective if and only if
all elements of S are regular.

Remark 2.48. For integral domains A, we have Quot(A) := S−1A with S = A \ {0}.
But in the case of general rings A which are not integral domains, we can choose S to be the set of all

regular elements of A, which is multiplicative. Then A ↪→ A[S−1] is the best replacement for quotient fields,
called the total ring of fractions.
Example 2.49. Let A be an integral domain and S ⊆ A \ {0}. Then A[S−1] ⊆ Quot(A) is a subring,
which is generated by A and new elements { 1

s | s ∈ S} (which behave in the usual way as inverses). E. g.
Z[ 1

6 ] = Z[ 1
2 ,

1
3 ] ⊂ Q and

k

[
X,

1
X(X + 1)

]
⊂ k(X).

Example 2.50. Let A be a ring, and let S ⊆ A be a multiplicative subset with a nilpotent ε ∈ S. Then 0 ∈ S
and, by Lemma 2.46, A[S−1] = 0 (we have ker(A→ A[S−1]) = A, and A[S−1] is unique up to isomorphism).

We can also derive A[S−1] = 0 differently: Say εn+1 = 0. Then we have, in the notion of (2.35),

1 = 1− (εTε)n+1 = (1− εTε)(1 + εTε + · · ·+ (εTε)n).

By Lemma 1.25, this gives (sTs−1, s ∈ S) = A[Ts, s ∈ S], and hence A[S−1] ∼= A[Ts, s ∈ S]/(sTs−1, s ∈ S) = 0.
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Example 2.51. A more sophisticated example: By construction of localisations (and Noether’s isomorphism
theorem), we have

C[X,Y ]/(XY )[X−1] ∼= C[X,Y, T ]/(XY,XT − 1).
The ideal (XY,XT − 1) contains the element T ·XY − Y (XT − 1) = Y . So we can simplify to

C[X,Y ]/(XY )[X−1] ∼= C[X,T ]/(XT − 1) ∼= C[X,X−1] ⊂ C(X)

(we map T 7→ X−1).

2.6 Localisation and Ideals
We consider the maps between ideals of A and ideals of A[S−1] via a 7→ φ(a)A[S−1] and φ−1(b) 7→b.

Lemma 2.52. Let A be a ring and S ⊆ A. Let φ : A→ A[S−1] be the localisation. We define the maps

{ideals of A} ↔ {ideals of A[S−1]}, a 7→ φ(a)A[S−1], φ−1(b) 7→b,

where φ(a)A[S−1] = φ(a) ·A[S−1] denotes the ideal generated by φ(a) in A[S−1].
Then b 7→ φ−1(b) is injective. More precisely, this map is the right inverse of a 7→ φ(a)A[S−1], i. e.

b = φ(φ−1(b))A[S−1].

Proof. We will show the equality, for injectivity follows from φ ◦ φ−1 = id. From a set-theoretic perspective,
φ(φ−1(b)) ⊆ b always holds true. For the converse inclusion, if a

s ∈ b with a ∈ A and s ∈ S, then a
1 = sas ∈ b

and thus a = φ−1(a1 ) ∈ φ−1(b), hence a
s = 1

s ·
a
1 = 1

sφ(a) ∈ φ(φ−1(b))A[S−1].

Example 2.53. In general, the ideals of A[S−1] will always be ‘simpler’ then those of A.
We will show that Z[

√
−5] is not a principal ideal domain. By way of contradiction, assume that it is. We

compute the fibre of (3) w. r. t. Spec(Z[
√
−5])→ Spec(Z).

Let p ⊆ Z[
√
−5] be a prime ideal with p ∩ Z = (3). By Noether’s isomorphism theorem, p/(3Z[

√
−5])

is a prime ideal of Z[
√
−5]/(3) ∼= F3[T ]/(T 2 + 5). As F3[T ] is a principal ideal domain, the prime ideals of

F3[T ]/(T 2 + 5) are generated by irreducible factors of T 2 + 5 mod (3). We have

T 2 + 5 ≡ T 2 − 1 = (T + 1)(T − 1) mod (3).

After lifting to Z[
√
−5] ∼= Z[T ]/(T 2 +5), there are exactly two prime ideals above (3), namely p± = (3, 1±

√
−5).

If p± would be principal, then the principal generator must divide both 3 and 1±
√
−5. As the norm is

multiplicative, the norm of the principal generator must divide

gcd(N(3), N(1±
√
−5)) = gcd(9, 6) = 3.

Since
N(x+ y

√
−5) = x2 + 5y2 = 3 for x, y ∈ Z

has no solutions, p± cannot be principal.
But

3
1±
√
−5

= 3
(1±

√
−5)(1∓

√
−5)

(1∓
√
−5) = 1∓

√
−5

2 .

Thus if we consider the localised ideal pZ[
√
−5, 1

2 ] = (1∓
√
−5), then it is principal. In fact, one can show that

Z[
√
−5, 1

2 ] is a principal ideal domain.
Remark: In general, for all square-free d ∈ Z, there exists some s ∈ Z such that Z[

√
d, 1

s ] is a principal ideal
domain, which we will show later.

Lemma 2.54. Let A be a ring, let a ⊆ A be an ideal, and let S ⊆ A be a subset. Let φ : A→ A[S−1] be
the localisation, and let π : A→ A/a be the canonical projection map. Then

A/a[π(S)−1] ∼= A[S−1]/φ(a)A[S−1].

A common convention is to just write A[S−1]/φ(a) instead of A[S−1]/φ(a)A[S−1] in these situations since
it is clear that we mean the ideal in A[S−1] generated by φ(a). One could further drop φ to arrive at A[S−1]/a.

24



2.6 Localisation and Ideals Algebra I – Commutative Algebra

Proof. Let α : A→ Ã be either of the two ring maps

A→ A/a→ A/a[π(S)−1] or A→ A[S−1]→ A[S−1]/φ(a)A[S−1].

We observe that α(a) = 0 and α(S) ⊆ Ã×. Furthermore, α has the following universal property: Any ring map
ψ : A→ B with ψ(a) = 0 and ψ(S) ⊆ B× factors uniquely through α. This follows from applying the universal
properties of projections and localisations in the respective order. Hence Ã is uniquely determined up to unique
isomorphism and we obtain the proposed isomorphism.

Alternatively, we could argue more explicitly:

A/a[π(S)−1] = A/a[Tπ(s), π(s) ∈ π(S)]/(π(s)Tπ(s) − 1, π(s) ∈ π(S))
= A/a[Ts, s ∈ S]/(π(s)Ts − 1, s ∈ S)
∼= A[Ts, s ∈ S]/((a) + (sTs − 1, s ∈ S))
∼= (A[Ts, s ∈ S]/(sTs − 1, s ∈ S))/φ(a)A[S−1] = A[S−1]/φ(a)A[S−1].

The second line just introduces more variables, if at all, without making more elements invertible. The third
and fourth line follow from Noether’s isomorphism theorem, noticing

(π(s)Ts − 1, s ∈ S) ∼= ((a) + (sTs − 1, s ∈ S))/(a),
((a) + (sTs − 1, s ∈ S))/(sTs − 1, s ∈ S) ∼= φ(a)A[S−1].

Proposition 2.55. Let A be a ring, let S ⊆ A be a subset, and let φ : A→ A[S−1] be the localisation. Then
the following hold:

(i) Spec(φ) : Spec(A[S−1])→ Spec(A) is injective.

(ii) Its image is {p ∈ Spec(A) | p ∩ S = ∅}.

(iii) If p ∩ S = ∅, then Spec(φ)−1(p) = φ(p)A[S−1].

Proof.

(i) We already proved this in Lemma 2.52.

(ii) Let p = φ−1(q) for some q ∈ Spec(A[S−1]). Then φ(p) ∩ A[S−1]× ⊆ q ∩ A[S−1]× = ∅ since prime
ideals do not contain units (Lemma 1.25). With S ⊆ A[S−1]×, it follows that p ∩ S = ∅. This shows
that the image is in {p ∈ Spec(A) | p ∩ S = ∅}.
Conversely, let p ∈ Spec(A) with p ∩ S = ∅. By Lemma 2.54, we have A[S−1]/φ(p)A[S−1] ∼=
A/p[π(S)−1]. Since p ∩ S = ∅, we have 0 /∈ π(S). Moreover, A/p is a domain since p is prime
(Lemma 2.11). Thus A/p[π(S)−1] is a subring of Quot(A/p), and in particular an integral domain
(cf. Example 2.49). Hence φ(p)A[S−1] is a prime ideal.
We now prove that it is a preimage of p. As A/p is an integral domain and 0 /∈ π(S), π(S) contains no
zero divisor. Hence by Corollary 2.47, A/p→ A/p[π(S)−1] ∼= A[S−1]/φ(p)A[S−1] is injective. So we
obtain

φ−1(φ(p)A[S−1]) = ker(A→ A/p→ A[S−1]/φ(p)A[S−1]) = ker(A→ A/p) = p,

i. e. φ(pA[S−1]) is a preimage of p under Spec(φ).

(iii) We just showed this.

Remark 2.56. If p ∩ S ̸= ∅, then ∅ ̸= φ(p ∩ S) ⊆ φ(S) ⊆ A[S−1]×, hence φ(p)A[S−1] = A[S−1] due to
Lemma 1.25 (which is clearly not prime).

The two most common forms of localisation are localising at an element and localising at a prime ideal.
Example 2.57. Let A be a ring, and let f ∈ A be any element. Applying Proposition 2.55 to the localisation
A→ A[f−1] yields

Spec(A[f−1]) = {p ∈ Spec(A) | f /∈ p}.
Example 2.58. We have

Spec
(
Z
[

1
3 · 5 · 11

])
= {(0), (2), (7), (13), (17), (19), . . .} = Spec(Z) \ {(3), (5), (11)}.
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Example 2.59. We have

Spec(C[X,Y ]/(XY )) = {(X − x, Y ), (X,Y − y), (X), (Y ) | x, y ∈ C}.

This can be proved as follows: According to Exercise 8.13, as C[X] is a principal ideal domain, Spec(C[X,Y ]) =
Spec(C[X][Y ]) consists of

Spec(C[X,Y ]) = {(0)} ⊔ {(f) | f ∈ C[X,Y ] irreducible} ⊔ {(X − x, Y − y) | x, y ∈ C}.

The third set above is MaxSpec(C[X,Y ]) according to Exercise 8.14. Due to Example 2.14, Spec(C[X,Y ]/(XY ))
consists of all elements in Spec(C[X,Y ]) containing (XY ).

We can visualise the situation by Figure 2.1. The prime ideals (X − x, Y ) and (X,Y − y) correspond the
points (x, 0) and (0, y) in C2, resp. The prime ideals (X) and (Y ) are generic points, ‘fat’ points which are
‘smeared’ over the whole vertical and horizontal axes, resp.

Passing to C[X,Y ]/(XY )[X−1], we obtain

Spec(C[X,Y ]/(XY )[X−1]) = {(X − x, Y ), (Y ) | 0 ̸= x ∈ C}.

This corresponds to deleting the whole vertical axis in Figure 2.1. Conincidentally due to Example 2.51, this
spectrum has a one-to-one correspondence with

Spec(C[X,X−1]) = {(0), (X − x) | 0 ̸= x ∈ C}.

(X − x, Y )

(X,Y − y)

(Y )

(X)

Figure 2.1: Visualisation of Spec(C[X,Y ]/(XY )).

Remark 2.60. Let A be a ring and p ∈ Spec(A). Then A \ p is a multiplicative set, as A/p is an integral domain
(Lemma 2.11).

Definition 2.61. Let A be a ring and p ∈ Spec(A). Then Ap := (A \ p)−1A is the localisation of A at p.

Remark 2.62. By Proposition 2.55, we have a bijection

Spec(Ap)↔ {q ∈ Spec(A) | q ⊆ p}.

In particular, Ap has a unique maximal ideal, namely pAp, the prime ideal corresponding to p ∈ Spec(A).

Definition 2.63. A ring A with a unique maximal ideal m ⊂ A is a local ring. We call A/m the residue
field of m.

Notation 2.64. Let A be a ring and p ∈ Spec(A). We write κ(p) := Ap/pAp for the residue field of p.

Remark 2.65. By Lemma 2.54, we have κ(p) ∼= Quot(A/p), noticing that π(A \ p) = A/p \ {0}.
Example 2.66. Consider Z(p) = {ab ∈ Q | p ∤ b} for some prime p ∈ Z. Then we have κ(p) = Z(p)/pZ(p) ∼=
Quot(Z/p) ∼= Fp via a

b 7→ b−1a. This map is well defined since p ∤ b for a
b ∈ κ(p) and hence b−1 ∈ F×

p .

2.7 Application to Spectra
Problem 2.67. Given a ring map φ : A→ B and Spec(A), how do we describe Spec(B)?
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Observation 2.68. Our strategy is to consider Spec(φ) : Spec(B) → Spec(A) and to compute the fibre
Spec(φ)−1(p) for each p ∈ Spec(A). Then

Spec(φ)−1(p) = {q ∈ Spec(B) | φ(p) ⊆ q, φ(A \ p) ∩ q = ∅}
∼= {q̄ ∈ Spec(B/(φ(p))) | (φ(A \ p)) ∩ q̄ = ∅} ∼= Spec(B/(φ(p))[φ(A \ p)−1]).

The first equality is the set-theoretic condition for φ−1(q) = p to hold. The second equality uses Example 2.14.
Note that φ(A\p) and q are still disjoint after passing to quotients, for otherwise φ(s) = q̄ with φ(s) ∈ φ(A\p)
and q ∈ q implies φ(s)− q ∈ φ(p)B ⊆ q, so φ(s) ∈ q, a contradiction. The last equality uses Proposition 2.55.

The bijection is given by the canonical map

π : B → B/(φ(p))→ B/(φ(p))[φ(A \ p)−1], π−1(q̄) 7→̄q.

Assume for example B = A[T1, . . . , Tn]/(f1, . . . , fm) with φ : A→ B being the composition of projection
after inclusion. Then

B/(φ(p))[φ(A \ p)−1] ∼= κ(p)[T1, . . . , Tn]/(f1, . . . , fm).

(We have κ(p) ∼= A/p[(A\p)−1] via Lemma 2.54. The isomorphism follows from the homomorphism theorem.)

Example 2.69. Our above discussion on Spec(B) generalises the argument we gave for Proposition 2.28, part (ii)
of the proof. There we considered φ : Z ↪→ Z[T ] and wanted to compute Spec(φ)−1((0)). With our new tool
applied to (0) ∈ Spec(Z), we have κ((0)) ∼= Q and thus

Spec(φ)−1((0)) = Spec(Q[T ]) via q ∩ Z[T ] 7→q.

Similarly for (p) ∈ Spec(Z). This gives in total

Spec(Z[T ]) = Spec(Q[T ]) ⊔
∐

p prime
Spec(Fp[T ]), q ∩ Z[T ] 7→q.

In general for any ring A, we have in fact the full description

Spec(A[T ]) =
∐

p∈Spec(A)

Spec(κ(p)[T ]).

Remark 2.70. Caveat: In practice, it might be algorithmically very difficult to compute π−1(q̄) for the map π
in Observation 2.68. In the above example and Proposition 2.28, it was quite simple since we had Gauss’s
lemma, whereas in Example 2.53, what is (1∓

√
−5) · Z[

√
−5, 1

2 ] ∩ Z[
√
−5]?

2.8 Appendix: Geometric Intuition
All of this theory in commutative algebra is the entry point to algebraic geometry.

Observation 2.71. Let X := Rn be the standard euclidean vector space, and let A := C∞(X,R) be the
space of all smooth functions on X (a ring with pointwise multiplication). Then we have the map

X → MaxSpec(A), x 7→ mx := {f ∈ A | f(x) = 0}.

Indeed, mx is maximal since κ(mx) = A/mx ∼= R via the ring map A→ R, f 7→ f(x) and the homomorphism
theorem.

Let f1, . . . , fm ∈ A. Then we have two operations:

(i) We can take the vanishing set V (f1, . . . , fm) = {x ∈ X | f1(x) = · · · = fm(x) = 0} =: V . This is
closed since the functions are continuous (every convergent series in V has its limit point in V , as
under each fi, this series converges to 0).
For any ḡ ∈ A/(f1, . . . , fm) and x ∈ V , the value ḡ(x) ∈ R is well-defined: If ḡ = h̄, then
ḡ − h̄ ∈ (f1, . . . , fm) and thus (ḡ − h̄)(x) = ḡ(x) − h̄(x) = 0. Thus A/(f1, . . . , fm) forms a ring of
functions on V .
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(ii) We can take the does-not-vanish set D(f1, . . . , fm) = {x ∈ X | (f1 · · · fm)(x) ̸= 0} =: D. This
is open since the finitely many functions are continuous (D(fi) = f−1

i (X \ {0}) is open and thus
D =

⋂m
i=1 D(fi)).

Since fi(x) ̸= 0 for all i and x ∈ D, A[f−1
1 , . . . , f−1

m ] forms a ring of functions on D.

In general, if A is a ring and X = Spec(A), we have the same geometric intuition with only two differences:

(i) For each p ∈ X, we interpret the ‘value of a function’ f ∈ A as its image f mod p in κ(p). Of course,
κ(p) varies with p.

(ii) We define X, V (f1, . . . , fm) and D(f1, . . . , fm) instead by

X := Spec(A), V (f1, . . . , fm) := Spec(A/(f1, . . . , fm)), D(f1, . . . , fm) := Spec(A[f−1
1 , . . . , f−1

m ]).

3 Modules Lect. 6
24.04.23

We introduce modules, which serve as a generalisation of vector spaces. As they are defined over a ring as
opposed to over a field, they have much more applications in commutative algebra and in other algebraic
disciplines.

3.1 Definition and Examples
For this subsection, see [AtMac, ch. 2].

Definition 3.1. Let A be a ring. An A-module is an (additive) abelian group M together with a ring
homomorphism A→ EndAbGrp(M).

Or equivalently (and more intuitively), we have an A-action • : A ×M → M on M such that for all
a, b ∈ A and x, y ∈M , the following laws hold:

(i) a • (x+ y) = a • x+ a • y.

(ii) (a+ b) • x = a • x+ b • x.

(iii) (ab) • x = a • (b • x).

(iv) 1 • x = x.

Remark 3.2. Let φ : A→ EndAbGrp(M). The first law originates from the images of φ being group homomor-
phisms. The other laws are the additivity, multiplicativity and identity of φ.
Example 3.3.

(i) For fields k, the k-modules are precisely the k-vector spaces because their definitions are identical.

(ii) Definition 3.1 (ii) and (iv) imply that n • x = (1 + · · ·+ 1) • x = x+ · · ·+ x for all n ≥ 1 and x ∈M .
Similar to vector spaces, we have 0 • x = 0 and −1 • x = −x, thus −n • x = −x+ · · ·+ (−x) for all
n ≥ 1 and x ∈M .
With the above definition, the Z-modules are precisely all abelian groups. Furthermore, since there
always exists a ring map Z→ A for any ring A, every A-module M is naturally also a Z-module.

Definition 3.4.

(i) A A-submodule of an A-module M is a subgroup N ⊆M such that

a • x ∈ N for all a ∈ A and x ∈ N.

(ii) If N ⊆M is a submodule, the quotient group M/N becomes an A-module via

a • (x+N) := a • x+N for all a ∈ A and x ∈M,

the so called quotient A-module of M over N .
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Remark 3.5. Notice that we do not have to require that N is a normal subgroup of M since M is abelian, so
any subgroup is already normal.

Furthermore, the multiplication in the quotient module is well-defined: For x + N = y + N , we have
x− y ∈ N . Thus a(x− y) = ax− ay ∈ N and hence ax+N = ay +N for all a ∈ A.
Example 3.6.

(i) Trivially, any ring A is itself an A-module via its left-multiplication a • b := ab. The submodules of A
are precisely the ideals of A. For ideals a ⊆ A, the quotient ring A/a is also the A-quotient module.

(ii) If φ : A→ B is a ring map, then B becomes an A-module via a • b := φ(a)b.

Definition 3.7. Let M and N be two A-modules.

(i) An A-module map (or A-module homomorphism or A-linear map) from M to N is a group
homomorphism f : M → N such that

f(a • x) = a • f(x) for all a ∈ A and x ∈M.

We call f an A-module isomorphism if f is bijective. In this case, we write M ∼= N .

(ii) We denote the set of all A-module maps f : M → N as HomA(M,N), which is again an A-module
via (a • f)(x) := a • f(x).

(iii) Let f ∈ HomA(M,N). Then the subgroups ker(f) ⊆ M and im(f) ⊆ N are submodules. The
cokernel

coker(f) := N/ im(f)

is a quotient module.

Definition 3.8. Let I be an arbitrary index set and (Mi)i∈I a tuple of A-modules. Then the abelian groups⊕
i∈I

M and
∏
i∈I

Mi

form A-modules via
a • (xi)i∈I := (a • xi)i∈I for all a ∈ A and (xi)i∈I .

Notation 3.9. From now on, we will drop the multiplication sign • if it is clear which multiplication we
mean. Sometimes, we will also write · instead of •.

The following concept is the analogue to basis in vector spaces.

Definition 3.10.

(i) An A-module M is called free if there exists a set I and an isomorphism

M ∼= A⊕I :=
⊕
i∈I

A.

(ii) A tuple (mi)i∈I ∈
∏
i∈IM is a basis of M if there exists an isomorphism A⊕I →M , ei 7→ mi.

Or equivalently, every x ∈ M is a unique A-linear combination of the (mi)i∈I , i. e. there exists a
unique (ai)i∈I ∈

⊕
i∈I A such that

x =
∑
i∈I

aixi.

Remark 3.11. Let M be any A-module. Then

HomA(A⊕I ,M) ∼=
∏
i∈I

M, f 7→ (f(ei))i∈I ,
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where ei = (0, . . . , 0, 1, 0, . . . , 0) has 1 at the ith position. The ei form a basis of A⊕I . (This is clearly A-linear,
and we have f((ai)i∈I) =

∑
i∈I aif(ei) ∈ M , i. e. f is uniquely determined by (f(ei))i∈I . Notice in the sum

that ai ̸= 0 for only finitely many i ∈ I.)
Remark 3.12. By generalising to A-modules, we lose some nice properties of bases in k-vector spaces.

(i) Every vector space has a basis.
For example, the Z-module Z/nZ with n ≥ 1 is not free: If e1 corresponds to x ∈ Z/nZ, then
ne1 ̸= 0 = nx. But Z/nZ would be trivially free as a Z/nZ-module.

(ii) In any vector space, every maximal set of linearly independent elements forms a basis.
For example in the Z-module Z, the element 2 ∈ Z is maximal linearly independent since for any a ∈ Z,
the set {2, a} is linearly dependent as a • 2− 2 • a = 0. But 2 does not generate Z.

(iii) In any vector space, every minimal set of generating elements forms a basis.
For example in the Z-module Z, {2, 3} is a minimal generating set since −1 • 2 + 1 • 3 = 1 and neither
2 nor 3 generate Z. But {2, 3} is not linearly independent as 3 • 2 + (−2) • 3 = 0.

Remark 3.13. Similar to vector spaces, we can express any map between free modules as a matrix. For any
ring A, it is true that

HomA(A⊕m, A⊕n) ∼= Mn×m(A),
[
ej 7→

n∑
i=1

aijei

]
7→(aij) i=1,...,n

j=1,...,m
.

The composition of A-linear maps A⊕m → A⊕n is the usual product of matrices.
Example 3.14. Consider A = k[X,Y ] and the ideal M := (X,Y ) ⊆ A. Then A/M ∼= k. We consider the
surjective A-module map(

X Y
)

: A⊕2 →M,

(
f
g

)
7→
(
X Y

)(f
g

)
= Xf + Y g.

What is its kernel? For that we need to solve Xf + Y g = 0 with f, g ∈ A. Since X and Y are prime
elements and X ∤ Y , Y ∤ X, we need f = Y f ′ and g = Xg′ for some f ′, g′ ∈ A. This yields XY (f ′ + g′) = 0, or
equivalently f ′ = −g′ since XY ̸= 0 in the integral domain A. In conclusion, we have the surjective A-module
map (

−Y
X

)
: A→ ker(

(
X Y

)
), f 7→

(
−Y f
Xf

)
.

Since X and Y not zero divisors, this map is injective. Hence the ker((X Y )) ∼= A is a free A-module of rank 1
(rank is the cardinality of the basis of a free module).
Example 3.15. Let A be a ring and 0 ̸= a ⊂ A an ideal. Then A/a is never a free A-module: Let 0 ̸= a ∈ a.
Then a •A/a = 0, but a • (A⊕I) = (a •A)⊕I ̸= 0 for any set I.

3.2 Finiteness Properties
See [AtMac, ch. 6].

Definition 3.16. Let M be an A-module, and let U ⊆M be a subset. Then the submodule generated
by U is

(U) :=
⋂

U⊆N⊆M
N submodule

N.

(U) consists of A-linear combinations of elements from U , i. e. (U) = im(A⊕U →M, eu 7→ u).

Definition 3.17. Let M be an A-module.

(i) M is of finite type or finitely generated, if M = (x1, . . . , xn) for some n ≥ 0 and x1, . . . , xn ∈M .
Or equivalently, there exists some n ≥ 0 and an A-linear surjection φ : A⊕n →M .

30



3.2 Finiteness Properties Algebra I – Commutative Algebra

(ii) If M is finitely generated with an A-linear surjection φ : A⊕n →M such that ker(φ) ⊆ A⊕n is also
finitely generated, then M is of finite presentation or finitely presented.
Or equivalently, any module M is of finite presentation if there exist m,n ≥ 0 and an A-module
map f : A⊕m → A⊕n such that M ∼= coker(f).

Remark 3.18. (From me.) The definitions for finite presentation are indeed equivalent.
Given the surjection φ : A⊕n →M with finitely generated ker(φ) = (x1, . . . , xm), we can naturally define

f : A⊕m → A⊕n, ei 7→ xi. Then im(f) = ker(φ) and thus by the homomorphism theorem for groups,
coker(f) = A⊕n/ ker(φ) ∼= M , which also induces an isomorphism between A-modules.

Conversely, given f : A⊕m → A⊕n such that M ∼= coker(f), we define the canonical projection map
φ : A⊕n → coker(f) ∼= M . This is surjective, thus M is finitely generated. Furthermore, we have the surjective
restriction f : A⊕m → im(f) = ker(φ), hence ker(φ) is finitely generated.
Remark 3.19. A-modules M of finite presentation are the modules we may study by their map f : A⊕m → A⊕n,
which is in fact a finite matrix f ∈Mn×m(A). This makes them much more accessible.
Example 3.20. As we showed in Example 3.14, (X,Y ) is a finitely presented k[X,Y ]-module, since the kernel
of the A-linear surjection (X Y ) : A⊕2 → M is finitely generated. More precisely, we showed (X,Y ) ∼=
coker(

(−Y
X

)
: A→ A⊕2).

Example 3.21. Let A be a ring, which is a finitely generated A-module. If an ideal a ⊂ A is not finitely generated,
then the A-module A/a is finitely generated, but not of finite presentation. E. g. take a = (T1, T2, . . . ) ⊆ A =
k[T1, T2, . . . ]. Then A/a is finitely generated via the A-module map A↠ A/a, but its kernel a is not finitely
generated (no variable can be expressed as an A-linear combination of the other variables as 1 /∈ a).

Definition 3.22. An A-module M is noetherian, if one of the following two equivalent conditions are
satisfied:

(i) Any ascending chain of submodules N1 ⊆ N2 ⊆ · · · ⊆M becomes stationary.

(ii) Any submodule N ⊆M is finitely generated.

Proof. Let N ⊆M be an arbitrary submodule. We define an ascending chain of submodules in N by N0 := 0,
and Ni := Ni−1 + (xi) if xi ∈ N \Ni−1 exists, and Ni := Ni−1 otherwise. By assumption, N0 ⊆ N1 ⊆ · · · ⊆ N
stabilises. We choose k to be minimal with Nk = Nk+1 = · · · = N . Then N = (x1, . . . , xk).

Conversely, let N1 ⊆ N2 ⊆ · · · be any chain. By assumption, the submodule N :=
⋃
i≥1 Ni is finitely

generated, say by x1, . . . , xr. We choose k such that x1, . . . , xr ∈ Nk. Then we have Nk = Nk+1 = · · · = N .

Definition 3.23. A ring A is noetherian if it is noetherian viewed as an A-module. This means that every
ideal a ⊆ A is finitely generated, or equivalently, any chain of ideals a1 ⊆ a2 ⊆ · · · ⊆ A stabilises.

Proposition 3.24. Let M be an A-module, K ⊆ M a submodule and Q := M/K a quotient. Then we
have:

(i) If M is noetherian, then K and Q are noetherian.

(ii) If K and Q are noetherian, then M is noetherian.

Proof.
(i) For K, any submodule of K is a submodule of M , which is finitely generated by definition.

For Q, let N ⊆ Q be any submodule. Let q : M ↠ Q be the canonical projection. By assumption,
q−1(N), which is a submodule, is finitely generated by say x1, . . . , xr, and we have N = (q(x1), . . . , q(xr))
(note that q is surjective).

(ii) Let N ⊆M be any submodule. By assumption, K ∩N and q(N), which are submodules, are finitely
generated, say K ∩N = (x1, . . . , xr) and q(N) = (y1, . . . , ys). Now we choose any lifts ỹ1, . . . , ỹs ∈ N
of the y1, . . . , ys. We claim that N = (x1, . . . , xr, ỹ1, . . . , ỹs).
Let z ∈ N be arbitrary. Then we can write q(z) = a1y1 + · · ·+ asys with a1, . . . , as ∈ A. This means
z′ := z −

∑s
i=1 aiỹi ∈ ker(q) ∩ N = K ∩ N . Then we can write z′ = b1x1 + · · · + brxr for some

b1, . . . , br ∈ A and we are done.
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Corollary 3.25. Let A be a noetherian ring and M an A-module of finite type. Then M is noetherian.

Proof. For any n ≥ 1, A⊕n−1 ∼= A⊕n/(0n−1⊕A) generally holds. By Proposition 3.24 and induction (0n−1⊕A
and A⊕n−1 are noetherian), A⊕n is a noetherian A-module for all n ≥ 0. As M is finitely generated, there exists
some n and an A-linear surjection φ : A⊕n ↠M . Again by Proposition 3.24, M ∼= A⊕n/ ker(φ) is noetherian,
using the homomorphism theorem for A-modules.

Corollary 3.26. Let A be a noetherian ring and M an A-module. Then M is finitely generated if and only
if M is finitely presented.

Proof. If M is finitely generated, choose any A-linear surjection f : A⊕n ↠M . Since A⊕n is noetherian, ker(f)
is finitely generated and M is finitely presented.

Example 3.27. Some examples of non-noetherian rings.

(i) k[T1, T2, . . . ] is not noetherian, as (T1, T2, . . . ) is not finitely generated.

(ii) Consider Z[p1/2, p1/4, p1/8, p1/16, . . . ] ⊆ R for some prime p ∈ Z. Then (p1/2) ⊂ (p1/4) ⊂ (p1/8) ⊂ · · ·
does not stabilize, so this ring is not noetherian. In particular, (p1/2, p1/4, p1/8, . . . ) is not finitely
generated.

(iii) Consider A = C∞(R,R), the ring of smooth functions. Then an = {f ∈ A | f |[−1/n,1/n] ≡ 0} for
all n ≥ 1 are ideals. Thus a1 ⊂ a2 ⊂ · · · does not stabilise, and A is not noetherian. In particular,
a =

⋃
n≥1 an is not finitely generated.

3.3 Noetherian Rings Lect. 7
27.04.23

See [AtMac, ch. 7].

Proposition 3.28. Let A be a noetherian ring. Then the following hold:

(i) Any quotient ring A/a with an ideal a ⊆ A is noetherian.

(ii) Any localisation A[S−1] with a subset S ⊆ A is noetherian.

Proof. Any ideal in A/a (resp. A[S−1]) is of the form b/a for some ideal a ⊆ b ⊆ A (resp. bA[S−1] for some
ideal b ⊆ A, since b 7→ bA[S−1] is surjective, see Lemma 2.52). Since b is finitely generated by assumption, b/a
(resp. bA[S−1]) is finitely generated. Hence A/a (resp. A[S−1]) is noetherian.

Example 3.29. Let A be non-noetherian, and a ⊆ A be non-finitely generated. This defies our intuition about
vector spaces: a is not finitely generated, but A = (1) is.

Theorem 3.30 (Hilbert’s basis theorem). If A is a noetherian ring, then A[T ] is also noetherian.

This applies in particular to principal ideal domains A.

Proof. Let a ⊆ A[T ] be any ideal. Then consider the ideal

b := {a ∈ A | there exists f = aTn + · · · ∈ a} ⊆ A,

which is finitely generated by assumption, say b = (a1, . . . , ar). For each i = 1, . . . , r, we pick fi = aiT
ni +· · · ∈ a.

Put n := max{n1, . . . , nr}. We claim that for every g ∈ a, there exist h, h1, . . . , hr ∈ A[T ] such that
g = h1f1 + · · ·+ hrfr + h and deg(h) < n.

If deg(g) < n, we can put h1 = · · · = hr = 0 and h = g. Otherwise, let g = bTm + · · ·. Since b ∈ b, we
can write b = x1a1 + · · ·+ xrar with xi ∈ A. Then set g′ := g −

∑r
i=1 xiT

m−nifi, which satisfies g′ ∈ a and
deg(g′) < deg(g). Now we continue with g′, i. e. the claim follows by induction on deg(g).

Now consider the A-submodule M =
⊕n−1

i=0 AT
i ⊆ A[T ]. It is apparently finitely generated (we even have

M ∼= A⊕n). The claim shows that a = (f1, . . . , fr)+(M ∩a) holds true. As A is noetherian, M ∩a = (g1, . . . , gs)
is finitely generated as an A-module (Corollary 3.25). Finally, a = (f1, . . . , fr, g1, . . . , gs).
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Corollary 3.31. Let A be a noetherian ring. Then any ring of the form A[T1, . . . , Tn]/a with any ideal
a ⊆ A[T1, . . . , Tn] is noetherian. Moreover, a is finitely generated.

Proof. Using A[T1, . . . , Tn] ∼= A[T1, . . . , Tn−1][Tn] and induction, Hilbert’s basis theorem 3.30 says that
A[T1, . . . , Tn] is noetherian. Thus a is finitely generated. By Proposition 3.28, A[T1, . . . , Tn]/a is also noethe-
rian.

Remark 3.32. The argument in Hilbert’s basis theorem 3.30 also shows that if A is noetherian, then A[[T ]] is
noetherian (Exercise 8.17).

3.4 Matrices
Recall: For any ring A, it is true that

HomA(Am, An) ∼= Mn×m(A), f 7→ (f(e1), . . . , f(em)),

where the f(ei) ∈ An are column vectors. In particular, EndA(An) ∼= Mn(A).

Definition 3.33. Let A be a ring. Then

GLn(A) := Mn(A)× = {S ∈Mn(A) | there exists T ∈Mn(A) such that ST = 1n} = AutA-Mod(An)

is the general linear group over A of degree n.

Definition 3.34. Using identical definitions as in linear algebra, for any S ∈ Mn(A), we define the
determinant, trace and characteristic polynomial as

det(S) ∈ A, tr(S) ∈ A, char(S,X) := det(X1n − S) ∈ A[X].

Furthermore, these are GLn(A)-conjugation invariant, i. e. for all S ∈Mn(A) and T ∈ GLn(A), we have

det(TST−1) = det(S), tr(TST−1) = tr(S), char(TST−1, X) = char(S,X).

This is identical to matrices over fields A = k, since GLn(A)-conjugation is essentially a change of basis.

Lemma 3.35. Let A be a ring. Then S ∈Mn(A) is invertible if and only if det(S) ∈ A×.

Proof. This proof works identical to the proof for fields. We observe that the only difference between rings and
fields is that not every non-zero element is invertible.

Suppose that S ∈Mn(A)×, i. e. ST = 1n for some T ∈Mn(A), then det(S) det(T ) = det(1n) = 1.
(Here a proof for why the determinant is multiplicative over any ring. Our strategy is similar to the strategy

for the Cayley-Hamilton theorem 8.19 over any ring.
Let n ≥ 1, let B = Z[Sij , Tij | 1 ≤ i, j ≤ n], and define S′ := (Sij)ij , T ′ := (Tij)ij ∈ Mn(B). Since B is

an integral domain, there exists the canonical embedding B ↪→ Quot(B). We know from liner algebra that
det(S′T ′) = det(S′) det(T ′) holds in the field Quot(B). But this calculation does not involve fractions (the
embedding maps S′ 7→ S′ and T ′ 7→ T ′), so this also holds in B.

Now let S = (sij)ij , T = (tij)ij ∈Mn(A). There always exists a ring map Z→ A. Thus by the universal
property of polynomial rings, there exists the evaluation map B → A given by Sij 7→ sij and Tij 7→ tij .
Evaluating det(S′T ′) = det(S′) det(T ′) in B gives det(ST ) = det(S) det(T ) in A.)

For the converse, we construct the adjoint matrix Ŝ = (tij) through tij := (−1)i+j det(Sji), where Sji
arises from S by cancelling the jth row and ith column. The point is that the definition of Ŝ does not involve
any inverses of elements. Then we can check that ŜS = det(S)1n, which requires purely algebraic manipulation.
Thus if det(S) ∈ A×, then det(S)−1Ŝ ∈Mn(A)× is the inverse of S.

Remark 3.36. For an ideal a ⊆ A and an A-module M , we define the submodule

aM := (am | a ∈ a,m ∈M) ⊆M.
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If f : N → M is an A-linear map, then it restricts to f |aN : aN → aM since f(an) = af(n) ∈ aM for all
an ∈ aN . So this construction is compatible with any f . Therefore if f is surjective, then we obtain the
following commutative diagram:

N M

N/aN M/aM

f

f̄

Hence f̄ : n+ aN 7→ f(n) + aM is also surjective. (f̄ is well-defined since f |aN (aN) ⊆ aM .)

Corollary 3.37. Let A ̸= 0 be a ring and f : Am ↠ An an A-linear surjection. Then m ≥ n. In particular,
we have Am ∼= An if and only if m = n.

Proof. Let m ⊂ A be a maximal ideal, which exists due to Krull’s theorem 2.18, and set κ(m) := A/m to be
its residue field. Then mm ⊆ Am is a submodule, and Am/mm = κ(m)m. The same applies to An/mn. Set
f̄ := f mod m : κ(m)m → κ(m)n. By Remark 3.36, f̄ is a surjective map of κ(m)-vector spaces, and thus m ≥ n
according to linear algebra.

The second claim assumes that f : Am → An is an isomorphism. Applying the above result to f−1 : An → Am

additionally yields n ≥ m.

Recall the following definition from linear algebra.

Definition 3.38. An (k × k)-minor of S ∈ Mn×m(A) is a (k × k)-matrix which is obtained by deleting
n − k rows and m − k columns. We denote the (k × k)-minor (sij)i∈I,j∈J with rows I ⊆ {1, . . . , n} and
columns J ⊆ {1, . . . ,m} by SI,J , where |I| = |J | = k.

Corollary 3.39. Let S : Am → An be an A-linear map and I(S) := (det(SI,J) | |I| = |J | = n). If S is
surjective, then I(S) = A.

Proof. As A = 0 is trivial, let A ̸= 0. Similar to Corollary 3.37, let m ⊂ A be a maximal ideal so that
S̄ := S mod m : κ(m)m → κ(m)n is a surjective map of κ(m)-vector spaces, which gives m ≥ n. From
linear algebra, we know that im(S̄) contains a basis of κ(m)n. Thus there exists an (n × n)-minor SI,J of
S̄ ∈ Mn×m(κ(m)) which is invertible. By Lemmas 3.35 and 1.25, it follows that det(SI,J) /∈ m and thus
I(S) ̸⊂ m. Since this holds for any m, it must be I(S) = A by Corollary 2.19.

Remark 3.40. The converse also holds true: If I(S) = A, then A is surjective. We will discuss this in
Corollary 4.62.
Example 3.41. This holds in the special case n = 1: Let f : Am → A, ei 7→ fi be an A-linear map. Then f is
surjective if and only if (f1, . . . , fm) = A.

3.5 The Elementary Divisor Theorem

Lemma 3.42. Let A be a ring, and let S, T ∈Mn×m(A). Assume that there are L ∈ GLn(A), R ∈ GLm(A)
such that LSR = T . Then L and R induce isomorphisms

R|ker(T ) : ker(T )→ ker(S) and L̄ := L mod im(T ) : coker(S)→ coker(T ).

Proof. Consider the commutative diagram

M1 N1

M2 N2

f1

g1 g2

f2

Necessarily by commutativity, g1(ker(f1)) ⊆ ker(f2) and g2(im(f1)) ⊆ im(f2). (For all x ∈ ker(f1), we have
(g2 ◦ f1)(x) = 0 = (f2 ◦ g1)(x) and thus g1(x) ∈ ker(f2). For all x ∈M1, we have (g2 ◦ f1)(x) = (f2 ◦ g1)(x) and
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thus (g2 ◦ f1)(x) ∈ im(f2).) Thus we can extend the above commutative diagram by the following maps, which
are well-defined (they are actually unique):

ker(f1) M1 N1 coker(f1)

ker(f2) M2 N2 coker(f2)

g1|ker(f1)

f1

g1 g2 g2 mod im(f1)

f2

If g1 and g2 are isomorphisms, we can do the same in the other direction with g−1
1 and g−1

2 . This yields

ker(f1) M1 N1 coker(f1)

ker(f2) M2 N2 coker(f2)

f1

g−1
1 |ker(f2)

f2

g−1
1 g−1

2 g−1
2 mod im(f2)

Thus g1|ker(f1) and g2 mod im(f1) are isomorphisms.
Now we apply this to

Am An

Am An

S

R−1 L

T

(From me.) An alternative: We shall call ιS : ker(S)→ Am and ιT : ker(T )→ Am.
By definition of the kernel, T ◦ ιT is a zero map, i. e. prepending (resp. appending) T ◦ ιT with two different

maps yields the same map 0. Thus L−1 ◦ T ◦ ιT is a zero map. Since the middle square commutes, S ◦R ◦ ιT is
also a zero map. But ιS is the kernel of S, hence by the universal property of the kernel, there is a unique map
f : ker(T )→ ker(S) such that the left square commutes.

By a similar argument, we obtain another map g : ker(S)→ ker(T ). As the left square commutes, it is true
that ιS = R ◦ ιT ◦ g = R ◦ (R−1 ◦ ιS ◦ f) ◦ g = ιS ◦ f ◦ g. Since ιS is a monomorphism, we have f ◦ g = idker(S).
We obtain g ◦ f = idker(T ) in a similar way, thus g = f−1 are isomorphisms. Finally, f = R|ker(T ) as f is unique.

The isomorphism L̄ in the right square follows dually.
(Also from me.) Alternatively, we observe that ker(T ) = ker(L−1T ) = ker(SR) ∼= ker(S) since L and R

are isomorphisms and LSR = T . Similarly, coker(T ) = coker(TR−1) = coker(LS) ∼= coker(S). Looking at the
isomorphisms, we immediately see that they are induced by R and L, resp.

Thus to a degree, we can classify finitely presented A-modules up to isomorphism by classifying the double
cosets

GLn(A)\Mn×m(A)/GLm(A)

for given m,n ≥ 0.

Definition 3.43. Let A be a ring. We call two matrices S, S′ ∈ Mn×m(A) equivalent if there exist
L ∈ GLn(A) and R ∈ GLm(A) such that S′ = LSR. In this case, we write S ∼ S′.

Before we come to the main part of this subsection, we should discuss some properties of the greatest
common divisor.
Remark 3.44. A reformulation of Theorem 1.38: Let A be a principal ideal domain and 0 ̸= a ∈ A arbitrary.
For each prime π ∈ A, we define the π-adic valuation νπ(a) := sup{n ≥ 0 | πn | a} of a over A. Let
PI/∼ := {primes π ∈ A}/A× (prime ideals up to units), and further choose representatives π for each
equivalence class. Then

a = u
∏

π∈PI/∼

πνπ(a) with u ∈ A×

is the literally unique prime factorisation of a.

Lemma 3.45. Let A be a principal ideal domain and a, b ∈ A. Then the following three definitions of the
greatest common divisor g1(a, b), g2(a, b) and g3(a, b) are equal up to units:
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(i) g1(a, b) ∈ A such that (a, b) = (g1(a, b)).

(ii) g2(a, b) :=
∏
π∈PI/∼ π

min{νπ(a),νπ(b)}.

(iii) g3(a, b) | a, b such that if c | a, b for any c ∈ A, then c | g3(a, b).

Proof. We abbreviate gi := gi(a, b) for i = 1, 2, 3.

(i) g3 satisfies the definition of g2: By the uniqueness of prime factorisations, if x | y, then νπ(x) ≤ νπ(y) for
all π ∈ PI/∼. This implies that for common divisors c | a, b, we must have νπ(c) ≤ min{νπ(a), νπ(b)}.
We reach maximality in the sense of g3 if νπ(g3) = min{νπ(a), νπ(b)}.

(ii) g2 satisfies the definition of g1: By the definition of g2, a/g2 and b/g2 cannot have any common prime
factor. Recall that in principal ideal domains, all prime ideals are generated by prime elements. Hence
there is no prime ideal p ⊂ A with a/g2, b/g2 ∈ p. Recall that in principal ideal domains, maximal
ideals are precisely all non-zero prime ideals. Hence (a/g2, b/g2) = A. Thus (a, b) = g2 · (a/g2, b/g2) =
g2A = (g2).

(iii) g1 satisfies the definition of g3: By definition of g1, we have g1 | a, b. If c | a, b for some c ∈ A, then
(a, b) ⊆ (c) and thus c | g1.

Theorem 3.46 (elementary divisor theorem). Let A be a principal ideal domain and S ∈Mn×m(A).
Then there exists a (up to units) unique ascending chain of divisors a1 | a2 | · · · | ak ∈ A with k = min{m,n}
such that

S ∼


a1

. . .
ak

0(n−k)×m

 or resp. S ∼

a1
. . . 0n×(m−k)

ak

.
(The chain of divisors might become stationary at 0 as 0 | 0 makes sense.) We call these equivalent matrices
the Smith normal form of S.

We will prove this through an algorithm. But in order to do this, we need many auxiliary statements.
For the remaining subsection, let g := gcd. For S ∈Mn×m(A), let g(S) be the greatest common divisor of

all entries.

Lemma 3.47. Let A be a principal ideal domain, and let a, b ∈ A. Then there is some X ∈ GL2(A) such
that

X

(
a
b

)
=
(
g(a, b)
c

)
for some c ∈ A.

Proof. If a = b = 0, we can choose X = 12. From now on, we may assume g(a, b) ̸= 0.
Since (a, b) = (g(a, b)) by Lemma 3.45, there exists r, s ∈ A such that g(a, b) = ra+ sb. Then necessarily,

we have g(r, s) = 1 (up to units) because g(r, s)g(a, b) | g(a, b) and the prime factorisation of g(a, b) is unique.
So there are u, v ∈ A such that ur+ vs = 1, and hence X = ( r s

−v u ) ∈ GL2(A) by Lemma 3.35 (the determinant
is 1). We obtain

X

(
a
b

)
=
(

g(a, b)
−va+ ub

)
.

Corollary 3.48. Let A be a principal ideal domain, and let S ∈Mn×m(A). Then for each 2 ≤ i ≤ n, there
is an L ∈ GLn(A) such that

LS =


g(s11, si1) ∗ · · · ∗
∗
... ∗
∗

.
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Proof. Let Y ∈ GLn(A) be the permutation matrix that swaps the second and ith row (in fact Y −1 = Y ).
According to Lemma 3.47, we can find an X ∈ GL2(A) such that

X

(
s11
si1

)
=
(
g(s11, si1)

c

)
.

To obtain the result, set
L := Y −1

(
X

1n−2

)
Y.

Remark 3.49. We can apply the above analogously to the first row instead of the first column: For each
2 ≤ j ≤ m, there is an R ∈ GLm(A) such that

SR =


g(s11, s1j) ∗ · · · ∗
∗
... ∗
∗


This follows from Corollary 3.48 by transposing X.

Lemma 3.50. Let A be a principal ideal domain, and let S ∈Mn×m(A). If s11 | si1, s1j for all 2 ≤ i ≤ n
and 2 ≤ j ≤ m, then there are L ∈ GLn(A) and R ∈ GLm(A) such that

LSR =


s11 0 · · · 0
0
... S̃
0


Proof. These are well-known elementary row and column operations: We take

L =


1
l2 1
... . . .
ln 1

 and R =


1 r2 · · · rm

1
. . .

1


with li := −si1/s11 and rj := −s1j/s11.

Definition 3.51. For an element a ∈ A of a principal ideal domain, we define its size by

σ(a) =
{
∞, if a = 0,
e1 + · · ·+ er, if 0 ̸= a = πe1

1 · · ·πer
r is the prime factorisation.

Now to the actual proof of the elementary divisor theorem.

Proof. Our aim is to show this claim: Let a1 := g(S). Then there is an S1 ∈M(n−1)×(m−1)(A) such that

S ∼


a1 0 · · · 0
0
... S1
0


This claim proves the theorem, since:

• For any L ∈Mn(A) and R ∈Mm(A), each entry of LSR is a linear combination of entries of S, hence
g(S) | g(LSR). If L ∈ GLn(A) and R ∈ GLm(A), then we also have g(LSR) | g(L−1LSRR−1) = g(S),
thus g(S) = g(LSR) up to units.
Therefore if S ∼

( a1
S1

)
, then a1 := g(S) = g

( a1
S1

)
| g(S1) =: a2. By induction on (n,m), we obtain

a chain a1 | a2 | · · · | ak as required. Notice that the base cases for (n × 1)- and (1 ×m)-matrices are
already covered by the claim.
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• We can also show uniqueness with the observation g(S) = g(LSR) for L ∈ GLn(A) and R ∈ GLm(A):
Assume that S is equivalent to a matrix as in the theorem with a1 | a2 | · · · | ak. Then g(S) =
g(a1, . . . , ak) = a1, so a1 is uniquely determined up to units. Furthermore, if ( a S1 ) ∼

( a
S̃1

)
, then

S1 ∼ S̃1. Hence by induction on (n,m), the a2 | · · · | ak are unique as well.

Now to the proof of the claim. We will show an algorithm which transforms S into equivalent matrices.
If S = 0, then we are done. Otherwise, we swap rows and columns such that s11 ̸= 0. We will proceed by

descending induction on σ(s11/g(S)) ≥ 0 (notice that g(S) | s11). In particular, there can only be finitely many
steps.

(i) If σ(s11/g(S)) = 0, i. e. s11 = g(S) up to units, then in particular s11 | si1, s1j for all 2 ≤ i ≤ n and
2 ≤ j ≤ m. We finish with Lemma 3.50.

(ii) Otherwise, it is σ(s11/g(S)) ≥ 1. We distinguish between two cases:

(a) If there is some 2 ≤ i ≤ n or 2 ≤ j ≤ m with s11 ∤ si1 or s11 ∤ s1j , then we can use Corollary 3.48
to obtain

S ∼


s̃11 ∗ · · · ∗
∗
... ∗
∗


with s̃11 = g(s11, si1) or s̃11 = g(s11, sj1), resp. Then by assumption, s̃11 | s11 properly, and thus
σ(s̃11/g(S)) < σ(s11/g(S)) (recall that g(S) = g(S̃) for S ∼ S̃). Now we can start anew and
proceed by induction.

(b) If s11 | si1, s1j for all 2 ≤ i ≤ n and 2 ≤ j ≤ m, then we do the following: Firstly, we apply
Lemma 3.50 to obtain

S ∼


s11 0 · · · 0
0
... S̃
0


Then, since σ(s11/g(S)) ≥ 1, we have g(S) | s11 properly. Therefore there is some entry s̃ij with
2 ≤ i ≤ n and 2 ≤ j ≤ m such that s11 ∤ s̃ij . We add the ith row to the first row, and now we are
in case (ii)a.

Theorem 3.52 (structure theorem for finitely generated modules over principal ideal domains).
Let A be a principal ideal domain, and let M be a finitely generated A-module. Then there are unique l, r ≥ 0
and a (up to units) unique ascending chain of elementary divisors a1 | a2 | · · · | al ̸= 0 such that

M ∼= A/(a1)⊕ · · · ⊕A/(al)⊕Ar.

Example 3.53. Let A = Z. Any finitely generated abelian group is isomorphic to a direct sum of cyclic groups

Z/n1 ⊕ · · · ⊕ Z/nl ⊕ Zr

with unique n1 | · · · | nl ̸= 0 and r ≥ 0.

Proof. As M is finitely generated, there is an A-linear surjection φ : An ↠M . A is a principal ideal domain,
thus noetherian. With Corollary 3.25, An is noetherian, hence ker(φ) ⊆ An is finitely generated and there
exists an A-linear surjection S : Am ↠ ker(φ). This means M ∼= coker(S) is of finite presentation.

Because of Lemma 3.42, we may choose any equivalent matrix S′ ∼ S and M ∼= coker(S′) still holds. So by
the elementary divisor theorem 3.46, we may assume

S =


a1

. . .
ak

0(n−k)×m

 or S =

a1
. . . 0n×(m−k)

ak


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with elementary divisors a1 | a2 | · · · | al ̸= 0 and al+1 = · · · = ak = 0. Then

im(S) ∼= (a1)⊕ · · · ⊕ (al)⊕ 0max{0,n−l} =⇒ M ∼= A/(a1)⊕ · · · ⊕A/(al)⊕Amax{0,n−l}.

Uniqueness will be shown in Exercise 8.20.

Example 3.54. Consider 2
3

4 5

 ∈M3×2(Z).

By subtracting the first row two times from the third, we obtain2
3

4 5

 ∼
2

3
5


As gcd(2, 3, 5) = 1 ̸= 2, we have to continue with the upper left corner. Adding the second column to the first,
we have 2

3
5

 ∼
2

3 3
5 5

.
Using T =

(−1 1
−1 0

)
and eliminating the first column and first row yields2

3 3
5 5

 ∼
 1 3
−2
5 5

 ∼
1 3

6
5 5

 ∼
1 3

6
−10

 ∼
1

6
−10

.
Since gcd(6,−10) = 2, we can use T = ( 2 1

1 1 ) to get1
6
−10

 ∼
1

2
−4

 ∼
1

2
0 0

.
In particular,

coker

2
3

4 5

 ∼= Z/1⊕ Z/2⊕ Z ∼= Z/2⊕ Z.

Remark: We could have proceeded more directly:2
3

4 5

 ∼
2

3
5

 ∼
2

3
2

 ∼
2

1
2

 ∼
2

1
0 0

 ∼
 2

1
0 0

 ∼
1

2
0 0

.
Example 3.55. Lect. 8

04.05.23
Consider ( 2

3 ) ∈M2(Z). Then(
2

3

)
∼
(

2
3 3

)
∼
(

1 3
−6

)
∼
(

1
−6

)
∼
(

1
6

)
(the last step is possible since −1 ∈ Z×). This reflects the isomorphism Z/6 ∼= Z/2× Z/3.

Observation 3.56. We can derive the Jordan normal form as an application. Let k be a field and V a
finite-dimensional k-vector space. Let f : V → V be a k-linear map.

Then V becomes a k[T ]-module via p(T )v := p(f)(v) for all p ∈ k[T ]. Since V is finite-dimensional,
V is also finitely-generated as a k[T ]-module (since there is an embedding k ↪→ k[T ], the k-basis is also a
k[T ]-generating set). k[T ] is a principal ideal domain, so by the structure theorem 3.52, we obtain

V ∼= k[T ]r ⊕
l⊕
i=1

k[T ]/(hi(T ))
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with non-zero h1 | · · · | hl in k[T ]. Since this is also an isomorphism of k-vector spaces, and since V is
finite-dimensional over k, we see that r = 0. Using the Chinese remainder theorem 8.5, we can rewrite this as

V ∼=
l⊕
i=1

n⊕
j=1

k[T ]/(gj(T )nij ),

where g1, . . . , gn are the irreducible factors of char(f, T ) and
∏n
j=1 gj(T )nij = hi(T ) is the prime factorisation

of hi. (By Cayley-Hamilton 8.19, we have char(f, f) = 0. Looking at the decomposition, this is only possible
if and only if h1, . . . , hl | char(f, T ), so g1, . . . , gn are indeed irreducible factors of char(f, T ).)

If we impose that all gi = T − ai are linear for some ai ∈ k, then

k[T ]/(gi(T )nij ) ∼= k[T ]/(T − ai)nij ∼= knij

as nij-dimensional k-vector spaces with T acting by
ai 1

. . . . . .
. . . 1

ai

 ∈Mnij×nij (k)

on knij . We can see this if we define the canonical action as multiplication w. r. t. the basis

{(T − ai)k + (T − ai)nij | 0 ≤ k < nij}.

Note that the action of T corresponds to the application of (a restriction of) f on knij .

4 Basics in Homological Algebra
Homological algebra is a relatively recent field of algebra, which originates from algebraic topology and heavily
uses categorical concepts in its studies. Here, we want to introduce some basics in order to pursue this topic in
more advanced courses. Moreover, these results are widely applicable in many fields of algebra.

4.1 Tensor Products
For reference, see [AtMac, ch. 2].

Definition 4.1. Let M , N and P be A-modules. Then a map f : M × N → P is called A-bilinear
if for all x ∈ M and y ∈ N , the maps f(x,−) : N → P and f(−, y) : M → P are A-linear. We define
BihomA(M,N ;P ) as the set of all A-bilinear maps M ×N → P .

Remark 4.2. Similar to vector spaces or abelian groups, we have the bijection

BihomA(M,N ;P ) = HomA(M,HomA(N,P )), f 7→ [x 7→ f(x,−)].

Definition 4.3. Let M and N be A-modules. A pair (T, g) with an A-module T and an A-bilinear map
g : M ×N → T is the tensor product of M and N over A if the following universal property of tensor
products holds: For all other such pairs (P, f) with an A-module P and an A-bilinear map f : M ×N → P ,
there is a unique A-linear map h : T → P such that the following diagram commutes:

M ×N T

P

g

f
∃!h

Remark 4.4. By the universal property, tensor products of M and N are unique up to unique isomorphism.
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Example 4.5. Before we prove the existence of tensor products in general, we will consider the tensor product
for finite free modules first.

Let M = Am and N = An. Then for any A-module P , we have the following matrix representation for
A-bilinear maps:

BihomA(Am, An;P ) ∼= Mm×n(P ), f 7→ (f(ei, fj))i=1,...,m
j=1,...,n

.

This is possible since f is A-bilinear, and since each element of M or N is a unique linear combination of the
ei or fj , resp. The matrices have entries in P . Evaluation is realised by multiplying with a column vector
in Am from the right and with a row vector in An from the left.

We define the free A-module T := Amn with standard basis {eij | 1 ≤ i ≤ m, 1 ≤ j ≤ n}. Furthermore,
let g : Am ×An → T be the unique A-bilinear map satisfying g(ei, fj) = eij , i. e. its matrix representation is
precisely (eij)ij ∈Mm×n(T ).

Then (T, g) is the tensor product of Am and An: Given any A-bilinear map f : Am ×An → P , the A-linear
map h : T → P , eij 7→ f(ei, fj) is the unique map satisfying f = h ◦ g (the uniqueness of h is given by the
uniqueness of A-linear combinations over a basis).

We observe that in general, g is not surjective. For example, e11 +e22 = g(e1, f1)+g(e2, f2) has no preimage
for g is A-bilinear. But im(g) generates T because {eij | i, j} ⊆ im(g).

Proposition 4.6. Tensor products of A-modules exist.

Proof. Let M and N be A-modules.

(i) Consider the (huge) free A-module

T̃ :=
⊕

(x,y)∈M×N

Ae(x,y),

i. e. every pair of elements is a basis vector, and a map of sets

g̃ : M ×N → T̃ , (x, y) 7→ e(x,y)

with no further properties.
In general, if f : M ×N → P is any A-bilinear map, then there is a unique A-linear map h̃ : T̃ → P
such that f = h̃ ◦ g̃, namely h̃(e(x,y)) = f(x, y). Indeed, uniqueness and existence follow from the fact
that T̃ is free.

(ii) Let U ⊆ T̃ be the smallest A-submodule (w. r. t. inclusion) such that g := π ◦ g̃ is an A-bilinear map,
where π : T̃ ↠ T̃ /U is the canonical projection. Concretely, U is the submodule generated by

e(x,y1+y2) − e(x,y1) − e(x,y2), e(x,ay) − ae(x,y),

e(x1+x2,y) − e(x1,y) − e(x2,y), e(ax,y) − ae(x,y)

for all a ∈ A, x, x1, x2 ∈M and y, y1, y2 ∈ N . Set T := T̃ /U . By dividing by U , we effectively set the
above generators to 0 in T , i. e. g : M ×N → T is indeed bilinear. E. g. g(x, y1 + y2) = e(x,y1+y2) =
e(x,y1) + e(x,y2) = g(x, y1) + g(x, y2).

(iii) We will prove that (T, g) satisfies the universal property of tensor products. This establishes (T, g) as a
tensor product of M and N over A.
Let f : M ×N → P be any A-bilinear map, and let h̃ : T̃ → P , e(x,y) 7→ f(x, y) be the unique A-linear
map such that f = h̃ ◦ g̃, see (i). Thus we are left to show that the factorisation h̃ = h ◦ π exists and is
unique.

M ×N T̃ T

P

g̃

f
∃!h̃

π

∃!h

41



4.2 Properties Algebra I – Commutative Algebra

Let z be one of the generators of U . Then we have h̃(z) = 0 because f is A-bilinear, e. g.

h̃(e(x,y1+y2) − e(x,y1) − e(x,y2)) = h̃(e(x,y1+y2))− h̃(e(x,y1))− h̃(e(x,y2))
= f(x, y1 + y2)− f(x, y1)− f(x, y2) = 0,

h̃(e(x,ay) − ae(x,y)) = h̃(e(x,ay))− ah̃(e(x,y)) = f(x, ay)− af(x, y) = 0.

Thus h̃(u) = 0 for all u ∈ U , and we conclude the desired factorisation from the universal property of
quotient modules (which is induced by the universal property of quotient groups).

Definition 4.7. Let M and N be A-modules. We denote the tensor product of M and N over A by

(M ⊗A N, (x, y) 7→ x⊗ y).

We call x⊗ y for any x ∈M and y ∈ N elementary tensors. They generate M ⊗A N as an A-module.

So tensor products encapsulate the properties of all bilinear maps in the sense of the universal property. In
other words, we can translate each bilinear map to a linear map with the tensor product as the domain.
Example 4.8. e1 ⊗ e1 + e1 ⊗ e2 = e1 ⊗ (e1 + e2) ∈ A2 ⊗A A2 is elementary, while e1 ⊗ e1 + e2 ⊗ e2 is not, if
A ̸= 0. More generally, the elementary tensors in A2 ⊗A A2 are

(ae1 + be2)⊗ (ce1 + de2) = ace1 ⊗ e1 + ade1 ⊗ e2 + bce2 ⊗ e1 + bde2 ⊗ e2

for any a, b, c, d ∈ A.

4.2 Properties

Observation 4.9. The tensor product is functorial: Let ϕ : M1 →M2 and ψ : N1 → N2 be A-linear maps.
We consider

M1 ×N1 M1 ⊗A N1 x⊗ y

M2 ×N2 M2 ⊗A N2 ϕ(x)⊗ ψ(y)

(ϕ,ψ) ϕ⊗ψ

As the diagonal composition is A-bilinear, according to the universal property, it factors uniquely through an
A-linear map ϕ⊗ψ : M1⊗AN1 →M2⊗AN2. Looking at the commutative diagram (M1×N1 →M2×N2 →
M2 ⊗A N2), this map is given on elementary tensors by

(ϕ⊗ ψ)(x⊗ y) = ϕ(x)⊗ ψ(y).

Observation 4.10. As a special case, let us consider tensor products with a quotient module:
Let M and N be an A-module and U ⊆ M a submodule. If we let ϕ : M ↠ M/U and ψ = idN , then

there is a unique A-linear map M ⊗AN ↠M/U ⊗AN . This is surjective since it is apparently surjective on
elementary tensors (x⊗ y 7→ (x+U)⊗ y) and the elementary tensors generate M/U ⊗A N . If we determine
its kernel, then we obtain an alternative description of M/U ⊗A N by the homomorphism theorem.

We have

BihomA(M/U,N ;P ) = {f ∈ BihomA(M,N ;P ) | f |U×N = 0}
= {h ∈ HomA(M ⊗A N,P ) | h ◦ (U ⊗A N →M ⊗A N) = 0}
= HomA(M ⊗A N/ im(U ⊗A N →M ⊗A N), P ).

The first equality uses f(u+U, y) = f(0, y) = f(0 ·0, y) = 0f(0, y) = 0 for all (u, y) ∈ U×N . The second uses
the universal property: Every f ∈ BihomA(M,N ;P ) factorises through a unique h ∈ HomA(M ⊗A N,P ),
and each h ∈ HomA(M ⊗A N,P ) defines exactly one f ∈ BihomA(M,N ;P ) through composition. The map
U ⊗A N →M ⊗A N is the canonical inclusion u⊗ n 7→ u⊗ n. The last equality reformulates the previous
set as a quotient, a kind of converse of the first equality.
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By the universal property, we have BihomA(M/U,N ;P ) = HomA(M/U ⊗A N,P ), where M/U ⊗A N is
unique up to isomorphism. Therefore

(M ⊗A N)/ im(U ⊗A N →M ⊗A N) ∼= M/U ⊗A N, x⊗ y 7→ (x+ U)⊗ y.

Example 4.11. Consider the Z-modules M = Z and N = Z/n as well as the submodule U = nZ ⊆ M . We
claim Z/n⊗Z Z/n ∼= Z⊗Z Z/n. For that to be true, it must be im(nZ⊗Z Z/n→ Z⊗Z Z/n) = 0, i. e. this map
is the zero map. Indeed, nx⊗ y 7→ nx⊗ y = x⊗ ny = x⊗ 0 = 0.
Remark 4.12. One can obtain a similar construction for the tensor product of any A-modules M and N : Pick
presentations M ∼= A⊕I/U and N ∼= A⊕J/V . Then with Example 4.5,

M ⊗A N ∼= A⊕I ⊗A A⊕J/ im(U ⊗A A⊕J) + im(A⊕I ⊗A V ) ∼= A⊕I×J/ im(U ⊗A A⊕J ⊕A⊕I ⊗A V ).

Example 4.13. Consider the Z-modules M = Z/uZ and N = Z/vZ for u, v ∈ Z, and consider the submodules
vM ⊆M and uN ⊆ N . Let e and f be the generators of M and N , resp., i. e. M = Ze and N = Zf .

Observe that Ze⊗Z Zf ∼= Z(e⊗ f) via ae⊗ bf 7→ ab(e⊗ f). Furthermore, we have

im((vZe)⊗Z Zf → Z(e⊗ f), (ve)⊗ f 7→ v(e⊗ f)) = vZ(e⊗ f),
im(Ze⊗Z (uZf)→ Z(e⊗ f), e⊗ (uf) 7→ u(e⊗ f)) = uZ(e⊗ f).

Therefore vZ(e⊗ f) + uZ(e⊗ f) = gcd(u, v)Z(e⊗ f) and

Ze/vZe⊗Z Zf/uZf ∼= Z(e⊗ f)/(gcd(u, v)Z(e⊗ f)) ∼= Z/ gcd(u, v)Z.

We will consider this in more detail in Corollary 4.27.

4.3 Exact Sequences Lect. 9
08.05.23

Definition 4.14. A sequence of the form

· · · Mi−1 Mi Mi+1 · · ·fi fi+1

of A-linear maps of A-modules is called exact if ker(fi+1) = im(fi) for all i.

Example 4.15. In the following, let M , N and P be A-modules, and let f be an A-linear map. Then the
following hold:

(i) The sequence
0 M N

f

is exact if and only if f is injective.
The reason is that f is injective if and only if ker(f) = 0 = im(0→M).

(ii) The sequence
N P 0f

is exact if and only if f surjective.
The reason is that f is surjective if and only if im(f) = P = ker(P → 0).

(iii) The sequence
0 M N P

f

is exact if and only if M ∼= ker(f).
If this sequence is exact, then M → N is injective, and thus M ∼= im(M → N). By exactness in N ,
we have im(M → N) = ker(f). Conversely, if M ∼= ker(f), then let M ∼= ker(f) ↪→ N be the inclusion
map. This map is injective, and we easily see that im(M ↪→ N) = ker(f).
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(iv) The sequence
M N P 0f

is exact if and only if P ∼= coker(f).
If the sequence is exact, then N → P is surjective, and thus P ∼= N/ ker(N → P ) by the homomorphism
theorem. By exactness in N , we have ker(N → P ) = im(f), and hence N/ ker(N → P ) = N/ im(f) =
coker(f). Conversely, if P ∼= coker(f) = N/ im(f), then let N ↠ N/ im(f) ∼= P be the projection map.
This map is surjective, and we easily im(f) = ker(N ↠ P ).

Definition 4.16. A short exact sequence is an exact sequence of the form

0 M N P 0

Example 4.17. A typical example: Let A be a ring and a ⊆ A an ideal. Then

0 a A A/a 0

is a short exact sequence with the natural inclusion a ↪→ A and the natural projection A↠ A/a. A concrete
example would be

0 Z Z Z/n 0·n

Another example: Let M and N be A-modules. Then

0 M M ⊕N N 0i1 p2

is a short exact sequence with maps i1 : x 7→ (x, 0) and p2 : (x, y) 7→ y.
Example 4.18. Of course, exact sequences might not end on either side. For example, let A = k[ε]/(ε2). Then
the following exact sequence does not end on the left:

· · · A A A A/(ε) 0·ε ·ε ·ε

Indeed, we have ker(·ε) = (ε) = im(·ε).
Example 4.19. Any A-linear map f : M → N can be extended to a four-term exact sequence, namely

0 ker(f) M N coker(f) 0f

Notice that ker(f)→M is injective, while N → coker(f) is surjective. Furthermore, im(ker(f)→M) = ker(f)
and ker(N → coker(f)) = im(f).

Proposition 4.20. Tensor products are right-exact: Assume that

M N P 0f g

is an exact sequence. If Q is any A-module, then

M ⊗A Q N ⊗A Q P ⊗A Q 0f⊗idQ g⊗idQ

is again exact.

Proof.

• The exactness in P ⊗A Q means g ⊗ idQ is surjective: By assumption and Example 4.15, g : N → P and
hence (g, idQ) : N ×Q→ P ×Q are surjective. Thus by Observation 4.9, every elementary tensor is of
the form g(n)⊗ q, and g⊗ idQ is surjective on elementary tensors (recall that the generators are given by
the universal map P ×Q → P ⊗A Q, (p, q) 7→ p ⊗ q). Now, P ⊗A Q is generated by these elementary
tensors, thus g ⊗ idQ is surjective.
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• The exactness in N ⊗A Q means im(f ⊗ idQ) = ker(g ⊗ idQ): Using the surjectivity of g ⊗ idQ, this is
equivalent to P ⊗A Q ∼= coker(f ⊗ idQ), see Example 4.15. We have the following universal property of
cokernels: For any A-linear map ϕ : N ⊗A Q→ X, a unique factorisation

N ⊗A Q P ⊗A Q

X

g⊗idQ

ϕ
ϕ̄

through ϕ̄ exists if and only if ϕ ◦ (g ⊗ idQ) = 0.
By functoriality of the tensor product, the factorisation through ϕ̄ exists if and only if for every A-bilinear
map ϕ̃ : N ×Q→ X, there is a unique factorisation

N ×Q P ×Q

X

(g,idQ)

ϕ̃
¯̃ϕ

through an A-bilinear map ¯̃ϕ, where ϕ̃(n, q) = ϕ(n ⊗ q). This is possible if and only if ϕ̃|ker(g)×Q = 0,
since ¯̃ϕ(g(n), q) = ϕ̃(n, q) is well-defined if and only if ker(g) × Q ⊆ ker(ϕ̃). Since ker(g) = im(f) by
assumption, this is equivalent to ϕ̃|im(f)×Q = 0, i. e.

0 = ϕ̃(f(m), q) = ϕ(f(m)⊗ q) = (ϕ ◦ (f ⊗ idQ))(m⊗ q) for all m ∈M and q ∈ Q.

As the elementary tensors f(m)⊗ q generate im(f ⊗ idQ), we equivalently obtain ϕ ◦ (f ⊗ idQ) = 0.

This is the beginning of homological algebra.

4.4 Presentations and Tensor Products

Definition 4.21. A presentation of an A-module M are A-linear maps f and p such that

A⊕J A⊕I M 0f p

is an exact sequence. Put differently, it is the datum of generators (mi)i∈I for M and generators (uj)j∈J
for ker(A⊕I →M, ei 7→ mi). We can then write uj =

∑
i∈I aijei, where for each j ∈ J , almost all aij are 0.

Then f can be written as a matrix (aij)ij , and M ∼= coker(f).

Lemma 4.22. Every A-module M admits a presentation.

Proof. Each M has generators {mi ∈M | i ∈ I}, e. g. I = M and mn := n for all n ∈M . Thus p : A⊕I →M ,
ei 7→ mi is surjective. Then again, ker(p) has generators {uj ∈ ker(p) | j ∈ J}, e. g. J = ker(p) and un := n
for all n ∈ ker(p). Thus f : A⊕J → A⊕I , ej 7→ uj is a surjection onto ker(p), and hence (f, p) gives a
presentation.

Example 4.23. Let A = k[X,Y ] and M = (X,Y ) ⊆ A as in Example 3.20. There we saw that

A A⊕2 M 0
(−Y
X

)
(X Y )

is a presentation. Here,
(−Y
X

)
being injective is a bonus feature and is not required by the definition of

presentations.
Example 4.24. Let A be a ring and a ⊆ A a finitely-generated ideal, say a = (a1, . . . , an). Then

A⊕n A A/a 0ei 7→ai

is a presentation of A/a.
In order to take the tensor product of presentations, we will have to understand tensor products first.
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Proposition 4.25. Let M , N and P be A-modules. Tensor products have the following properties:

(i) A⊗AM ∼= M , given by a⊗m 7→ am.

(ii) M ⊗A N ∼= N ⊗AM , given by m⊗ n 7→ n⊗m.

(iii) (M ⊗A N)⊗A P ∼= M ⊗A (N ⊗A P ), given by (m⊗ n)⊗ p 7→ m⊗ (n⊗ p).

(iv) (
⊕

i∈IMi)⊗A N ∼=
⊕

i∈IMi ⊗A N , given by (
∑
i∈I mi)⊗ n 7→

∑
i∈I mi ⊗ n.

Proof. The proof strategy, except for (i), is to use tensor product calculus and the universal property in order
to show that certain compositions have to be the identity.

(i) Consider the A-bilinear map A×M →M , (a,m) 7→ am. By the universal property of tensor products,
it factors:

A×M M

A⊗AM
ϕ

where ϕ : A⊗AM →M , a⊗m 7→ am is A-linear.
ϕ is evidently surjective. For injectivity, let x =

∑n
i=1 ai ⊗ mi ∈ ker(ϕ) (we wrote x as a linear

combination of elementary tensors). Then x =
∑n
i=1 1 ⊗ (aimi) = 1 ⊗

∑n
i=1 aimi. As 0 = ϕ(x) =∑n

i=1 aimi, we obtain x = 1⊗ 0 = 0.
Alternatively, we know by Remark 4.2 that

BihomA(A,M ;P ) ∼= HomA(A,HomA(M,P )) ∼= HomA(M,P ), f 7→ [a 7→ f(a,−)] 7→ f(1,−).

By the universal property of tensor products, we have BihomA(A,M ;P ) ∼= HomA(A⊗AM,P ), thus
A⊗AM ∼= M .

(ii) Consider the canonical A-bilinear maps

M ×N → N ⊗AM, (m,n) 7→ n⊗m and N ×M →M ⊗A N, (n,m) 7→ m⊗ n.

By the universal property of tensor products, they factor through the A-linear maps

Ψ: N ⊗AM →M ⊗A N,n⊗m 7→ m⊗ n and Φ: M ⊗A N → N ⊗AM,m⊗ n 7→ n⊗m,

resp. As Φ ◦Ψ = id and Ψ ◦ Φ = id are the identity on elementary tensors, it is also the identity on
M ⊗A N and N ⊗AM , resp.

(iii) Similar to the above, by the universal property of tensor products, the A-bilinear maps

(M ⊗A N)× P →M ⊗A (N ⊗A P ), (m⊗ n, p) 7→ m⊗ (n⊗ p),
M × (N ⊗A P )→ (M ⊗A N)⊗A P, (m,n⊗ p) 7→ (m⊗ n)⊗ p

factor through the A-linear maps

(M ⊗A N)⊗A P →M ⊗A (N ⊗A P ), (m⊗ n)⊗ p⊗ p 7→ m⊗ (n⊗ p),
M ⊗A (N ⊗A P )→ (M ⊗A N)⊗A P, m⊗ (n⊗ p) 7→ (m⊗ n)⊗ p,

which are mutual inverses on elementary tensors and thus on the respective tensor products.

(iv) See Exercise 8.23.

Remark 4.26. (
∏
i∈IMi)⊗A N ∼=

∏
i∈IMi ⊗A N does not hold true for infinite direct products (Exercise 8.26).

Corollary 4.27. Let N be an A-module.

(i) Then A⊕I ⊗A N ∼= N⊕I .
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(ii) If M ∼= coker((aij)ij : A⊕J → A⊕I) is a presented module, then M ⊗A N ∼= coker((aij)ij : N⊕J →
N⊕I).

Proof.

(i) We have A⊕I ⊗A N ∼= (A⊗A N)⊕I ∼= N⊕I .

(ii) Let f := (aij)ij , i. e. M ∼= coker(f). From the right-exactness of the tensor product (Proposition 4.20),
we know M ⊗A N ∼= coker(f ⊗ idN ). Now we explicitly express f ⊗ idN with the help of (i).
We have A⊕J ⊗A N ∼= N⊕J , given by

ej ⊗ n 7→ (0, . . . , 0, 1⊗ n, 0, . . . , 0) 7→ (0, . . . , 0, n, 0, . . . , 0) =: nej

with non-zero entry at the jth position (nej is an abuse of notation). Similarly for A⊕I ⊗A N . Thus
we obtain:

A⊕J ⊗A N A⊕I ⊗A N

N⊕J N⊕I

f⊗idN

∼= ∼=

???

ej ⊗ n (
∑
i∈I aijei)⊗ n =

∑
i∈I aij(ei ⊗ n)

nej
∑
i∈I aij(nei)

!!!

That is, f ⊗ idN is given by the identification (aij)ij : N⊕J → N⊕I .

4.5 Examples
Example 4.28. Let A = k[X,Y ] and a = (X,Y ) ⊆ A. Then with Example 4.23 and Corollary 4.27,

a⊗A A/a ∼= coker
((
−Y
X

)
: A→ A⊕2

)
⊗A A/a ∼= coker

((
−Y
X

)
: A/a→ (A/a)⊕2

)
.

But X,Y ∈ a, i. e. X ·A/a = Y ·A/a = 0. Hence

a⊗A A/a ∼= coker(0 : A/a→ (A/a)⊕2) ∼= (A/a)⊕2 ∼= k2,

which is a two-dimensional k-vector space.
Example 4.29. Let A be any ring and a, b ⊆ A ideals. Then a× b 7→ ab, (a, b) 7→ ab is A-bilinear, and factors
by the universal property of tensor products:

a× b ab

a⊗A b

a⊗b7→ab

We observe that a⊗A b→ ab = (ab | a ∈ a, b ∈ b) is always surjective. But when is this injective? This is a
subtle question and will depend on A and a, b.

(i) Consider A = k[ε]/(ε2) and a = b = (ε). Then ab = a2 = 0. On the other hand,

a⊗A b ∼= coker(·ε : A→ A)⊗A (ε) ∼= coker(·ε : (ε)→ (ε)) ∼= coker(0 : (ε)→ (ε)) ∼= a.

In this case, a⊗A b→ ab is definitely not injective.

(ii) Now to a very common example. Let A be a principal ideal domain, and let a = (f) ⊆ A, b = (g) ⊆ A
with fg ̸= 0.
It is true that any two non-zero ideals in A are isomorphic as A-modules. Thus A ∼= (f), A ∼= (g) and
A ∼= (f)(g) = (fg) as A-modules, given by 1 7→ f , 1 7→ g and 1 7→ fg, resp. Using Proposition 4.25 (i),
we obtain

a⊗A b = (f)⊗A (g) ∼= A⊗A A ∼= A ∼= (fg) = ab

as A-modules, given by f ⊗ g 7→ 1⊗ 1 7→ 1 7→ fg. Thus a⊗A b→ ab is injective.
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(iii) Now the fun begins. Check this out: Consider A = k[X,Y ] and a = b = (X,Y ) ⊆ A. Then
a2 = (X2, XY, Y 2).
In general, we have an ⊗A A/a ∼= an/an+1. This can be proved as follows: If a = (ai | i ∈ I), then
A⊕I → A → A/a → 0 is a presentation of A/a with the obvious map A⊕I → A, ei 7→ ai. By
Corollary 4.27, we have

an⊗AA/a ∼= an⊗A coker((ai)i : A⊕I → A) ∼= coker((ai)i : (an)⊕I → an) ∼= an/

(⊕
i∈I

aia
n

)
= an/an+1.

Thus by Exercise 8.10, we have

a2 ⊗A (A/a) ∼= a2/a3 = kX̄2 ⊕ kX̄ · Ȳ ⊕ kȲ 2 ∼= k3.

On the other hand, by Proposition 4.25 and Example 4.28, we have

(a⊗A a)⊗A A/a ∼= a⊗A (a⊗A A/a) ∼= a⊗A (A/a)⊕2 ∼= (a⊗A A/a)⊕2 ∼= (A/a)⊕4 ∼= k4.

In conclusion, a ⊗A a ↠ a2 is surjective, but not injective, as otherwise we would have k3 ∼= k4.
Concretely, 0 ̸= z := X ⊗Y −Y ⊗X ∈ a⊗A a is in the kernel of a⊗A a→ a2, since z 7→ XY −Y X = 0.
But strangely, we have

Xz = X2 ⊗ Y −XY ⊗X = X ⊗XY −X ⊗XY = 0

in a ⊗A a, as X ⊗X ∈ a ⊗A a. We also have Y z = 0 in the same way. Thus z is a torsion element
(there exists a regular a ∈ A such that az = 0, the analogue concept of ‘zero divisors’ in A-modules),
although a is a torsion-free module over the integral domain A. Moreover, there is the inclusion
k ∼= A/a ↪→ a ⊗A a, 1 7→ z, i. e. a ⊗A a is not torsion-free as an A-module, but torsion-free as an
A/a-module (since this is a k-vector space).

4.6 Algebras Lect. 10
11.05.23

Definition 4.30. Let A be a ring. An A-algebra is a ring B together with a ring homomorphism ϕ : A→ B.
For two A-algebras ϕ : A→ B and ψ : A→ C, an A-algebra map (or A-algebra homomorphism)

between B and C is a ring map f : B → C such that f ◦ ϕ = ψ.

Remark 4.31. (From me.) The definition is indeed equivalent to the following definition: An A-algebra B is an
A-module with an A-bilinear map B ×B → B. It is unital, associative and commutative, if B together with
the bilinear map defines a unital and commutative ring.

Proof: Given a ring map ϕ : A → B, B is already an abelian group with a B-linear map B × B → B,
(b1, b2) 7→ b1b2. This becomes an A-module and an A-bilinear map via a • b := ϕ(a)b.

Conversely, given a unital associative commutative A-algebra B together with an A-bilinear map ϕ : B×B →
B, B is already a ring. We obtain a ring map ψ : A → B via a 7→ a1B (for multiplicativity, we have
ψ(a1a2) = (a1a2)1B = ϕ((a1a2)1B , 1B) = ϕ(a11B , a21B) = ψ(a1)ψ(a2)).

For (unital) A-algebra maps f : B → C, whatever the definition, they have to fulfil f(b+ c) = f(b) + f(c),
f(bc) = f(bc), f(a • b) = a • f(b) and f(1) = 1.
Example 4.32. Why do we care about A-algebras?

(i) Assume that we are given a polynomial
∑n
i=0 aiT

i over a ring A (or a system of polynomial equations).
Then we can interpret it in any other ring B which interprets A naturally. That is, for any A-algebra
ϕ : A→ B, we have the polynomial

∑n
i=0 ϕ(ai)T i over B.

E. g., Y 2 − 1
2X

3 ∈ Z[ 1
2 ] can be reduced modulo n for odd n, i. e. via Z[ 1

2 ] ↠ F3,F5,Z/27, etc. We can
also embed this polynomial, i. e. via Z[ 1

2 ] ↪→ Q,R,C, etc.

(ii) In rings like C[T ] or C[X,Y ]/(XY ), we usually want to view the elements of C as constants, i. e. a ring
map C[T ]→ C[T ] should map a 7→ a for all a ∈ C. This can be formalised by considering these rings
as C-algebras via C ↪→ C[T ].
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In this case, we have HomC-Alg(C[T ],C[T ]) ∼= C[T ] via f 7→ f(T ). This is because each C-algebra
map f : C[T ] → C[T ] is uniquely determined by f(T ) since f(

∑n
i=0 aiT

i) =
∑n
i=0 aif(T )i. This

homomorphism space of C-algebra maps is particularly well-behaved. In comparison, HomRing(C,C),
and thus HomRing(C[T ],C[T ]), have cardinality at least 22ℵ0 .
(One can show that C/Q has a so called transcendence basis T such that T is algebraically independent
and C/Q(T ) is algebraic (see Definition 6.37). Since Q(T ) = C, we can lift any field homomorphism
Q(T ) → C to a field homomorphism C → C. Every field homomorphism Q(T ) → C is uniquely
determined by T → C. We have 2ℵ0 = |C| = |Q(T )| = |Q(T )| = |T |. Hence there are at least
|T ||T | = 22ℵ0 homomorphisms Q(T )→ C, and thus at least 22ℵ0 homomorphisms C→ C.)

Remark 4.33. We have the following general fact: Let ϕ : A→ B be an A-algebra. The universal property of
polynomial and quotient rings then gives the bijection

HomA-Alg(A[Ti, i ∈ I]/(fj , j ∈ J), B) ∼= {(bi)i∈I ∈ BI | ϕ(fj)(bi) = 0 for all i ∈ I, j ∈ J}, f 7→ (f(Ti))i∈I .

Example 4.34. We have

HomC-Alg(C[X,Y ]/(XY ),C) ∼= {(x, y) ∈ C2 | xy = 0}.

4.7 Scalar Extension of Modules

Definition 4.35. Let ϕ : A → B be an A-algebra and M an A-module. We view B as an A-module via
a • b := ϕ(a)b. Then B ⊗AM is a B-module via

b • (x⊗m) := (bx)⊗m.

We call it the extension of scalars from A to B of M .

Proof. The key point is to show that the map (b, x ⊗m) 7→ b • (x ⊗m) is well-defined. Multiplication with
b ∈ B defines an A-linear map [b] : B → B, x 7→ bx on B. By functoriality of the tensor product, this gives an
A-linear map [b]⊗ idM : B ⊗AM → B ⊗AM , x⊗m 7→ (bx)⊗m.

The B-module axioms are immediate (the last one follows by linear extension of the scalar multiplication):

1(x⊗m) = (1x)⊗m = x⊗m,
c(b(x⊗m)) = (cbx)⊗m = (cb)(x⊗m),

(b1 + b2)(x⊗m) = (b1x+ b2x)⊗m = b1(x⊗m) + b2(x⊗m),
b(x1 ⊗m1 + x2 ⊗m2) = b(x1 ⊗m1) + b(x2 ⊗m2).

Remark 4.36. The map ϕ⊗ idM gives rise to a map of A-modules

M ∼= A⊗AM → B ⊗AM, m 7→ 1⊗m 7→ 1⊗m.

Proposition 4.37. Let ϕ : A → B be an A-algebra, and let M ∼= coker((aij)ij : A⊕J → A⊕I) be a
presentation of an A-module. Then B ⊗AM ∼= coker((ϕ(aij))ij : B⊕J → B⊕I) as a B-module.

Proof. By Corollary 4.27, we already have B ⊗A M ∼= coker((aij)ij : B⊕J → B⊕I) as A-modules. Since
a • b = ϕ(a)b by definition, we obtain the stated presentation as B-modules.

Remark 4.38. Special cases:

(i) A/a⊗AM ∼= M/aM (also as A/a-modules). See Exercise 8.23.

(ii) A[S−1]⊗AM ∼= M [S−1]. We will show this in Proposition 4.52.

(iii) A[T ] ⊗A M ∼=
⊕∞

i=0 MT i =: M [T ]. Since A[T ] =
⊕∞

i=0 AT
i ∼=

⊕∞
i=0 A, we have A[T ] ⊗A M ∼=⊕∞

i=0 A⊗AM ∼=
⊕∞

i=0 M
∼= M [T ], using Proposition 4.25.
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4.8 Tensor Product of A-Algebras

Proposition 4.39. Let ϕ : A→ B and ψ : A→ C be A-algebras. Then B ⊗A C becomes a ring via

(b⊗ c)(b′ ⊗ c′) := (bb′)⊗ (cc′).

Moreover, the following hold:

(i) In fact, B ⊗A C is an A-algebra via

ϕ⊗ ψ : A ∼= A⊗A A→ B ⊗A C, a 7→ ϕ(a)⊗ 1 = 1⊗ ψ(a).

In particular, B → B ⊗A C, b 7→ b⊗ 1 and C → B ⊗A C, c 7→ 1⊗ c are A-algebra maps, and the
following diagram commutes:

A C

B B ⊗A C

ψ

ϕ

(ii) Universal property for tensor products of algebras: If χ : A → D is any A-algebra, and
f : B → D and g : C → D are A-algebra maps, then there is a unique factorisation through B ⊗A C:

A C

B B ⊗A C

D

ψ

ϕ g

f

∃!

Note that by definition of A-algebra maps, we have f ◦ ϕ = χ = g ◦ ψ.

In other words: The category of A-algebras has coproducts, namely the tensor product of A-algebras. This
coproduct is a pushout in the category of rings.

To prove this proposition, we need the following statement.

Observation 4.40. Similar to the universal property of tensors product, we can prove a universal property
of multi-tensor products.

An A-multilinear map is a map f : M1 × · · · ×Mr → P with A-modules M1, . . . ,Mr, P , such that
f is linear in every variable. Then for each such A-multilinear map f , we obtain the following unique
factorisation:

M1 × · · · ×Mr M1 ⊗A · · · ⊗AMr

P
f

∃!

As always with universal properties, the multi-tensor product is unique up to unique isomorphism.

Proof.

(i) We will show that multiplication in B ⊗A C is well-defined. Consider the A-multilinear map

B × C ×B × C → B ⊗A C, (b1, c1, b2, c2) 7→ (b1b2)⊗ (c1c2).

By the universal property of multi-tensor products, it factors uniquely through

B ⊗A C ⊗A B ⊗A C → B ⊗A C, b1 ⊗ c1 ⊗ b2 ⊗ c2 7→ b1b2 ⊗ c1c2.

Precomposing with the universal A-bilinear map

(B ⊗A C)× (B ⊗A C)→ B ⊗A C ⊗A B ⊗A C, (b1 ⊗ c1, b2 ⊗ c2) 7→ b1 ⊗ c1 ⊗ b2 ⊗ c2,
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we obtain the existence of such a multiplication

(ii) Checking that B ⊗A C is a ring is easy. We only need to check the axioms for multiplication.
Commutativity and associativity for B ⊗A C follow directly from B and C. Distributivity holds by
definition, and the identity element is 1⊗ 1.
Also, ϕ ⊗ ψ being a ring map is also immediate. ϕ(a) ⊗ 1 = a(1 ⊗ 1) = 1 ⊗ ψ(a) follows from the
definition of the A-module structure on B and C.

(iii) Now to the universal property: Given two A-algebra maps f : B → D and g : C → D, we consider
the map B × C → D, (b, c) 7→ f(b)g(c). This is A-bilinear, since f(ab) = f(ϕ(a)b) = f(ϕ(a))f(b) =
χ(a)f(b) = af(b), and similarly for g (f is an A-algebra map by assumption, i. e. f(ϕ(a)) = χ(a)).
Thus, by the universal property of tensor products, it factors uniquely trough the A-linear map

B ⊗A C → D, b⊗ c 7→ f(b)g(c).

This is even a ring map, since it is multiplicative:(
n∑
i=1

bi ⊗ ci

) m∑
j=1

b′
j ⊗ c′

j

 =
∑
i,j

bib
′
j ⊗ cic′

j

7→
∑
i,j

f(bib′
j)g(cic′

j) =
(

n∑
i=0

f(bi)g(ci)
) m∑

j=0
f(b′

j)g(c′
j)

.
This is even an A-algebra map, since the following diagram commutes:

B ⊗A C D

A
ϕ⊗ψ χ

ϕ(a)⊗ 1 f(ϕ(a)) = χ(a)

a

Finally, the following diagram commutes (similarly for C):

B ⊗A C D

B
f

b⊗ 1 f(b)

b

4.9 Alternative Construction of Coproducts

Definition 4.41. A presentation for an A-algebra B is the isomorphism A[Ti, i ∈ I]/a ∼= B where
a ⊆ A[Ti, i ∈ I] is an ideal.

Lemma 4.42. Every A-algebra admits a presentation.

Proof. Let ϕ : A→ B be an A-algebra. Set I := B. By the universal property of polynomial rings, we obtain
the ring homomorphism p : A[Tb, b ∈ B] ↠ B, a 7→ ϕ(a), Tb 7→ b, which is obviously surjective. Set a := ker(p).
By the homomorphism theorem, we obtain A[Tb, b ∈ B]/a ∼= B.

Proposition 4.43. Let ϕ : A → B be an A-algebra. Then B ⊗A (A[Ti, i ∈ I]/a) ∼= B[Ti, i ∈ I]/(ϕ(a))
as A-algebras.

Proof. We first note that B[Ti, i ∈ I]/(ϕ(a)) is an A-algebra, for there exists the ring map

A
ϕ→ B ↪→ B[Ti, i ∈ I]/(ϕ(a)).

Consider the following A-algebra maps:

B B[Ti, i ∈ I]/(ϕ(a)) A[Ti, i ∈ I]/ab 7→b

ϕ(a) 7→a
Ti 7→Ti
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We want to show that B[Ti, i ∈ I]/(ϕ(a)) has the universal property of tensor products for algebras. Say
χ : A→ D is any A-algebra. Then, since A-algebra maps fix A, we have the bijection

HomA-Alg(A[Ti, i ∈ I]/a, D) ∼= {h ∈ map({Ti | i ∈ I}, D) | χ(f)(h(Ti)) = 0 for all f ∈ a, i ∈ I}.

Notice that f ∈ a ⊆ A[Ti, i ∈ I] are polynomials. χ(f) denotes the polynomial with coefficients under χ. Thus
we obtain

HomA-Alg(B,D)×HomA-Alg(A[Ti, i ∈ I]/a, D)
∼= {(g, h) ∈ HomA-Alg(B,D)×map({Ti | i ∈ I}, D) | g(ϕ(f))(h(di)) = 0 for all f ∈ a, i ∈ I}
∼= {g̃ ∈ HomA-Alg(B[Ti, i ∈ I], D) | g̃(f) = 0 for all f ∈ (ϕ(a))}
∼= HomA-Alg(B[Ti, i ∈ I]/(ϕ(a)), D).

By the universal property, we have

HomA-Alg(B,D)×HomA-Alg(A[Ti, i ∈ I]/a, D) ∼= HomA-Alg(B ⊗A A[Ti, i ∈ I]/a, D).

Hence B[Ti, i ∈ I]/(ϕ(a)) fulfils the universal property of tensor products for algebras, and therefore must be
isomorphic to B ⊗A (A[Ti, i ∈ I]/a).

Remark 4.44. Given presentations of two A-algebras B = A[Ti, i ∈ I]/b and C = A[Sj , j ∈ J ]/c, we obtain an
alternative description of the A-algebra B ⊗A C (with Noether’s isomorphism theorem in the second step):

B ⊗A C ∼= B[Sj , j ∈ J ]/(c) ∼= A[Ti, Sj , i ∈ I, j ∈ J ]/(b) + (c).

Remark 4.45. Special cases.

(i) A/a⊗A A/b ∼= A/a + b.

(ii) B ⊗A A[S−1] ∼= B[ϕ(S)−1] for any A-algebra ϕ : A→ B.

(iii) B ⊗A κ(p) ∼= B/(ϕ(p))[ϕ(A \ p)−1] for any p ∈ Spec(A), where κ(p) := Ap/pAp and Ap := A[(A \ p)−1]
(cf. Observation 2.68).

We can proof these as follows:

(i) Take B := A/b, I := ∅ and ϕ : A → B the canonical projection. Then B ⊗A A/a ∼= B/(ϕ(a)) =
(A/b)/(a + b/b) ∼= A/a + b via Noether’s isomorphism theorem.

(ii) We use the standard construction of localisations: Take I := S and a := (sTs− 1 | s ∈ S). By definition,
A[S−1] ∼= A[Ti, i ∈ I]/a. This gives B ⊗A A[S−1] ∼= B[Ti, i ∈ I]/(ϕ(s)Ts − 1 | s ∈ S) ∼= B[ϕ(S)−1].

(iii) We combine the above statements:

B ⊗A κ(p) ∼= B ⊗A A/p⊗A Ap
∼= B/(ϕ(p))⊗A Ap

∼= B/(ϕ(p))[ϕ(A \ p)−1].

4.10 Example: Tensoring Field Extensions
Example 4.46. Let L/K be a finite separate field extension. By the primitive element theorem, we can write
L ∼= K[T ]/(f(T )) as a K-algebra, where f ∈ K[T ] is the minimal polynomial of the primitive element and has
only simple roots in K by separability. Assume that M is a splitting field of f over K, e. g. a normal closure
of L in K or K itself. Then by Remark 4.38 and the Chinese remainder theorem 8.5 (f splits into pairwise
different linear factors over M , and M [T ]/(T − λ) ∼= M for any λ ∈M), we obtain an isomorphism

M ⊗K L ∼= M ⊗K K[T ]/(f(T )) ∼= M [T ]/(f(T )) ∼=
[L:K]∏
i=1

M

of M -algebras.
For example, if L/K is a Galois extension, i. e. it is finite, separabel and normal, then L⊗K L ∼= L[L:K].

For an example of a non-Galois extension, consider L = Q( 3
√

2) and K = Q (L/K is not normal). We obtain
with the Chinese remainder theorem 8.5

L⊗K L ∼= L[T ]/(T 3 − 2) ∼= L× L[T ]/(T 2 + 3
√

2 + ( 3
√

2)2).
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Example 4.47. Let K = Fp(x) and L = K( p
√
x), where p is prime and x is some transcendental element.

Notice that L/K is inseparable, as char(L) = p, whence we can write the minimal polynomial of p
√
x as

T p − x = (T − p
√
x)p. But L/K is simple, so L ∼= K[T ]/(T p − x). We obtain with Remark 4.38

L⊗K L ∼= L⊗K K[T ]/(T p − x) ∼= L[T ]/(T p − x) ∼= L[T ]/((T − p
√
x)p) ∼= L[ε]/(εp),

where the last isomorphism is given by T 7→ ε+ p
√
x. Clearly, ε̄ ∈ L[ε]/(εp) is a zero divisor, hence L⊗K L is

non-reduced.
Example 4.48. Let K be any field. We consider the transcendental field extensions L = K(X) = Quot(K[X])
and M = K(Y ) = Quot(K[Y ]) over K. By Proposition 4.43, we obtain

L⊗K M ∼= L[Y ][(K[Y ] \ {0})−1] ∼= K[X,Y ][(K[X] \ {0})−1, (K[Y ] \ {0})−1].

Recall the following:

(i) We know from Proposition 2.55 that for any localisation A → A[S−1], there exists a bijection
Spec(A[S−1]) = {p ∈ Spec(A) | p ∩ S = ∅}.

(ii) We know from Exercise 8.13 that

Spec(K[X,Y ]) = {(0)} ⊔ {(f) | f ∈ K[X,Y ] irreducible} ⊔MaxSpec(K[X,Y ]).

Moreover, every m ∈ MaxSpec(K[X,Y ]) is of the form m = (π, g) with prime π ∈ K[X] and irreducible
ḡ ∈ K/π[X,Y ]. In particular, all m intersect with K[X] non-trivially (or if we understand K[X,Y ] ∼=
K[Y ][X], then m ∩K[Y ] is non-trivial too).

Hence

Spec(L⊗K M) = {p ∈ Spec(K[X,Y ]) | p ∩ (K[X] ∪K[Y ]) = {0}}
= {(0)} ⊔ {(f) | f ∈ K[X,Y ] irreducible, f /∈ K[X] ∪K[Y ]}.

For example, the elements X+aY + c ∈ K[X,Y ] with a, b ∈ K and a ̸= 0 are irreducible and mutually coprime,
hence they generate mutually different prime ideals. Furthermore, elements like Y 2 − X, Y 5X + Y 2 − X,
Y 5−X3 +X yield additional prime ideals. In particular, by Exercise 8.11, L⊗KM is a principal ideal domain.

4.11 Localisation of Modules Lect. 11
15.05.23

The definition is very similar to the localisation of rings. For reference, see [AtMac, ch. 3].

Definition 4.49. Let A be a ring, S ⊆ A a multiplicative subset and M an A-module. We define

S−1M :=
{m
s

∣∣∣ m ∈M, s ∈ S
}
/ ∼

with the following equivalence relation: m1/s1 ∼ m2/s2 if and only if there exists an s3 ∈ S such that
s3s1m2 = s3s2m1. We endow S−1M with an A-module structure via

m1

s1
+ m2

s2
:= s2m1 + s1m2

s1s2
and a • m

s
:= am

s
.

We could check that addition and multiplication defined in this way is well-defined, but this proof is identical
to the localisation of rings. We call S−1M the localisation of M over S.

Remark 4.50. This construction is functorial.

(i) We have the natural map M → S−1M , m 7→ m
1 , which is in general not injective (cf. Corollary 2.47).

(ii) It follows that any A-linear map f : M → N induces a map S−1f : S−1M → S−1N , m/s 7→ f(m)/s
(e. g. by the universal property we will prove, or by straightforward calculation).

Now a very important property.
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Proposition 4.51. Localisations are exact: Assume that

M N P
f g

is an exact sequence of A-modules. Then the sequence

S−1M S−1N S−1P
S−1f S−1g

is exact.

Proof. Since g ◦ f = 0 by exactness, we have 0 = S−1(g ◦ f) = S−1g ◦ S−1f by functoriality, that is
im(S−1f) ⊆ ker(S−1g). Conversely, let n

s ∈ ker(S−1g). This means g(n)/s = 0
1 , i. e. there exists some t ∈ S

such that 0 = tg(n) = g(tn). Thus tn ∈ ker(g) = im(f) by exactness, say tn = f(m) with m ∈ M . Then
(S−1f)(mst ) = f(m)/(st) = tn

st = n
s . Hence we just showed ker(S−1g) ⊆ im(S−1g).

Proposition 4.52. Let S ⊆ A be a multiplicative subset of a ring A and M an A-module. Then we have
the isomorphism

S−1A⊗AM ∼= S−1M,
a

s
⊗m 7→ am

s
.

Proof. We show that S−1A × M → S−1M , (as ,m) 7→ am
s is well-defined and A-bilinear. Suppose that

a1/s1 = a2/s2 in S−1A, i. e. there exists some s ∈ S such that ss2a1 = ss1a2. This yields ss2a1m = ss1a2m
for all m ∈ M , whence a1m/s1 = a2m/s2, so this map is well-defined. Additivity in the right variable and
multiplicativity of this map is trivial. For additivity in the left variable, we have(

a1

s1
+ a2

s2
,m

)
=
(
a1s2 + a2s1

s1s2
,m

)
7→ a1s2m+ a2s1m

s1s2
= a1m

s1
+ a2m

s2
.

By the universal property of tensor products, the existence of this A-bilinear map implies the existence
of S−1 ⊗AM → S−1M from the proposition. It is clearly surjective as 1

s ⊗m 7→
m
s for all m

s ∈ S
−1M . For

injectivity, assume that
∑n
i=1 ai/si⊗mi lies in the kernel. Put s :=

∏n
i=1 si as the common denominator. Then

n∑
i=1

ai
si
⊗mi =

n∑
i=1

ai
∏
j ̸=i sj

s
⊗mi =

n∑
i=1

1
s
⊗

ai∏
j ̸=i

sj

mi = 1
s
⊗m, where m :=

n∑
i=1

ai∏
j ̸=i

sj

mi.

This was possible since ai
∏
j ̸=i sj ∈ A and 1

s ⊗mi ∈ S−1A⊗AM . By assumption, we have 1
s ⊗m 7→

m
s = 0.

This means there exists some t ∈ S such that tm = 0. We obtain 1
s ⊗m = 1

st ⊗ tm = 1
st ⊗ 0 = 0.

Remark 4.53. In particular, we can interpret S−1M as a scalar extension of M to S−1A, so S−1M is an
S−1A-module via a

s •
m
t = am

st . Any A-linear map S−1f : S−1M → S−1N is in fact S−1A-linear.
Example 4.54. If we apply Q⊗Z − to the exact sequence

0 Z Z Z/n 0·n

we obtain the following exact sequence:

0 Q Q 0 0·n

Notice that Q⊗Z Z/n = 0 since p⊗ z̄ = p
n ⊗ nz̄ = 0 for all p ∈ Q and z̄ ∈ Z/n.

Corollary 4.55.

(i) Let f : M → N be an A-linear map. Then

ker(S−1f) = S−1 ker(f), coker(S−1f) = S−1 coker(f), im(S−1f) = S−1 im(f).

In particular, if M ⊆ N is a submodule, then S−1(N/M) = S−1N/S−1M .
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(ii) Let M1,M2 ⊆ N be A-submodules. Then

S−1(M1 ∩M2) = S−1M1 ∩ S−1M2 and S−1M1 + S−1M2 = S−1(M1 +M2).

(iii) Let M be an A-module. Then S−1(S−1M) ∼= S−1M .

(iv) Furthermore, for A-modules M and N , we have

S−1M ⊗A S−1N ∼= S−1M ⊗S−1A S
−1N ∼= S−1(M ⊗A N) ∼= S−1M ⊗A N.

All isomorphisms have in common that they map m⊗ n 7→ m⊗ n for all m ∈M and n ∈ N .

(v) Universal property of localisations of modules: Let M be an A-module and N an S−1A-
module (i. e. an A-module such that multiplication with any s ∈ S is bijective). Then for all A-linear
maps f : M → N , there exists a unique factorisation through an S−1A-linear map:

M S−1M

N
f

∃!

Proof. (From me.)

(i) By exactness of localisations and Example 4.15, applying S−1 to the exact sequence

0 ker(f) M N coker(f) 0f

yields the relations for the kernel and cokernel (we actually obtain equality since ker(f) is a submodule
of M and coker(f) is a quotient module of N). For the image, we see that by exactness in N and
S−1N ,

im(S−1f) = ker(S−1N ↠ S−1 coker(f)) = S−1 ker(N ↠ coker(f)) = S−1 im(f).

For M ⊆ N , consider f : M ↪→ N and coker(S−1f).

(ii) Clearly, S−1(M1 ∩M2) ⊆ S−1M1 ∩ S−1M2. Conversely, let m1/s1 = m2/s2 in S−1M1 ∩ S−1M2 with
m1 ∈ M1 and m2 ∈ M2. Then there is some s ∈ S such that ss2m1 = ss1m2 =: m ∈ M1 ∩M2. It
follows that ss1s2m1 = s1m and hence m1/s1 = m/(ss1s2) ∈ S−1(M1 ∩M2).
Again, S−1(M1 +M2) ⊆ S−1M1 + S−1M2 is obvious. The converse follows directly from the definition
of addition in S−1(M1 +M2).

(iii) This follows from (iv) and Proposition 4.52 via

S−1(S−1M) ∼= S−1A⊗A S−1M ∼= S−1(A⊗AM) ∼= S−1M.

(iv) S−1M ⊗A S−1N ∼= S−1M ⊗S−1A S
−1N is Exercise 8.30 (iii).

By Proposition 4.52 and Exercise 8.30 (ii), we have

S−1M ⊗S−1A S
−1N ∼= (S−1A⊗AM)⊗S−1A (S−1A⊗A N) ∼= (S−1A⊗S−1A (S−1A⊗AM))⊗A N

∼= S−1A⊗AM ⊗A N.

The last tensor product is isomorphic to S−1(M ⊗A N) as well as S−1M ⊗A N .

(v) Since multiplication with any s ∈ S is bijective, for every n ∈ N and s ∈ S, there is some n′ ∈ N such
that sn′ = n. Hence n

s = n′ ∈ N is well-defined.
Then ϕ : S−1M → N , ϕ(ms ) = f(m)/s is an S−1A-linear map. ϕ is well-defined: Suppose that
m1/s1 = m2/s2 in S−1M , i. e. ss2m1 = ss1m2 for some s ∈ S. Then ϕ(m1/s1) = ϕ((ss2m1)/(ss1s2)) =
f(ss1m2)/(ss1s2) = f(m2)/s2 = ϕ(m2/s2).
Clearly, ϕ makes the stated diagram commute and is unique such that ϕ(m1 ) = f(m)/1 = f(m).
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Remark 4.56. Part (v) holds more generally: Let B be an A-algebra, M an A-module and N a B-module.
Then

HomA(M,N) ∼= HomB(B ⊗AM,N), ϕ 7→ [b⊗m 7→ bϕ(m)].
Evidently, b⊗m 7→ bϕ(m) is indeed B-linear. The inverse of this map is given by [m 7→ ψ(1⊗m)] 7→ψ.
Example 4.57. Let M ∼= A⊕I be a free A-module. Then

S−1M ∼= S−1A⊗AM ∼= S−1A⊗A A⊕I ∼= (S−1A⊗A A)⊕I ∼= (S−1A)⊕I

since S−1A ⊗A − and (·)⊕I commute. For example, consider S := {pk | k ≥ 0} ⊆ Z for some p ∈ Z. Then
S−1Z[T ] = Z[T ][p−1] ∼= Z[p−1][T ] considered as Z-modules.

But S−1 need not commute with infinite direct products. For example, consider the submodule S−1Z[[T ]] =
Z[[T ]][p−1] ⊆ Z[p−1][[T ]]. This submodule is, however, proper because Z[[T ]][p−1] consists of those power series
whose denominators are bounded. So e. g. 1 + T/p+ T 2/p2 + T 3/p3 + · · · /∈ S−1Z[T ].

4.12 Passing to Local Rings

Notation 4.58. Let p ∈ Spec(A). Then the Ap-module Mp := (A \ p)−1M is the localisation of M at p.

Proposition 4.59. Let M be an A-module. Then the following are equivalent:

(i) M = 0.

(ii) Mp = 0 for all p ∈ Spec(A).

(iii) Mm = 0 for all m ∈ MaxSpec(A).

Proof. We already have (i) =⇒ (ii) =⇒ (iii) (recall MaxSpec(A) ⊆ Spec(A)). For (iii) =⇒ (i), let x ∈M .
We have to show that x = 0.

Consider the annihilator ideal Ann(x) := {a ∈ A | ax = 0} of x. Since Mm = 0 and 1 ∈ A \ m for all
m ∈ MaxSpec(A), we always have x

1 = 0. By definition of localisations of modules, there exists some a ∈ A \m
such that ax = 0. This implies Ann(x) ⊈ m for all m ∈ MaxSpec(A), hence, by Corollary 2.19, Ann(x) = A.
In particular, since 1 ∈ Ann(x), we have x = 1x = 0.

Now we show a converse to Proposition 4.51.

Proposition 4.60. Assume that
M N P

f g (4.61)

is a sequence of A-modules such that g ◦ f = 0, and that for all m ∈ MaxSpec(A), the sequence

Mm Nm Pm
fm gm

is exact. Then (4.61) is exact.

Proof. Since g ◦ f = 0, we already know im(f) ⊆ ker(g), hence ker(g)/ im(f) exists. Thus with Corollary 4.55,
we have (ker(g)/ im(f))m = ker(g)m/ im(f)m = ker(gm)/ im(fm) = 0 by exactness. Since this holds for all
m ∈ MaxSpec(A), Proposition 4.59 implies ker(g)/ im(f) = 0, i. e. ker(g) = im(f).

We will now prove the converse of Corollary 3.39 what we promised to do.

Corollary 4.62. Let f : A⊕J → An be an A-linear map with |J | ≥ n. Let In(f) := (det(fQ) | Q ⊆ J, |Q| =
n) with fQ = f ◦ iQ and iQ : An ↪→ A⊕J , i. e. fQ are quadratic n × n-minors. If In(f) = A, then f is
surjective.

Proof. We want to apply Proposition 4.60 to the sequence A⊕J → An → 0. It is enough to show that
fm : A⊕J

m → Anm is surjective for all m ∈ MaxSpec(A).
Am is a local ring with the unique maximal ideal mAm (Remark 2.62), so A×

m = Am \mAm (Example 2.21).
Since In(f) = A, so depending on m ≠ A, there must be some Q such that det(fQ) /∈ m (otherwise we would
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have In(f) ⊆ m), hence det(fQ,m) ∈ A×
m. By Lemma 3.35, fQ,m is invertible, so fQ,m = fm,Q = fm ◦ iQ,m is an

isomorphism. In particular, fm is surjective.

There are many different implications of this, all known as Nakayama’s lemma. The following version might
be the clearest and argues similarly around coker(f).

Corollary 4.63 (Nakayama’s lemma). Let (A,m) be a local ring, and let M be a finitely generated A-
module. Then M/mM = 0 implies M = 0.

Proof. We chose any presentation

A⊕J A⊕n M 0f

(J might not be finite). Let κ(m) := A/m be the residue field of m. κ(m)⊗A − is right-exact, so applying it
yields the following exact sequence:

κ(m)⊕J κ(m)⊕n M/mM = 0 0f mod m

So f mod m is surjective. As κ(m) is a field, there exists a subset Q ⊆ J with |Q| = n such that det(fQ) /∈ m
(we know from linear algebra that we can choose n column vectors of f such that they form a basis of im(f)).
Since A is local, we have det(fQ) ∈ A× = A \ m, hence In(f) = A. By Corollary 4.62, f is surjective, and
M ∼= coker(f) = 0.

Corollary 4.64 (Nakayama’s lemma). Let A be any ring, N a finitely generated A-module, and
f : M → N an A-linear map such that f mod m : M/mM → N/mN is surjective for all m ∈ MaxSpec(A).
Then f is surjective.

Proof. (From me.) Let m ∈ MaxSpec(A). Since f mod m is surjective, by Proposition 4.51, (f mod m)m =
fm mod m is surjective as well (here, we used Corollary 4.55, namely (M/mM)m = Mm/mMm, and similarly
for N/mN). Now Am is local and Nm is finitely generated, so by the same argument as in Corollary 4.63, fm is
surjective. As this is true for all m ∈ MaxSpec(A), wee see through Proposition 4.60 that f is surjective.

Example 4.65. The A-linear map Z ↪→ Q is not surjective. But for all primes p ∈ Z (which precisely generate all
maximal ideals), Z/pZ→ Q/pQ = 0 is surjective. Thus the finite generation assumption of N in Corollary 4.64
is essential.

4.13 Flatness

Definition 4.66. An A-module M is flat if M ⊗A − is an exact operation (functor), i. e. for all exact
sequences N → P → Q of A-modules, M ⊗A N →M ⊗A P →M ⊗A Q is exact.

Example 4.67.

(i) A is a flat A-module (tensoring with A does nothing).

(ii) If (Mi)i∈I is a family of flat A-modules, then
⊕

i∈IMi is flat. (Recall that (
⊕

i∈IMi) ⊗A N ∼=⊕
i∈I(Mi⊗AN). Moreover, for a family (fi)i∈I of A-linear maps, we have ker(

⊕
i∈I fi) =

⊕
i∈I ker(fi)

and im(
⊕

i∈I fi) =
⊕

i∈I im(fi).)
In particular, free A-modules M ∼= A⊕I are flat.

(iii) By Propositions 4.51 and 4.52, any localisation S−1A is a flat A-module. More generally, by Corol-
lary 4.55, if M is a flat A-module, then S−1M is a flat A-module as well (we have S−1M ⊗A − ∼=
S−1(M ⊗A −) as functors).

Example 4.68. In general, the quotient of a flat module by a flat module is not flat.
Let f ∈ A \A× be regular, i. e. ·f : A→ A, a 7→ fa is injective by Remark 4.38. Then A/(f)⊗A (·f : A→

A) ∼= ·0: A/(f)→ A/(f) is not injective (notice that A/(f) ̸= 0). Therefore A/(f) is not a flat A-module (but
of course a flat A/(f)-module).
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Proposition 4.69. Let M be an A-module. Then the following are equivalent:

(i) M is flat as an A-module.

(ii) Mp is flat as an Ap-module for all p ∈ Spec(A).

(iii) Mm is flat as an Am-module for all m ∈ MaxSpec(A).

Proof.

• (i) =⇒ (ii): Let N → P → Q be an exact sequence of Ap-modules. Then by Corollary 4.55, we have
(M ⊗AN)p ∼= Mp⊗Ap

N , and similarly for P and Q. Since M and (A\p)−1A are flat (see Example 4.67),
(A \ p)−1A⊗AM ∼= Mp is flat.

• (ii) =⇒ (iii): Trivial since MaxSpec(A) ⊆ Spec(A).

• (iii) =⇒ (i): Let N → P → Q be an exact sequence of A-modules. Since localisations are exact,
we know that the sequence Nm → Pm → Qm of A-modules or Am-modules is exact. By assumption,
Mm⊗Am

Nm →Mm⊗Am
Pm →Mm⊗Am

Qm is exact. Because of Corollary 4.55, Mm⊗Am
Nm
∼= (M⊗AN)m

holds true, and similarly for P and Q. As this holds for all m ∈ MaxSpec(A), with Proposition 4.60, we
conclude that M ⊗A N →M ⊗A P →M ⊗A Q is exact, i. e. M is flat as an A-module.

Lect. 12
22.05.23

In order to further characterise flatness, we need the following statement multiple times. This is based on
the following universal heuristic: If we want to show something for an element x of an algebraic structure A,
x can be written as a relation consisting of only finitely many generators. Thus there is a finitely generated
substructure with the same properties as A.

Lemma 4.70. Suppose that
∑r
i=1 mi⊗pi = 0 in a tensor product M⊗AP . Then there exist finitely generated

A-submodules M0 ⊆ M and P0 ⊆ P such that m1, . . . ,mr ∈ M0, p1, . . . , pr ∈ P0 and
∑r
i=1 mi ⊗ pi = 0

in M0 ⊗A P0.

Proof. Recall the explicit construction of tensors products in Proposition 4.6. We defined M ⊗A P (up to
unique isomorphism) by ⊕

(m,p)∈M×P

A ·m ⊗̃ p

/DM×P with DM×P :=
〈

(m1 +m2) ⊗̃ p−m1 ⊗̃ p−m2 ⊗̃ p,
(am) ⊗̃ p− a ·m ⊗̃ p, . . .

〉
.

Here, m ⊗̃ p are free generators, i. e. each (m, p) ∈M × P corresponds to a basis vector in A⊕M×P .
The image of m ⊗̃ p under the quotient map A⊕M×P → A⊕M×P /DM×P is m ⊗ p ∈ M ⊗A P . Hence∑r
i=1 mi⊗ pi = 0 means

∑r
i=1 mi ⊗̃ pi ∈ DM×P . Thus it is an A-linear combination of finitely many generators

of DM×P , so we can collect all finitely many elements from M (resp. P ) appearing in these generators and
form a finitely generated submodule M0 ⊆M (resp. P0 ⊆ P ) such that

∑r
i=1 mi ⊗̃ pi ∈ DM0×P0 .

Finally, we can append m1, . . . ,mr (resp. p1, . . . , pr) to the list of generators of M0 (resp. P0). Thus we
have m1, . . . ,mr ∈M0 and p1, . . . , pr ∈ P0 as well as

∑r
i=1 mi ⊗ pi = 0 in M0 ⊗A P0.

Proposition 4.71. Let M be an A-module. Then the following are equivalent:

(i) M is flat.

(ii) For all injective A-linear maps f : N ↪→ P , the map idM ⊗ f : M ⊗A N ↪→M ⊗A P is injective as
well.

(iii) The same as (ii), but for finitely generated N and P .

Proof.

• (i) =⇒ (ii): We apply exactness of M to any exact sequence 0→ N → P .

• (ii) =⇒ (iii): Trivial.

58



4.14 Flatness and Torsion Algebra I – Commutative Algebra

• (ii) =⇒ (i): Assume that
N P Q

f g

is any exact sequence.
Since 0→ ker(g)→ P → im(g)→ 0 is exact, tensoring with M yields that

0 M ⊗A ker(g) M ⊗A P M ⊗A im(g) 0 (4.72)

is exact: Exactness in M ⊗A P and M ⊗A im(g) follows from the right-exactness of M ⊗A − (Proposi-
tion 4.20), and exactness in M ⊗A ker(g) follows from the assumption.
Next by linearity of idM ⊗ g, im(idM ⊗ g) is generated by the images of m⊗ p ∈M ⊗A P under idM ⊗ g,
i. e. by all elementary tensors m⊗ g(p). Hence the natural map M ⊗A im(g) ↠ im(idM ⊗ g) is surjective.
Furthermore, as the canonical inclusion im(g) ↪→ Q is injective, M ⊗A im(g) ↪→M ⊗A Q is injective by
assumption. Since im(idM ⊗ g) ⊆M ⊗A Q, we thus obtain M ⊗A im(g) ∼= im(idM ⊗ g).
Then by exactness of (4.72), we have M ⊗A ker(g) ∼= ker(idM ⊗ g). This is actually an equality since
M ⊗A ker(g) ⊆ ker(idM ⊗ g). Moreover, idM ⊗ f : M ⊗A N ↠ M ⊗A im(f) is always surjective. Since
im(f) = ker(g), we see that

idM ⊗ f : M ⊗A N ↠M ⊗A im(f) = M ⊗A ker(g) = ker(idM ⊗ g),

that is im(idM ⊗ f) = ker(idM ⊗ g), hence M ⊗A N →M ⊗A P →M ⊗A Q is exact.

• (iii) =⇒ (ii): Let f : N ↪→ P be any A-linear injection, and let
∑r
i=1 mi ⊗ ni ∈ ker(idM ⊗ f), i. e.∑r

i=1 mi ⊗ f(ni) = 0. We want to show that
∑r
i=1 mi ⊗ ni = 0 already, i. e. idM ⊗ f is injective.

By Lemma 4.70, there exists a finitely generated submodule P0 ⊆ P such that f(n1), . . . , f(nr) ∈ P0 and∑r
i=1 mi⊗ f(ni) = 0 in M ⊗A P0. Set N0 := (n1, . . . , nr) ⊆ N . We obtain the restriction f |N0 : N0 ↪→ P0

of finitely generated submodules, which is also injective. By assumption, idM ⊗ f |N0 is injective, so∑r
i=1 mi ⊗ ni ∈ ker(idM ⊗ f |N0) = 0. Therefore

∑r
i=1 mi ⊗ ni = 0 holds not only in M ⊗A N0, but

certainly also in M ⊗A N .

Proposition 4.73. Assume that every finitely generated submodule of an A-module M is flat. Then M is
flat.

Proof. Given f : N ↪→ P , we want to show that idM ⊗ f : M ⊗A N ↪→M ⊗A P is injective again. This finishes
the proof by Proposition 4.71.

Consider
∑r
i=1 mi ⊗ ni ∈ ker(idM ⊗ f), i. e.

∑r
i=1 mi ⊗ f(ni) = 0. By Lemma 4.70, there is a finitely

generated submodule M0 ⊆M such that m1, . . . ,mr ∈M0 and
∑r
i=1 mi ⊗ f(ni) = 0 in M0 ⊗A P . Since M0

is flat by assumption, idM0 ⊗ f is injective by Proposition 4.71. As
∑r
i=1 mi ⊗ ni ∈ ker(idM0 ⊗ f), we have∑r

i=1 mi ⊗ ni = 0 in M0 ⊗A N , hence also in M ⊗A N .

4.14 Flatness and Torsion
Torsion is the analogous concept to zero divisors in rings.

Definition 4.74. Let A be an integral domain and M an A-module. We call an element x ∈M torsion
if there exists an f ∈ A \ {0} such that fx = 0. We denote by Mf := {x ∈ M | fx = 0} the f-torsion.
The torsion submodule Mtors of M is the set of all torsion elements. On the other hand, we call M
torsion-free if Mtors = 0.

Proof. Mf and Mtors are indeed submodules of M . For all a ∈ A and x ∈ Mf (resp. x ∈ Mtors), we have
fax = afx = 0 (resp. there is some f ∈ A \ {0} such that this holds).

Exercise 4.75. Show that for any A-module M , M/Mtors is torsion-free.
Solution. Suppose that x̄ ∈M/Mtors is torsion w. r. t. 0 ̸= f ∈ A, i. e. fx̄ = fx = 0. So fx ∈Mtors, say w. r. t.
0 ̸= e ∈ A. Hence x ∈Mtors w. r. t. 0 ̸= ef ∈ A, hence x̄ = 0 and M/Mtors is torsion-free.
Example 4.76. Let A be a principal ideal domain and M a finitely generated A-module. Then M is torsion-free
if and only if M is free.

This follows from the structure theorem 3.52. In particular, there are no cyclic direct summands, i. e.
summands of the form A/(ai), i. e. all elementary divisors are 0.
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Theorem 4.77. Let A be a principal ideal domain and M an A-module. Then M is torsion-free if and
only if M is flat.

Proof. If M is torsion-free, then clearly, every finitely generated submodule M0 ⊆M is torsion-free. Thus by
the structure theorem 3.52, any such M0 is free, hence flat (A is a flat A-module, and so is A⊕n for any n ≥ 0,
see Example 4.67). Proposition 4.73 says that M is flat.

Conversely, assume M is flat. A is an integral domain, so for all 0 ̸= f ∈ A, the multiplication map
f : A → A is injective. By Proposition 4.71, the multiplication map f : M → M is again injective (we have
M ⊗A A ∼= M). We obtain Mf = ker(f) = 0, so Mtors ⊆

⋃
f∈A\{0} Mf = 0.

Example 4.78. We know that Q, Z[ 1
n ], etc. are flat (and also torsion-free) Z-modules as they are localisations,

see Example 4.67. This generally holds for any localisation of Z.
Some new examples for flat Z-modules:

(i)
∏
i∈Z Z is torsion-free and thus flat (if (ai)i∈Z is torsion w. r. t. 0 ̸= f ∈ Z, then fai = 0, i. e. ai = 0 for

all i ∈ Z). It is actually not free, which is quite difficult to prove.

(ii) Let M :=
∏
p prime Fp. Then (1, 1, . . . ) ∈M is non-torsion, as otherwise there is some integer that is

divisible by all primes. Hence M/Mtors is non-trivial, torsion-free by Exercise 4.75 and thus flat.

(iii) ⟨ 1
p | p prime⟩ ⊆ Q is not finitely generated and not free (e. g. 1

2 + 1
3 = 5 1

6 ). But as a subset of the
field Q, it is certainly torsion-free and hence flat.

The following generalises Proposition 4.71, which we will not prove.

Proposition 4.79. Let M be an A-module. Then the following are equivalent:

(i) M is flat.

(ii) For all finitely generated ideals a ⊆ A, the map a⊗AM ↪→M , a⊗m 7→ am is injective.

Proof.

• (i) =⇒ (ii): This follows directly from Proposition 4.71, applied to a ↪→ A.

• (ii) =⇒ (i): This is actually not difficult, but a bit lengthy. No new techniques are required. See [Sta,
00HD] .

Remark 4.80.

(i) As im(a ⊗A M ↪→ M) = aM , we alternatively have: M is flat if and only if a ⊗A M ∼= aM for all
finitely generated a ⊆ A.

(ii) Many define torsion more generally for all rings: If A is a ring and M an A-module, then x ∈ M is
torsion if there exists a regular f ∈ A such that fx = 0.
Thus if a = (f) for a regular f ∈ A, then ker((f)⊗AM → fM) = Mf . Roughly speaking, the above
statements should be read as ‘flatness is equivalent to a-torsion-freeness for all finitely generated ideals
a ⊆ A’.

We will not prove the following statement too.

Proposition 4.81. Let A be a local ring, and let M be a finitely generated A-module. Then M is flat if
and only if for all p ∈ Spec(A), Mp is free as an Ap-module.

Proof. We know by Proposition 4.69 that M is flat if and only if Mp is flat as an Ap-module for all p ∈ Spec(A).
It remains to show that Mp being flat is equivalent to Mp being free.

We already know the direction ‘freeness implies flatness’, see Example 4.67. For the converse, recall that Ap

is a local ring. We now refer to the renowned [Mat, sec. (3.G), Prop. 3.1].

Remark 4.82. The above generalises the following statement: Let A be a principal ideal domain and M a
finitely generated A-module. Then M is flat if and only if M is free. (The ‘only if’ direction follows from the
structure theorem 3.52.)
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4.15 The Snake Lemma
We now come to a classical tool in homological algebra.

Lemma 4.83 (snake lemma). Assume that we are given the commutative diagram

0 M1 M2 M3 0

0 N1 N2 N3 0

f1 f2 f3

with exact rows. Then there is a natural connecting map δ : ker(f3)→ coker(f1) such that

0 ker(f1) ker(f2) ker(f3)

coker(f1) coker(f2) coker(f3) 0

δ

is an exact sequence (this looks like a snake, hence the name).

Proof. The proof is a typical example of a diagram chase: We choose an element of one term and iteratively
consider images and preimages along a bunch of arrows, ‘chasing’ the element around the diagram. Most of the
time, there is only one obvious way to diagram chase.

(i) We first define δ. We will refer to the following diagram:

b a

d c 0

Let a ∈ ker(f3). Since M2 →M3 is surjective, there exists a preimage b ∈M2 of a. Let c := f2(b) ∈ N2.
Since the right square commutes and b 7→ a 7→ 0, we must have b 7→ c 7→ 0 as well, i. e. c ∈ ker(N2 → N3).
By exactness of the bottom row, there exists a preimage d ∈ N1 of c. Now define δ(a) := d̄.

(ii) δ above is well-defined. d as a preimage of c is already unique since by exactness of the bottom row,
N1 → N2 is injective.
Suppose that b′ ∈M2 would be another choice for a preimage of a, and let c′ := f2(b′) ∈ N2 and d′ ∈ N1
the preimage of c′. We will refer to the following diagram:

e b− b′ 0

d− d′ c− c′

Then b − b′ ∈ ker(M2 → M3) as b − b′ 7→ a − a = 0. By the exactness of the top row, we have
b − b′ ∈ im(M1 → M2), so there exists a preimage e ∈ M1 of b − b′. Since the left square commutes
and e 7→ b− b′ 7→ c− c′, we must have e 7→ f1(e) 7→ c− c′. But by the exactness of the bottom row,
N1 → N2 is injective, so f1(e) = d− d′. Hence d− d′ ∈ im(f1) and d̄ = d̄′.

(iii) Next we check that ker(fi)→ ker(fi+1) and coker(fi)→ coker(fi+1) are well-defined.
If a ∈ ker(fi), then a 7→ fi(a) = 0 7→ 0. Since the corresponding square commutes, if b ∈Mi+1 is the
image of a, then a 7→ b 7→ 0, so b ∈ ker(fi+1).
If a ∈ im(fi), then there is a b ∈ Mi such that fi(b) = a. Let c ∈ Mi+1 be the image of b. Since the
corresponding square commutes and b 7→ c 7→ fi+1(c), we have b 7→ a 7→ fi+1(c), so the image of a
under Ni → Ni+1 is fi+1(c) ∈ im(fi+1).

(iv) Now comes the tedious part: Checking exactness in each of the six terms. Only ker(f3), being the most
difficult to prove, was shown in the lecture.
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(a) ker(f1): By definition, ker(f1) → ker(f2) is the restriction of M1 → M2 on ker(f1). Since the
latter map is injective, so must be the former.

(b) ker(f2): Let a ∈ im(ker(f1) → ker(f2)) ⊆ im(M1 → M2). By exactness in M2, we have
a ∈ ker(M2 →M3), i. e. a 7→ 0 ∈M3. That means a ∈ ker(ker(f2)→ ker(f3)).
Conversely, let a ∈ ker(ker(f2) → ker(f3)) ⊆ ker(M2 → M3). By exactness in M2, we also have
a ∈ im(M1 → M2), so pick any preimage b ∈ M1 of a. Since the left square commutes and
b 7→ a 7→ 0, we must have b 7→ f1(b) 7→ 0 as well. But we know that N1 → N2 is injective, hence
f1(b) = 0 and b ∈ ker(f1). This shows a ∈ im(ker(f1)→ ker(f2)).

(c) ker(f3): Let a ∈ im(ker(f2) → ker(f3)). We will construct δ(a). Pick any preimage b ∈ ker(f2)
of a, i. e. f2(b) = 0, so δ(a) = 0. Hence a ∈ ker(δ).
Conversely, let a ∈ ker(δ). We construct b, c, d exactly as in the description of δ. Then d̄ = 0,
i. e. d ∈ im(f1). So pick any e ∈ M1 such that f(e) = d, and let x ∈ M2 be the image of e. By
exactness in M2, x ∈ ker(M2 →M3). So M2 →M3 maps b− x 7→ a− 0 = a, and b′ := b− x ∈M2
is a preimage of a. As the left square commutes and e 7→ d 7→ c, we have e 7→ x 7→ c, thus
f2(b′) = c− c = 0, i. e. b′ ∈ ker(f2). We obtain a ∈ im(ker(f2)→ ker(f3)).

(d) coker(f1): Let d̄ ∈ im(δ). W. l. o. g., we can choose d ∈ N1 so that d admits the construction of
a, b, c as in the definition of δ. By the definition of δ, we see that c = f2(b), i. e. c ∈ im(f2). Hence
d̄ 7→ c̄ = 0, and d̄ ∈ ker(coker(f1)→ coker(f2)).
Conversely, let d̄ ∈ ker(coker(f1)→ coker(f2)). Let c ∈ N2 be the image of d, so d̄ 7→ c̄ = 0, i. e.
c ∈ im(f2). Choose any b ∈ M2 such that f2(b) = c, and let a ∈ M3 be the image of b. We see
from the definition of δ, especially since δ is well-defined, that δ(a) = d̄. This shows d̄ ∈ im(δ).

(e) coker(f2): Let ā ∈ im(coker(f1)→ coker(f2)), and b̄ ∈ coker(f1) be the preimage of ā. Let x ∈ N2
be the image of b, so a′ := a− x ∈ im(f2). Chose any c ∈M2 such that f2(c) = a′. Furthermore,
let d ∈ N3 be the image of a. By exactness in N2, we have x ∈ ker(N2 → N3), so a′ 7→ d− 0 = d.
Let e ∈M3 be the image of c. Since the right square commutes and c 7→ a′ 7→ d, we must have
c 7→ e 7→ d. This shows d ∈ im(f3), hence ā 7→ d̄ = 0 and ā ∈ ker(coker(f2)→ coker(f3)).
Let ā ∈ ker(coker(f2)→ coker(f3)) and b ∈ N3 the image of a. Then ā 7→ b̄ = 0, i. e. b ∈ im(f3).
So let c ∈ M3 such that f3(c) = b. As M2 → M3 is surjective, we find a preimage d ∈ M2
of c. Since the right square commutes and d 7→ c 7→ b, we must have d 7→ f2(d) 7→ b. Note that
N2 → N3 maps a′ := a−f2(d) 7→ b−b = 0, hence a′ ∈ ker(N2 → N3). By exactness in N2, we have
a′ ∈ im(N1 → N2), so there is a preimage e ∈ N1 of a′. Further note that a− a′ = f2(d) ∈ im(f2).
Thus ē 7→ ā′ = ā and ā ∈ im(coker(f1)→ coker(f2)).

(f) coker(f3): By definition, coker(f2) → coker(f3) is the quotient map of N2 → N3 over im(f2).
Since the latter map is surjective, so must be the former.

Remark 4.84. (From me.) In fact, we have not used the injectivity of M1 →M2 or the surjectivity of N2 → N3.
Therefore the exactness in M1 and N3 is superfluous.
Example 4.85. Consider multiplication with n ∈ Z on the exact sequence 0→ Z→ Q→ Q/Z→ 0 of Z-modules:

0 0 1
nZ/Z

0 Z Q Q/Z 0

0 Z Q Q/Z 0

Z/n 0 0

·n ·n ·n

The rows are exact, the terms at the very top and bottom are the kernels and cokernels, resp. Note that 1
nZ is

not the localisation, but rather the set { an | a ∈ Z}.
The snake lemma 4.83 then gives that there is a natural isomorphism δ : 1

nZ/Z → Z/n. This can be
constructed explicitly: Let a

n + Z ∈ 1
nZ/Z. Pick any lift of a

n + Z, say a
n ∈ Q. The image of a

n is a
n · n = a ∈ Q.

Then there is exactly one preimage a ∈ Z of a. Hence δ( an + Z) = a mod (n).
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Example 4.86. The above example can be generalised. Let A be a ring and f ∈ A arbitrary. Given an exact
sequence 0→M1 →M2 →M3 → 0 of A-modules, we can consider multiplication with f :

0 M1 M2 M3 0

0 M1 M2 M3 0

·f ·f ·f

The snake lemma 4.83 states that the following long sequence is exact:

0 M1,f M2,f M3,f M1/fM1 M2/fM2 M3/fM3 0δ

Recall Mi,f is the f -torsion of Mi. Note that taking f -torsion, i. e. the functor M 7→Mf , is left-exact, while
the functor M 7→M/fM ∼= A/(f)⊗AM , which is taking tensor product, is right-exact. The connecting map δ
relates both functors.

(From me.) A proof why taking f -torsion is left-exact.
We first have to check that if g : M1 → M2 is an A-linear map, then this map induces an A-linear map

M1,f →M2,f (simply by restricting g). If x ∈M1 is f -torsion, then fg(x) = g(fx) = g(0) = 0, so g(x) ∈M2 is
f -torsion as well.

Let 0→M1 →M2 →M3 be a exact sequence of A-modules. We want to show that 0→M1,f →M2,f →
M3,f is exact. Exactness in M1,f is clear since M1 →M2 is injective, and so is its restriction M1,f →M2,f .

For exactness in M2,f , let x ∈ im(M1,f → M2,f ). As im(M1,f → M2,f ) ⊆ im(M1 → M2), by exactness
in M2, we have x 7→ 0 ∈M3. Hence x ∈ ker(M2,f →M3,f ).

Conversely, let x ∈ ker(M2,f →M3,f ). Since ker(M2,f →M3,f ) ⊆ ker(M2 →M3), by exactness in M2, we
have x ∈ im(M1 →M2). So there is a preimage y ∈M1 of x. Then fy 7→ fx = 0. As M1 →M2 is injective,
we must have fy = 0, so y ∈M1,f , hence x ∈ im(M1,f →M2,f ).

4.16 Application of the Snake Lemma

Observation 4.87. More generally, assume we are given an A-module M and an exact sequence 0→M1 →
M2 →M3 → 0 of A-modules. We want to understand when M ⊗A (0→M1 →M2 →M3 → 0) is exact, i. e.
when M is flat. The snake lemma 4.83 gives an answer.

(i) Pick any presentation of M :

A⊕J A⊕I M 0X

(ii) A⊕J and A⊕I are flat, so we obtain the following commutative diagram with exact rows:

0 M⊕J
1 M⊕J

2 M⊕J
3 0

0 M⊕I
1 M⊕I

2 M⊕I
3 0

X1 X2 X3

Here, Xi is induced by the natural map idMi
⊗X.

(iii) By the snake lemma 4.83, the sequence

0 ker(X1) ker(X2) ker(X3) M ⊗AM1 M ⊗AM2 M ⊗AM3 0δ

is exact.

In conclusion, M ⊗A (0→M1 →M2 →M3 → 0) is exact if and only if ker(X2)→ ker(X3) is surjective.
(M ⊗AM1 →M ⊗AM2 is injective if and only if im(δ) = 0 by exactness in M ⊗AM1. This is equivalent

to ker(δ) = ker(X3), which is again equivalent to ker(X2) → ker(X3) being surjective by exactness in
ker(X3).)

63



Algebra I – Commutative Algebra

Corollary 4.88. Let A be a ring and f ∈ A. Assume that 0→M1 →M2 →M3 → 0 is an exact sequence
of A-modules, where M3 is f -torsion-free, i. e. M3,f = 0. Then

A/(f)⊗A (0→M1 →M2 →M3 → 0)

is again exact.

Proof. This follows directly from Example 4.86.
Alternatively, consider the presentation

A A A/(f) 0·f

and apply Observation 4.87: The assumption M3,f = 0 ensures that ker(X3) = 0.

Corollary 4.89. Let A be a ring and a := (f, g) ⊆ A an ideal, generated by two elements f, g ∈ A. Assume
that

A A⊕2 a 0
(−g
f

)
( f g )

is exact. For example, if B is any ring, then this holds for (X,Y ) ⊆ B[X,Y ] or (f, T ) ⊆ B[T ] with
regular f ∈ B.

Let 0→M1 →M2 →M3 → 0 be a short exact sequence of A-modules. If M3,f ∩M3,g = 0, then

a⊗A (0→M1 →M2 →M3 → 0)

is again exact.

Proof. Consider
(−g
f

)
: M3 →M⊕2

3 . We have ker(
(−g
f

)
) = M3,f ∩M3,−g = 0, so the statement follows from

Observation 4.87: The assumption M3,f ∩M3,g = 0 ensures that ker(X3) = 0.

5 Integral Dependence Lect. 13
25.05.23

The notion of integral ring extensions is important for algebraic geometry and algebraic number theory, which
we will study later.

We refer to [AtMac, ch. 5].

5.1 Some Terminology on Rings

Definition 5.1. Let ϕ : A→ B be an A-algebra.

(i) B is of finite type or finitely generated if B ∼= A[T1, . . . , Tn]/a as A-algebras for some n ≥ 0 and
some ideal a ⊆ A[T1, . . . , Tn].

(ii) B is of finite presentation or finitely presented if B ∼= A[T1, . . . , Tn]/(f1, . . . , fm) as A-algebras
for some n,m ≥ 0 and f1, . . . , fm ∈ A[T1, . . . , Tn].

(iii) B is finite over A if B is finitely generated as an A-module (which is the same as saying that B is a
finite A-module).

(iv) x ∈ B is integral over A if there exists a monic f ∈ A[T ] such that f(x) = 0 (meant as ϕ(f)(x) = 0).

(v) B is integral over A if every element in B is integral over A.

Remark 5.2. (From me.) The terms finite type and finite presentation for A-algebras are very similar to
A-modules. One could think that we could describe these terms as exact sequences in the category of rings,
but as it turns out, cokernels of ring maps are very difficult to describe. The reason is that the category of
rings is, in contrast to the category of A-modules, not a so-called abelian category.

At least for finite type, saying that B ∼= A[T1, . . . , Tn]/a is the same as saying that a surjective A-
algebra map ψ : A[T1, . . . , Tn] ↠ B exists. If the isomorphism holds, we can recover ψ by the projection
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A[T1, . . . , Tn] ↠ A[T1 . . . , Tn]/a ∼= B. Conversely, if ψ is given, we obtain the isomorphism by the homomorphism
theorem; in this case, we have a = ker(ψ).
Remark 5.3. We have the following picture:

finite presentation

finite finite type

integral

will be shown

if A is noetherian

Some comments:

• Finite presentation implies finite type by choosing a = (f1, . . . , fm).

• If A is noetherian, then by Hilbert’s basis theorem 3.30, A[T1, . . . , Tn] is noetherian as well. So we may
write a = (f1, . . . , fm), and finite type implies finite presentation.

• Suppose that B = (b1, . . . , bn) as an A-module. By the universal property of polynomial rings, we can
construct an A-algebra map A[T1, . . . , Tn]→ B, Ti 7→ bi. This map is surjective, as every element in B is
the evaluation of a linear polynomial in A[T1, . . . , Tn]. Hence finite implies finite type.

Example 5.4.

(i) Finite field extensions are finite (every finite field extension l/k is of the form l = k(a1, . . . , an)).

(ii) Algebraic field extensions are integral by definition.

(iii) Quotients A↠ A/a are finite, as A/a is generated by 1̄.
A/a is finitely presented if and only if a is finitely generated (exercise).

(iv) If f ∈ A[T ] is monic, then B := A[T ]/(f) ∼= A⊕ deg(f) as an A-module, namely with basis {T i + (f) |
0 ≤ i < deg(f)}. In particular, B is a finite A-algebra.
This is not necessarily true if f is not monic, e. g. A[T ]/(aT − 1) ∼= A[a−1] is often not finite. For
example, Z[ 1

2 ] is not a finite Z-algebra (2−1 cannot be written as a linear combination of numbers 2−k

with k < n).

(v) For all n ∈ Z,
√
n ∈ Q(

√
n) for n ∈ Z satisfies (

√
n)2 − n, and hence is is integral over Z.

Exercise 5.5. Show that x ∈ Q is integral over Z if and only if x ∈ Z. The same holds for any principal ideal
domain A and B = Quot(A).

Solution. This is a direct consequence of the rational root theorem [Sch, Exercise 1.5.2 (i)]. The theorem states:
Suppose that p

q ∈ B is a root of f =
∑n
i=0 aiT

i ∈ A[T ]. We may assume that gcd(p, q) = 1 after reduction.
Then p | a0 and q | an.

In our case, if x = p
q ∈ B with gcd(p, q) = 1 is integral over A, then there exists a monic f ∈ A[T ] such that

f(x) = 0. This means q | 1, hence q ∈ A× and x = p ∈ A.

5.2 Finite and Integral Extensions
Ring extensions are useful to reduce problems to easier problems, e. g. solving a system of polynomial equations.
Remark 5.6. Henceforth, we will consider A ⊆ B to be a subring of B, or B ⊇ A a ring extension of A. To
apply this in general, given an A-algebra ϕ : A→ B, replace A by the subring ϕ(A) ⊆ B.

Proposition 5.7. Let A ⊆ B be rings. For all x ∈ B, the following are equivalent:

(i) x is integral over A.

(ii) The A-subalgebra A[x] ⊆ B generated by x is finite.
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(iii) There exists an A-subalgebra C ⊆ B that is finite and contains x.

Proof.

• (i) =⇒ (ii): x ∈ B is integral, say xn + an−1x
n−1 + · · · + a0 = 0 with ai ∈ A. This implies

xn = −an−1x
n−1 − · · · − a0, and by induction, higher powers xr with r ≥ n are in the A-module

(1, x, x2, . . . , xn−1). Thus A[x] is generated by 1, x, x2, . . . , xn−1 as an A-module.

• (ii) =⇒ (iii): Take C = A[x].

• (iii) =⇒ (i): Let c1, . . . , cn ∈ C be the generators of C as an A-module. For each j = 1, . . . , n, we can
write xcj =

∑n
i=1 aijci (the aij might not be uniquely determined). In other words, we have chosen a

commutative diagram
A⊕n C

A⊕n C

p

x̃ x

p

with p(ei) = ci and x̃ = (aij) ∈ Mn×n(A). Note that we view x : C → C as an A-linear map by
left-multiplication. We have charx̃(x̃) = 0 by Cayley-Hamilton 8.19. If we set f(T ) := charx̃(T ) ∈ A[T ],
then f is a monic polynomial such that f(x) = 0. (As f(x̃) is the zero map and p is surjective, f(x) must
be the zero map as well. In particular, f(x) ·1 = 0 in the module C, implying f(x) = 0 in the ring B.)

Corollary 5.8. Let A ⊆ B be rings.

(i) If B is finite over A, then B is integral over A.

(ii) If x1, . . . , xn ∈ B are integral over A, then A[x1, . . . , xn] is finite over A.

(iii) Let AB ⊆ B be the set of all integral elements in B over A. Then A
B is a subring of B containing A,

called the integral closure of A in B.

Proof.

(i) Take C = B in Proposition 5.7, (iii) =⇒ (i).

(ii) We perform induction on n. The case n = 1 is covered by Proposition 5.7.
Assume that A[x1, . . . , xn−1] is finite over A. Now xn is integral over A, hence it is also integral over
A[x1, . . . , xn−1]. By Proposition 5.7, A[x1, . . . , xn] is finite over A[x1, . . . , xn−1], hence by assumption,
it is finite over A. (The ‘composition’ of finite algebras is finite: Suppose that A ⊆ B ⊆ C are rings
where B⊕n ↠ C as B-modules and A⊕m ↠ B as A-modules. Then A⊕nm ↠ C as A-modules.)

(iii) Apparently A ⊆ AB , and in particular 0, 1 ∈ AB .

For any x, y ∈ AB , A[x, y] is finite by (ii). By (i), A[x, y] is integral over A. As x± y, xy ∈ A[x, y], we
conclude that x± y and xy are integral over A, hence x± y, xy ∈ AB .

Corollary 5.9. Assume that A ⊆ B ⊆ C are rings such that B is integral over A and C is integral over B.

Then C is integral over A. In particular, AB
B

= A
B.

Proof. Let x ∈ C. As C is integral over B, we have xn + bn−1x
n−1 + · · ·+ b0 = 0 for certain bi ∈ B. Then

A[b0, . . . , bn−1, x] is finite over A[b0, . . . , bn−1] by Proposition 5.7. Moreover by Corollary 5.8, A[b0, . . . , bn−1]
is finite over A since B is integral over A. Similar to the proof of Corollary 5.8 (ii), we conclude that
A[b0, . . . , bn−1, x] is finite over A. Again by Proposition 5.7, since x ∈ A[b0, . . . , bn−1, x], we know that x is
integral over A.

For the statement about integral closures, consider A ⊆ AB ⊆ AB
B

, which are all subrings of B.
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Proposition 5.10. Let A ⊆ B be an integral ring extension, i. e. B is integral over A. Then the following
hold:

(i) If b ⊆ B is an ideal, then A/b ∩A ⊆ B/b is integral.

(ii) If S ⊆ A is a multiplicative subset, then S−1A ⊆ S−1B is integral.

(iii) If A→ C is any A-algebra, then C → C ⊗A B is integral (but not necessarily injective).

Proof.

(i) Let x̄ ∈ B/b. Since x ∈ B is integral over A, we can write xn + an−1x
n−1 + · · ·+ a0 = 0 with ai ∈ A.

If we consider this relation modulo b, we obtain x̄n + ān−1x̄
n−1 + · · ·+ ā0 = 0 with āi ∈ A/b ∩A.

(ii) Let b
s ∈ S

−1B. Since b ∈ B is integral over A, we can write bn + an−1b
n−1 + · · ·+ a0 = 0 with ai ∈ A.

If we divide this relation by sn, we obtain ( bs )n + (an−1/s)( bs )n−1 + · · ·+ (a0/s
n) = 0 with coefficients

in S−1A.

(iii) Let c⊗ b ∈ C ⊗A B. Since b ∈ B is integral over A, we can write bn + an−1b
n−1 + · · ·+ a0 = 0 with

ai ∈ A. This implies

(c⊗ b)n + c⊗ an−1(c⊗ b)n−1 + · · ·+ cn ⊗ a0 = cn ⊗ (bn + an−1b
n−1 + · · ·+ a0) = 0

with coefficients in C ⊗A A ∼= C. This shows that elementary are integral over C. By Corollary 5.8 on
integral closures, integral elements are stable under addition and multiplication. Elementary tensors
generate C ⊗A B as a C-algebra, hence C ⊗A B is integral over C ⊗A A ∼= C.

5.3 The Going-Up Theorem
Problem 5.11. Let A ⊆ B be an integral ring extension. We want to understand the map

Spec(B)→ Spec(A), q 7→ q ∩A.

Proposition 5.12. Let A ⊆ B be an integral ring extension of integral domains. Then A is a field if and
only if B is a field.

Proof. Suppose that A is a field, and let 0 ̸= y ∈ B. By integrality of B, there exists a relation yn +an−1y
n−1 +

· · ·+ a0 = 0 of y. Since B is an integral domain, we may assume that a0 ̸= 0 (otherwise, we may divide our
relation by some non-zero power of y such that it is of the desired form). A is a field, so a0 ∈ A×. Rearranging
the relation yields −a−1

0 (yn−1 + an−1y
n−2 + · · ·+ a1)y = 1, hence y ∈ B× and B is a field.

Conversely, suppose B is a field, and let 0 ̸= x ∈ A. Since x ∈ B, we also have x−1 ∈ B, which is integral
over A. Thus we have a relation x−n+an−1x

−n+1 + · · ·+a1x
−1 +a0 = 0. Multiplying by xn−1 and rearranging

yields x−1 = −(an−1 + an−2x+ · · ·+ a0x
n−1) ∈ A. Hence x ∈ A× and A is a field.

Corollary 5.13. Let A ⊆ B be an integral ring extension and q ⊆ B a prime ideal. Then q is maximal
in B if and only if q ∩A is maximal in A.

Proof. We apply Proposition 5.12 to the integral domains A/q ∩A ⊆ B/q, where this ring extension is integral
by Proposition 5.10.

Corollary 5.14. Let A ⊆ B be an integral ring extension. Assume that q, q′ ⊆ B are prime ideals with q ⊆ q′

and q ∩A = q′ ∩A in A. Then q = q′ in B.

Before we prove this statement, recall the following:

(i) Localisations of A-modules preserve inclusions and finite intersections (the later is Corollary 4.55).

(ii) If S ⊆ A is a multiplicative subset of a ring A, and if ϕ : A→ S−1A is the universal localisation map,
then by Proposition 2.55, there exists a bijection

Spec(S−1A) ∼= {p ∈ Spec(A) | p ∩ S = ∅}, p 7→ φ−1(p), pS−1A 7→p.
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Proof. Henceforth p := q ∩ A ∈ Spec(A). We localise in p, i. e. we localise A and B in S = (A \ p). By
Proposition 5.10, Ap ⊆ Bp := S−1B is an integral extension. Note that q′ ∩ S = ∅, so qBp ⊆ q′Bp are
two prime ideals in Bp according to Proposition 2.55. Since S−1 commutes with intersections of A-modules
(Corollary 4.55), and since we can interpret q, q′ as A-modules, we obtain

pAp = S−1p = S−1q ∩ S−1A = qBp ∩Ap = · · · = q′Bp ∩Ap.

But we know that Ap is a local ring with unique maximal ideal pAp. Therefore, by Corollary 5.13, qBp and
q′Bp are maximal. Both must be equal because of qBp ⊆ q′Bp and maximality of qBp. If ϕ : B → Bp is the
universal localisation map, then by Lemma 2.52, q = ϕ−1(qBp) = ϕ−1(q′Bp) = q′.

Corollary 5.15. Let A ⊆ B be an integral extension. Then the map Spec(B)→ Spec(A) is surjective.

Proof. Let p ∈ Spec(A). By Proposition 5.10, Ap ⊆ Bp is integral. This implies that Bp ̸= 0, and there exists
a maximal ideal qBp with q ∈ Spec(B) by Krull’s theorem 2.18. According to Corollary 5.13, qBp ∩Ap must
be maximal in Ap. But Ap is a local ring with unique maximal ideal pAp, so qBp ∩Ap = pAp. By Lemma 2.52,
we pull the prime ideals back in order to obtain q ∩A = p. Thus the map of spectra maps q 7→ p.

Theorem 5.16 (going-up theorem). Let A ⊆ B be an integral extension. Suppose we are given a
chain q1 ⊆ · · · ⊆ qm of prime ideals in B and a longer chain p1 ⊆ · · · ⊆ pn of prime ideals in A such
that pi = qi ∩A for all i ≤ m.

q1 ⊆ · · · ⊆ qm

⊆ ⊆

p1 ⊆ · · · ⊆ pm ⊆ pm+1 ⊆ · · · ⊆ pn

Then there exists a continuation qm+1 ⊆ · · · ⊆ qn of prime ideals in B such that pi = qi ∩ A for
every i > m too.

Proof. We pass to A/pm ⊆ B/qm, which is integral due to Proposition 5.10. By Corollary 5.15, there is
some prime ideal qm+1/qm ⊆ B/qm such that qm+1/qm ∩ A/pm = pm+1/pm. Lifting back to B, i. e. taking
the preimage under B ↠ B/qm, gives pm+1 = qm+1 ∩ A with prime ideal qm+1 ⊆ B. Now we continue
inductively.

Corollary 5.17. Let A ⊆ B be an integral extension. Then dim(A) = dim(B) for the Krull dimension.

Proof. For dim(A) ≥ dim(B), let q0 ⊂ · · · ⊂ qn be any chain of prime ideals in B. Then q0 ∩A ⊆ · · · ⊆ qn ∩A
is a chain of prime ideals in A. By Corollary 5.14, this chain must be proper.

For dim(A) ≤ dim(B), let p0 ⊂ · · · ⊂ pn be any chain of prime ideals in A. By Corollary 5.15, we can find
some prime ideal q0 ⊆ B such that p0 = q0 ∩ A. By the going-up theorem 5.16, we can construct a chain
q0 ⊆ · · · ⊆ qn of prime ideals in B such that pi = qi ∩ A. Corollary 5.14 implies that this chain must be
proper.

Example 5.18. Consider the ring extension C[x] ⊆ C[y] with x = yn for some n ∈ Z>0. Since C[y] ∼=
C[x][T ]/(Tn − x) via y 7→T , C[y] is certainly finite over C[x], and hence C[x] ⊆ C[y] is integral.

This inclusion induces the spectral map

ϕ : Spec(C[y])→ Spec(C[x]), (0) 7→ (0), (y − a) 7→ (y − a)C[y] ∩ C[x] = (x− an).

The equality holds since we know that (y− a)∩C[x] must be a principal ideal with irreducible generator, i. e. of
the form (x− t) for t ∈ C. Recall the famous factorisation (y−a)(yn−1 +yn−2a+ · · ·+an−1) = yn−an = x−an,
so t = an.

The spectral map ϕ is the algebraic incarnation of the finite map of Riemann surfaces C → C, a 7→ an

in the context of complex analysis. Riemann surfaces are used to study ramification of certain inverse maps,
e. g. the branches of the nth root. E. g. for n = 2, we have Figure 5.1. The fact that any non-zero complex
number has exactly n different complex nth roots corresponds to the fact that the fibres of non-zero prime
ideals under ϕ have exactly n elements.
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Figure 5.1: Ramification of the square root. Right and left horizontal axes depict Re(a) and Im(a), and the
vertical axis the real part of

√
a, whereas the colour encodes the imaginary part. Note that only 0 has exactly

one point on the surface above it, whereas every other complex number has exactly two points above it.
(Proudly done in Asymptote.)

Example 5.19. Consider the ring extension C[x1, x2] ⊆ C[y1, y2] with xi = y2
i for i = 1, 2. Figure 5.2 shows

all possible ways of going up the chain (0) ⊆ (x1 − x2) ⊆ (x1 − a, x2 − a) ⊆ C[x1, x2] of prime ideals with
0 ̸= a ∈ C.

Recall that in Example 2.59, we gave a full description of all prime ideals in two variables over C. We can thus
check that these are indeed chains of prime ideals, since y1±y2 is irreducible and the right-most ideals are indeed
of the form (y1− t1, y2− t2) for t1, t2 ∈ C. These are indeed all possible ways since x1− x2 = (y1− y2)(y1 + y2)
and xi − a = (yi −

√
a)(yi +

√
a).

(y1 −
√
a, y2 −

√
a)

(y1 − y2)

(y1 +
√
a, y2 +

√
a)

(0)

(y1 −
√
a, y2 +

√
a)

(y1 + y2)

(y1 +
√
a, y2 −

√
a)

Figure 5.2: Visualisation of Example 5.19.

5.4 Understanding Polynomial Equations and Pythagorean Triples Lect. 14
05.06.23

After doing this much theory, we will consider a few concrete motivations on why we are even doing it.

Problem 5.20. Let R be a ring (classically Z, Q or C) and f1, . . . , fm ∈ R[T1, . . . , Tn] with n,m ≥ 0. Let
ϕ : R→ B be an R-algebra. Then we can apply ϕ to all fi, and we pass to ϕ(fi) ∈ B[T1, . . . , Tn].

The solution set is

X(B) := {(x1, . . . , xn) ∈ Bn | ϕ(f1)(x) = · · · = ϕ(fm)(x) = 0}
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(one often writes f1(x) = · · · = fm(x) = 0 and drops ϕ), i. e. the set of all points that satisfy the given algebraic
relations.

The most basic question is whether X(B) ̸= ∅. If the answer is yes, then what structure does it carry?
As an example, we will characterise Pythagorean triples.

Definition 5.21. A Pythagorean triple is a triple (a, b, c) ∈ Z3 \ {(0, 0, 0)} such that a2 + b2 = c2. We
call such a triple primitive if gcd(a, b, c) = 1 and c > 0.

Remark 5.22. We observe that if (a, b, c) is a Pythagorean triple, then (ka, kb, kc) is a Pythagorean triple as
well for all 0 ̸= k ∈ Z, since the defining relation is homogeneous. Thus every Pythagorean triple is a multiple
of some primitive triple, and it suffices to consider the latter.

Lemma 5.23. There exists a bijection between primitive Pythagorean triples (a, b, c) and rational points on
the unit circle X(Q) := {(x, y) ∈ Q2 | x2 + y2 = 1} via (a, b, c) 7→ (ac ,

b
c ).

Proof. Indeed, the map (a, b, c) 7→ (ac ,
b
c ) maps into X(Q).

We can construct the inverse map as follows: Given (x, y) ∈ X(Q), we can completely reduce the fractions
x and y, and then convert them to fractions to a common denominator c > 0 being the least common multiple of
the fractions. This gives x = a

c and y = b
c with gcd(a, b, c) = 1 and c > 0. The inverse map is (x, y) 7→ (a, b, c),

where (a, b, c) is indeed a primitive Pythagorean triple.

Proposition 5.24. Let P := (−1, 0) ∈ X(Q). There is a bijection

Q→ X(Q) \ {P}, q 7→
(

1− q2

1 + q2 ,
2q

1 + q2

)
,

y

x+ 1 7→(x, y).

Note that 1 + q2 > 0 for all q ∈ Q and x+ 1 ̸= 0 for all (x, y) ∈ X(Q) \ {P}.

Proof. We do the following geometric construction (see Figure 5.3): For each q ∈ Q, let Lq be the line of slope q
through P . Note that Lq is completely determined by the second point (0, q) ∈ Lq. We claim that it intersects
X(Q) \ {P} in a unique point.

Lq is given by the linear equation y = qx+ q, so we need to solve the following system of equations:{
qx+ q = y,

x2 + y2 = 1.

We substitute for y in the second equation and obtain the polynomial relation

x2 + (qx+ q)2 − 1 = (1 + q2)x2 + 2q2x+ q2 − 1 = 0.

We already know by construction that x = −1 is a rational root of the quadratic polynomial since P ∈ Lq∩X(Q).
Recall that any monic quadratic polynomial having at least one root splits into (x−α)(x−β) = x2−(α+β)x+αβ.
We see that if α is a rational root, then β is automatically a rational root as well (this is actually a much
deeper fact), so the second root is in X(Q). More concretely, we obtain

x = 1− q2

1 + q2

(this follows from α = −1 and αβ = (q2 − 1)/(1 + q2)). The y-coordinate is thus

y = q
1− q2

1 + q2 + q = q − q3 + q + q3

1 + q2 = 2q
1 + q2 .

So the claimed map exists.
For the inverse map, the line through a given (x, y) ∈ X(Q) \ {P} and P has slope

q = y

x+ 1 .

The two maps are geometrically inverses of each other. Alternatively, one can purely algebraically compute
that they are indeed inverses.

Back to Pythagorean triples.

70



5.4 Understanding Polynomial Equations and Pythagorean Triples Algebra I – Commutative Algebra

Lq

P
q

X(Q)

Figure 5.3: Construction in Proposition 5.24.

Theorem 5.25. All primitive Pythagorean triples are exactly
(v2 − u2, 2uv, v2 + u2), if u or v is even,(
v2 − u2

2 , uv,
v2 + u2

2

)
, if u and v are odd,

with u ∈ Z, v ∈ Z≥0 and gcd(u, v) = 1.

Proof. Due to Lemma 5.23 and Proposition 5.24, we can find a bijection between Q and primitive Pythagorean
triples except the one corresponding to P : Given q = u

v ∈ Q with v > 0 and gcd(u, v) = 1, we have

q 7→
(

1− q2

1 + q2 ,
2q

1 + q2

)
=
(
v2 − u2

v2 + u2 ,
2uv

v2 + u2

)
7→


(v2 − u2, 2uv, v2 + u2), if u or v is even,(
v2 − u2

2 , uv,
v2 + u2

2

)
, if u and v are odd.

Notice that they are indeed primitive Pythagorean triples: Suppose that u and v are odd. If (v2 + u2)/2
and (v2 − u2)/2 share a common factor, then their sum v2 and difference u2 also shares the same factor,
contradicting gcd(u, v) = 1. Hence they are always coprime. The same spiel applies to the case when either u
or v is even (remember gcd(u, v) = 1). Then a common factor of v2 − u2 and v2 + u2 cannot be 2, and their
sum and difference are 2v2 and 2u2, resp.

Similarly, any divisor of u or v cannot divide v2 ± u2, as otherwise we contradict gcd(u, v) = 1, so uv and
v2 ± u2 are coprime. In the case that either u or v is even, we do not have to consider the factor 2 of 2uv as
2 ∤ v2 ± u2. In the case that u and v are odd, gcd(uv, v2 ± u2) = 1, thus especially gcd(uv, (v2 ± u2)/2) = 1.

The only missing primitive Pythagorean triple is the one corresponding to P = (−1, 0), namely (−1, 0, 1).
This can be brought in the desired form by (u, v) = (1, 0), formally the fraction q = 1

0 at infinity.

But how does this relate to our problem?

Observation 5.26. Consider polynomials f1, . . . , fm ∈ R[T1, . . . , Tn] and an R-algebra R→ B again. Set
A := R[T1, . . . , Tn]/(f1, . . . , fm). Then we have the bijection

HomR-Alg(A,B) ∼= X(B), φ 7→ (φ(T̄1), . . . , φ(T̄n)), [φ : Ti 7→ xi] 7→(x1, . . . , xn). (5.27)

Now a proof for this bijection: By the universal property of polynomial rings, any x = (x1, . . . , xn) ∈ Bn
gives a unique R-algebra map φ̃x : R[T1, . . . , Tn] → B, Ti 7→ xi. Restricting to x ∈ X(B), we have
φ̃x(fj(T1, . . . , Tn)) = fj(x1, . . . , xn) = 0 for all j = 1, . . . ,m by assumption. Thus (f1, . . . , fm) ⊆ ker(φ̃x),
and by the universal property of quotient rings, we obtain a unique R-algebra map φx such that the following
diagram commutes:

R[T1, . . . , Tn] B

A

φ̃x

∃!φx
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Conversely, let φ ∈ HomR-Alg(A,B), and set xφ := (φ(T̄1), . . . , φ(T̄n)) ∈ Bn. Observe that xφ is unique
to each φ, as T̄1, . . . , T̄n generate A as an R-algebra and thus determine φ uniquely. Now we have
0 = φ(fj(T̄1, . . . , T̄n)) = fj(xφ) for all j = 1, . . . ,m, hence xφ ∈ X(B).

The proof also shows us an interpretation of the bijection: Every φ ∈ HomR-Alg(A,B) is an evaluation
of the polynomials f1, . . . , fm that forces fj(φ(T̄1), . . . , φ(T̄n)) = 0 for all j = 1, . . . ,m, i. e. that evaluation
is a solution. Therefore A embodies the system of polynomial equations

f1(x1, . . . , xn) = · · · = fm(x1, . . . , xm) = 0.

Specialising to our context of Pythagorean triples again, in Proposition 5.24, we want to compute

HomQ-Alg

(
Q
[
X,Y,

1
X + 1

]
/(X2 + Y 2 − 1),Q

)
.

The solutions must satisfy the equation for the unit circle X2 − Y 2 − 1 = 0. The sole reason for (X + 1)−1

is to exclude the point P from the solution set, as for the image of X + 1 in Q to be invertible, we must
have X ̸= −1.

The following improves Proposition 5.24.

Proposition 5.28. Let R := Z[ 1
2 ]. Then there is an isomorphism of R-algebras

R

[
X,Y,

1
X + 1

]
/(X2 + Y 2 − 1) ∼= R

[
q,

1
1 + q2

]
, X 7→ 1− q2

1 + q2 , Y 7→ 2q
1 + q2 ,

Y

X + 1 7→q.

Proof. We are given the diagonal maps in the following diagram:

R[X,Y ] R[q]

R[X,Y, (X + 1)−1]/(X2 + Y 2 − 1) R[q, (1 + q2)−1]
Φ

Ψ

Our goal is to construct R-algebra maps Φ and Ψ such that the whole diagram commutes.
We check (remember that 2 ∈ R× = Z[ 1

2 ]×)

X + 1 7→ 1− q2

1 + q2 + 1 = 1− q2 + 1 + q2

1 + q2 = 2
1 + q2 ∈ R

[
q,

1
1 + q2

]×

,

X2 + Y 2 − 1 7→
(

1− q2

1 + q2

)2

+
(

2q
1 + q2

)2
− 1 = 1− 2q2 + q4 + 4q2 − (1 + 2q2 + q4)

(1 + q2)2 = 0.

Hence by the universal property of localisations and by the universal property of quotient rings, we obtain Φ.
We further check, exploiting X2 + Y 2 = 1,

1 + q2 7→ 1 + Y 2

(X + 1)2 = X2 + 2X + 1 + Y 2

(X + 1)2 = 2(X + 1)
(X + 1)2 = 2

X + 1 ∈ R
[
X,Y,

1
X + 1

]
/(X2 + Y 2 − 1)×.

Hence by the universal property of localisations, Ψ exists.
Lastly, one checks that Φ and Ψ are mutually inverses by purely algebraic manipulation, which is an identical

calculation to the one in Proposition 5.24.

Corollary 5.29. Let B be a Z[ 1
2 ]-algebra, i. e. B is a ring with 2 ∈ B×. Then there is a bijection

{q ∈ B | 1+q2 ∈ B×} ∼= {(x, y) ∈ B2 | x2+y2 = 1, x+1 ∈ B×}, q 7→
(

1− q2

1 + q2 ,
2q

1 + q2

)
,

y

x+ 1 7→(x, y).

Proof. This is literally just a reformulation of the bijection

HomZ[ 1
2 ]-Alg

(
Z
[

1
2 , q,

1
1 + q2

]
, B

)
∼= HomZ[ 1

2 ]-Alg

(
Z
[

1
2 , X, Y,

1
X + 1

]
/(X2 + Y 2 − 1), B

)
.
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Each map on the left hand side is completely determined by its image on q, and likewise each map on the right
hand side by its image on X and Y . The bijection is thus a change of basis so to speak.

We see that finitely presented R-algebras are (roughly speaking) systems of polynomial equations over R,
but without an explicit choice of coordinates.

A somewhat related and (for its difficulty) famous problem, which we obviously will not prove:

Theorem 5.30 (Fermat’s last theorem, Wiles 1994). For all n ≥ 3, there are no (x, y, z) ∈ Q3

with xyz ̸= 0 such that xn + yn = zn.

Remark 5.31.

(i) The condition xyz ≠ 0 excludes the trivial solutions xn + 0n = xn, 0n + yn = yn, xn + (−x)n = 0n for
odd n, etc.

(ii) Fermat claimed this to be true in 1637, but without proof. It has motivated generations of mathe-
maticians since then, see Wikipedia.

5.5 The Spectrum, Revisited
Problem 5.32. Let A be a ring. Why do we study Spec(A)? The short answer: Spec(A) parameterises
solutions of polynomial equations in field extensions.

Observation 5.33. Again, let R be a ring and f1, . . . , fm ∈ R[T1, . . . , Tn]. Let R → B be an R-algebra
and set A := R[T1, . . . , Tn]/(f1, . . . , fm). Let Ω be a field.

Suppose that R → Ω is an R-algebra. Given x = (x1, . . . , xn) ∈ X(Ω), consider the evaluation map
φx : A→ Ω. Since Ω is an integral domain, we know that ker(φx) ∈ Spec(A) (for φx(ab) = 0 ∈ Ω implies
φx(a) = 0 or φx(b) = 0). Thus we obtain a canonically induced embedding φ̄x : Quot(A/ ker(φx)) ↪→ Ω,
which is a field extension (notice that after passing to the quotient, ker(φ̄x) = 0 holds).

Conversely, assume that p ∈ Spec(A) and φ : κ(p) = Quot(A/p) ↪→ Ω is field extension. Then Ω becomes
an R-algebra via R → A → κ(p) → Ω (the last map is φ), and φ, or, more precisely, the R-algebra map
A→ κ(p)→ Ω, defines a unique solution in X(Ω).

Example 5.34. Let k be a field. Then we have the following injection of sets:

kn ↪→ Spec(k[X1, . . . , Xn]), x = (x1, . . . , xn) 7→ mx = (X1 − x1, . . . , Xn − xn).

In other words, if φx : k[X1, . . . , Xn]→ k, Xi 7→ xi is the evaluation map w. r. t. x, then ker(φx) = mx. (For
an argument for the injection, see the proof of Corollary 6.9. To show ker(φx) = mx, note that mx ⊆ ker(φx)
already. Furthermore, k[X1, . . . , Xn]/mx ↪→ k is a field map and thus injective (in fact, this is an isomorphism).
Thus mx = ker(φx).)
Remark 5.35. What map does this injection induce on Spec(k[X1, . . . , Xn, f

−1]) for some f ∈ k[X1, . . . , Xn]?
Recall from Proposition 2.55 that

Spec(k[X1, . . . , Xn, f
−1]) = {p ∈ Spec(k[X1, . . . , Xn]) | p ∩ {f} = ∅}.

Thus we obtain
{x ∈ kn | f /∈ mx} ↪→ Spec(k[X1, . . . , Xn, f

−1]).
We can rewrite the domain as

{x ∈ kn | f /∈ mx} = {x ∈ kn | φx(f) ̸= 0} = {x ∈ kn | f(x) ̸= 0}.

In fact, we will soon prove the following theorem (see Theorem 6.8).

Theorem 5.36 (Hilbert’s Nullstellensatz). Assume that k is an algebraically closed field. Then there
exists a bijection

kn ∼= MaxSpec(k[X1, . . . , Xn]), x = (x1, . . . , xn) 7→ mx = (X1 − x1, . . . , Xn − xn).

This is compatible with the following statement.
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Proposition 5.37. Consider the C-algebra map h : C[Y1, . . . , Ym]→ C[X1, . . . , Xn], Yj 7→ fj(X1, . . . , Xn).
Then the following diagram commutes:

(x1, . . . , xn) Cn MaxSpec(C[X1, . . . , Xn])

(f1(x), . . . , fm(x)) Cm MaxSpec(C[X1, . . . , Xm])

φ

∼=

Spec(h)

φ

∼=

Proof. Let x = (x1, . . . , xn) ∈ Cn and mx ∈ MaxSpec(C[X1, . . . , Xn]) by Hilbert’s Nullstellensatz 5.36. As
noted in Example 5.34, we have (Spec(h))(mx) = h−1(mx) = h−1(ker(φx)). Thus this equals the kernel of the
composition h ◦ φx, Yj 7→ fj(x), which is (Y1 − f1(x), . . . , Ym − fm(x)). If y := (f1(x), . . . , fm(x)) ∈ Cm is the
image of x, then this is indeed my ∈ MaxSpec(C[Y1, . . . , Ym]).

6 Basics in Algebraic Geometry Lect. 15
12.06.23

In this section, we study the connections between geometry and algebra, and in particular, some notions
in algebraic geometry. In particular, some geometric problems can be solved very elegantly with algebraic
properties.

6.1 Noether Normalisation and Hilbert’s Nullstellensatz
We are still in in the context of solving a system of polynomial equations as in Problem 5.20. But from now on,
we only consider R = k a field, which includes k = C, the setting of classical geometry.

The following is a motivation for what is about to come.

Proposition 6.1. Let k be an algebraically closed field and f ∈ k[T1, . . . , Tn] be non-constant. Then there
exists a solution x ∈ kn such that f(x) = 0.

Proof. Since f is non-constant, there exists some Ti such that Ti is in a monomial with non-zero coefficient;
otherwise the only monomial would be T 0

1 · · ·T 0
n . W. l. o. g. let this variable be Tn. Then we can write

f = fdT
d
n + fd−1T

d−1
n + · · ·+ f0 with f1, . . . , fd ∈ k[T1, . . . , Tn−1], fd ̸= 0 and d ≥ 1.

If fd ̸= 0 is constant, we can choose any (x1, . . . , xn−1) ∈ kn−1 and have fd(x1, . . . , xn−1) ̸= 0. Otherwise
by induction, we may assume that the proposition to be shown is true for n − 1. Therefore the non-
constant polynomial fd(T1, . . . , Tn−1) − 1 ∈ k[T1, . . . , Tn−1] has a solution (x1, . . . , xn−1) ∈ kn−1, and hence
fd(x1, . . . , xn−1) = 1 ̸= 0.

In both cases, we obtain that f(x1, . . . , xn−1, Tn) ∈ k[Tn] is a non-constant polynomial. Since k is
algebraically closed, it must have a root xn ∈ k, and hence x = (x1, . . . , xn) ∈ kn is a solution of f(x) = 0.

Example 6.2. Consider T1T2 = 1. Setting T2 = 0 implies 0T1 = 1, which has no solution. The proof above
circumvents this by enforcing T2 = 1.

The Noether normalisation theorem states that the method above finds a solution of any system of polynomial
equations.

Recall: Let A ⊆ B be rings. We call x ∈ B integral over A if there exists a monic f ∈ A[T ] such that
f(x) = 0. Furthermore, B is integral over A if every x ∈ B is integral. B is finite over A if B is finite as an
A-module. Corollary 5.8 states that B being finite implies B being integral.

Definition 6.3. Elements x1, . . . , xm of a k-algebra A are called algebraically independent over k if
f(x1, . . . , xm) = 0 implies f = 0 for all f ∈ k[X1, . . . , Xm]. Alternatively, x1, . . . , xm ∈ A are algebraically
independent if k[x1, . . . , xm] ∼= k[X1, . . . , Xm].

This is analogous to linear independence in vector spaces, where linear independent vectors only satisfy the
trivial linear relation.

Definition 6.4. Let k be a field. If f =
∑
e∈(Z≥0)n aeY

e ∈ k[Y1, . . . , Yn] with ae ∈ k, then we define the
total degree of f to be deg(f) := max{e1 + · · ·+ en | ae ̸= 0}.
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Theorem 6.5 (Noether normalisation theorem). Let k be a field, and let A a finitely generated k-algebra.
Then there are algebraically independent x1, . . . , xm ∈ A such that A is finite over k[x1, . . . , xm].

Proof. Let y1, . . . , yn ∈ A be a finite set of generators of A. Then we can understand A as the ring k[y1, . . . , yn].
We proceed by induction on n. If n = 0, then A = k, and we are done by taking m = 0.

If y1, . . . , yn are algebraically independent, then we are also done by taking xi = yi. So assume instead that
there exists some non-constant f ∈ k[Y1, . . . , Yn] such that f(y1, . . . , yn) = 0. Let d := deg(f) ≥ 1 and chose
any α > d, say α := d+ 1 ≥ 2. Put Zi := Yi − Y α

i

n for all i = 1, . . . , n− 1. So a change of variables yields the
k-algebra isomorphism

k[Z1, . . . , Zn−1, Yn] ∼= k[Y1, . . . , Yn], Zi 7→ Yi − Y α
i

n , Zi + Y α
i

n 7→Yi.

Under this transformation, f becomes

f 7→ g(Z1, . . . , Zn−1, Yn) := f(Z1 + Y αn , Z2 + Y α
2

n , . . . , Zn−1 + Y α
n−1

n , Yn) ∈ k[Z1, . . . , Zn−1, Yn].

Furthermore, observe that for monomials of f with e = (e1, . . . , en) ∈ (Z≥0)n,

aeY
e1

1 · · ·Y en
n 7→ ae(Z1 + Y αn )e1 · · · (Zn−1 + Y α

n

n )en−1Y en
n

= aeY
αe1+α2e2+···+αn−1en−1+en
n + aeε(Z1, . . . , Zn−1, Yn)

where the rest term ε(Z1, . . . , Zn−1, Yn) only involves monomials which are not pure Yn-powers.
The map

{0, . . . , d}n → Z≥0, (e1, . . . , en) 7→ αe1 + α2e2 + · · ·+ αn−1en−1 + en

is injective. Indeed, by the α-adic expansion of the integers, any positive integer is uniquely of the form∑r
i=0 eiα

i with 0 ≤ ei < α and er ≠ 0. So the claimed injectivity follows from d < α. This implies that
the terms aeY αe1+α2e2+···+αn−1en−1+en of all monomials of f do not cancel each other. Thus there is some
0 ̸= c ∈ k and N ≥ 1 such that

g = cY Nn +
N−1∑
k=0

hk(Z1, . . . , Zn−1)Y kn .

(If f is of the form
∑
e∈(Z≥0)n aeY

e, take

N := max{αe1 + α2e2 + · · ·+ αn−1en−1 + en | e ∈ (Z≥0)n, ae ̸= 0}

and c = ae.)
So our current situation is the following commutative diagram:

k[Z1, . . . , Zn−1, Yn] k[Y1, . . . , Yn]

A
Zi 7→zi=yi−yαi

n

∼

Yi 7→yi

g f

0

In other words, we get

0 = c−1g(z1, . . . , zn−1, yn) = yNn + c−1
N−1∑
k=0

hk(z1, . . . , zn−1)ykn,

i. e. yn and hence A are integral over B = k[z1, . . . , zn−1].
By our induction hypothesis, we can find algebraically independent x1, . . . , xm ∈ B such that B is finite

over k[x1, . . . , xm]. Hence A is finite over k[x1, . . . , xm].

The idea was to transform all variables except for Yn, like shearing in vector spaces. Such a transformation
will always be an automorphism. The effect is that Yn will have a large enough power so that it will not vanish.
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Example 6.6. Consider A = k[Y1, Y2]/(Y1Y2 − 1). Set yi := Yi mod (Y1Y2 − 1) for i = 1, 2.
We claim that A is not integral and thus not finite over k[y1] or k[y2]. Recall from Corollary 5.15 that if

A ⊆ B is integral, then Spec(B) → Spec(A) is surjective. But the two projection Spec(A) → Spec(k[yi]) on
spectra (i = 1, 2) leave out the maximal ideal (yi) (see Figure 6.1).

The reason is the following: Observe that A ∼= k[Yi, Y −1
i ]. By Example 2.57, Spec(k[Yi, Y −1

i ]) = {(0)}⊔{(f) |
Yi ̸= f ∈ k[Yi] irreducible}. Thus the projection Spec(k[Yi, Y −1

i ])→ Spec(k[Yi]) leaves out (Yi).
We can circumvent this by applying the transformation we did in the proof of Noether normalisation 6.5.

Here, f = Y1Y2 − 1, so d = 2 and α = 3. The change of variables is Z1 = Y1 − Y 3
2 , which gives g =

(Z1 + Y 3
2 )Y2 − 1 = Y 4

2 + Z1Y2 − 1. Then the proof states that y2 and thus A is integral over k[z1] = k[y1 − y3
2 ].

Indeed, we have y4
2 + z1y2 − 1 = y4

2 + y1y2 − y4
2 − 1 = 0.

But Spec(A)→ Spec(k[y1 − y3
2 ]) is hard to draw and k[y1 − y3

2 ] ⊆ A is unnecessarily complicated. In fact,
k[z] ⊆ A with z = y1 − y2 is easier (see Figure 6.2). Indeed, y2

1 − zy1 − 1 = y2
2 + zy2 − 1 = 0, so y1 and y2 and

thus A are integral over k[z].

Spec(A)

(y1 − x1, y2 − x2)

Spec(k[y2])

Spec(k[y1])

(y2)

(y1)

−→

−→

Figure 6.1: Projection Spec(A)→ Spec(k[yi]) for algebraically closed k. Note that the generic point (0) is not
depicted in any of the spectra.

Spec(A)

(y1 − x1, y2 − x2)

Spec(k[y1 − y2])−→

Figure 6.2: Projection Spec(A)→ Spec(k[y1 − y2]) for algebraically closed k. Note that the generic point (0) is
not depicted in any of the spectra.

Remark 6.7. (From me.) We obtain Spec(A) for algebraically closed k in Figure 6.1 as follows: Similar
to Example 2.59, the non-zero ideals in Spec(k[Y1, Y2]) are (f) with irreducible f ∈ k[Y1, Y2] or maximal
(Y1 − x1, Y2 − x2) with x1, x2 ∈ k. By Example 2.57, Spec(A) consist of ideals in Spec(k[Y1, Y2]) containing
Y1Y2 − 1. Since Y1Y2 − 1 is already irreducible, the only such ideal of the form (f) is (Y1Y2 − 1), which
corresponds to (0) ⊆ A. For ideals (Y1−x1, Y2−x2) = m, we have Y2(Y1−x1)+x1(Y2−x2) = Y1Y2−x1x2 ∈ m.
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So if Y1Y2 − 1 ∈ m, then necessarily x1x2 = 1, for otherwise m would contain the unit x1x2 − 1. To summarise,

Spec(A) = {(0)} ⊔ {(y1 − x1, y2 − x2) | x1, x2 ∈ k, x1x2 = 1}.

Now an important result in classical algebraic geometry.

Theorem 6.8 (Hilbert’s Nullstellensatz). Let k be a field, let A be a finitely generated k-algebra, and
let m ⊆ A be a maximal ideal. Then A/m is a finite field extension of k.

Proof. Recall Proposition 5.12: If A ⊆ B is an integral ring extension, and if both A and B are integral
domains, then A is a field if and only if B is a field.

By assumption, A is finitely generated, so A/m is finitely generated as well. Namely, if A = k[y1, . . . , yn],
then A/m = k[ȳ1, . . . , ȳn] with ȳi := yi + m. By Noether normalisation 6.5, we find algebraically independent
x1, . . . , xm ∈ A/m such that A/m is finite over k[x1, . . . , xm]. In particular, by Corollary 5.8, A/m is integral
over k[x1, . . . , xm]. Both A/m and k[x1, . . . , xm] ∼= k[X1, . . . , Xm] are integral domains, and A/m is a field, so
k[x1, . . . , xm] is a field. Hence m = 0, and therefore A/m is finite over k.

Corollary 6.9. Let k be an algebraically closed field. Then every maximal ideal of k[X1, . . . , Xn] is of the
form mx = (X1 − x1, . . . , Xn − xn) for a unique tuple x = (x1, . . . , xn) ∈ kn. More precisely, x 7→ mx is a
bijection kn ∼= MaxSpec(k[X1, . . . , Xn]).

Proof. First we show uniqueness. If Xi − xi, Xi − x′
i ∈ m, then xi − x′

i ∈ m. Since m contains no units by
maximality, we must have xi − x′

i = 0.
Now we show the existence of x, given m. By Hilbert’s Nullstellensatz 6.8, k[X1, . . . , Xn]/m is a finite and

thus algebraic field extension of k. From [Sch, Thm. 5.41], we know that k[X1, . . . , Xn]/m ∼= k since k is already
algebraically closed. So m is the kernel of the map β−1 ◦ α in the following diagram:

k[X1, . . . , Xn] k[X1, . . . , Xn]/m

k

α

∼
β

Let xi = (β−1 ◦ α)(Xi) for i = 1, . . . , n. Then (β−1 ◦ α)(Xi − xi) = 0, hence m(x1,...,xn) is also the kernel.
Therefore m = m(x1,...,xn).

The bijection follows from the fact that for each x ∈ kn, the ideal mx is maximal in k[X1, . . . , Xn] because
k[X1, . . . , Xn]/mx ∼= k is a field.

6.2 Basic Applications Lect. 16
15.06.23

Now an application to polynomial equations.

Corollary 6.10 (weak Nullstellensatz). Let k be an algebraically closed field, let f1, . . . , fm ∈
k[X1, . . . , Xn] be arbitrary, and set A := k[X1, . . . , Xn]/(f1, . . . , fm). Then there exists a solution x ∈ kn
such that f1(x) = · · · = fm(x) = 0 if and only if A ≠ 0, i. e. 1 /∈ (f1, . . . , fm). Moreover, there exist infinitely
many solutions if and only if dimk(A) =∞ (or equivalently dim(A) > 0 for the Krull dimension).

Proof. By Corollary 6.9 and Remark 2.3, we have the bijections

{x ∈ kn | f1(x) = · · · = fm(x) = 0} ∼= {m ∈ MaxSpec(k[X1, . . . , Xn]) | (f1, . . . , fm) ⊆ m} ∼= MaxSpec(A).

(For the first bijection: Recall from Example 5.34 that we can characterise the maximal ideals mx = (X1 −
x1, . . . , Xn − xn) as the kernel of the evaluation map φx : k[X1, . . . , Xn]→ k, f 7→ f(x). Hence for any x ∈ kn,
fi(x) = 0 holds if and only if fi ∈ ker(φx) = mx.) Thus there exists a solution if and only if A ̸= 0 (Krull’s
theorem 2.18).

For the second statement, A is finitely generated, so we can apply Noether normalisation 6.5 to find
algebraically independent z1, . . . , zd ∈ A such that A is finite over k[z1, . . . , zd]. Since k[z1, . . . , zd] is a k-vector
subspace of A, if dimk(A) <∞, then dimk(k[z1, . . . , zd]) <∞. Conversely, if dimk(k[z1, . . . , zd]) <∞, then this
polynomial ring admits a finite k-basis, and since k[z1, . . . , zd] ⊆ A is finite, dimk(A) <∞ as well. To summarise,
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dimk(A) =∞ if and only if dimk(k[z1, . . . , zd]) =∞. But as a polynomial ring, dimk(k[z1, . . . , zd]) =∞ if and
only if d ≥ 1.

By Corollary 6.9, we have MaxSpec(k[z1, . . . , zd]) ∼= kd, which is infinite if and only if d ≥ 1. Since
k[z1, . . . , zd] ⊆ A is finite, it is also integral due to Corollary 5.8. By Corollary 5.15 and Exercise 8.43,
Spec(A) ↠ Spec(k[z1, . . . , zd]) is surjective with finite fibres. This induces a surjection on maximal spectra, so
MaxSpec(k[z1, . . . , zd]) is infinite if and only if MaxSpec(A) is infinite. Recall that MaxSpec(A) corresponds
to the solutions.

(We will later see in Theorem 6.33 that dim(k[z1, . . . , zd]) = d for the Krull dimension, so d ≥ 1 if and only
if dim(A) = dim(k[z1, . . . , zd]) = d ≥ 1 by Corollary 5.17.)

Another classical result, which exemplifies the usage of algebra for geometric problems.

Proposition 6.11 (Bézout’s theorem). Let k be an algebraically closed field, and let f, g ∈ k[X,Y ] be of
degrees deg(f) = n and deg(g) = m. Set S := {(x, y) ∈ k2 | f(x, y) = g(x, y) = 0} as their solution set, and
set A := k[X,Y ]/(f, g). Then the following hold:

(i) S is infinite if and only if f and g have a common non-trivial factor.

(ii) If S is finite, then |S| ≤ dimk(A) ≤ nm.

Proof.

(i) f and g have a common non-constant factor h ∈ k[X,Y ] if and only if there exists a height 1 prime
ideal p ⊆ k[X,Y ] such that f, g ∈ p (concretely, p = (h0) for an irreducible factor h0 | h). This is
equivalent to dim(A) ≥ 1 for the Krull dimension.
There exist algebraically independent z1, . . . , zd ∈ A such that k[z1, . . . , zd] ⊆ A is finite and thus
integral by Noether normalisation 6.5, so Corollary 5.17 says that the above reads as dim(k[z1, . . . , zd]) =
dim(A) ≥ 1, which is equivalent to d ≥ 1. By the same arguments as in the proof of Corollary 6.10,
d ≥ 1 if and only if MaxSpec(A) ∼= S is infinite.

(ii) If S is finite, then f and g have no common non-trivial factor by the above. Suppose that af = bg for
some a, b ∈ k[X,Y ]. As f and g have no common non-trivial factor, it follows that f | b and g | a, i. e.
b = fb′ and a = ga′ for certain a′, b′ ∈ k[X,Y ]. We obtain fg(a′ − b′) = 0, which implies a′ = b′ (note
that k[X,Y ] is an integral domain).
In other words, if we write R := k[X,Y ], then we have the following short exact sequence of R-modules:

0 R R⊕2 (f, g) 0
(−g
f

)
( f g ) (6.12)

(Exactness in (f, g) is clear. We just showed ker(( f g )) ⊆ im(
(−g
f

)
). The converse inclusion is obvious.)

Let Rd := {h ∈ R | deg(h) ≤ d}. By Noether’s isomorphism theorem and by the rank-nullity theorem,
we have

dimk((Rd + (f, g))/(f, g)) = dimk(Rd/(Rd ∩ (f, g))) = dimk(Rd)− dimk(Rd ∩ (f, g)).

Observe that since dimk(A) <∞ by (i), we can bound dimk(A) by the above dimensions for sufficiently
large d. Assume that d ≥ n+m as well, so that d− n, d−m ≥ 0. Then

dimk(Rd ∩ (f, g)) ≥ dimk(im(
(
f g

)
: Rd−n ×Rd−m → Rd))

= dimk(Rd−n ×Rd−m)− dimk(ker(
(
f g

)
) ∩Rd−n ×Rd−m).

The inequality follows since the image is a subspace of Rd ∩ (f, g). The equality follows from the
rank-nullity theorem. By exactness of (6.12), we have

ker(
(
f g

)
) ∩Rd−n ×Rd−m = im

((
−g
f

))
∩Rd−n ×Rd−m ∼= Rd−n−m.
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The isomorphism follows since
(−g
f

)
is injective. (For all h ∈ Rd−n−m, we have deg(−gh) ≤ d− n and

deg(fh) ≤ d−m.) Furthermore, dimk(Rd−n ×Rd−m) = dimk(Rd−n) + dimk(Rd−m). Now note that a
k-basis of Rd is given by all monic monomials and 1, thus

dimk(Rd) = 1 + 2 + · · ·+ (d+ 1) = (d+ 1)(d+ 2)
2 =: s(d),

whence
dimk(A) ≤ s(d)− s(d− n)− s(d−m) + s(d− n−m) = nm.

By Corollary 6.9 and by the proof of Exercise 8.7, we have |S| = |MaxSpec(A)| ≤ |Spec(A)| ≤ dimk(A)
for finite-dimensional A.

Remark 6.13. This can be generalised in algebraic intersection theory: Let f1, . . . , fn ∈ k[X1, . . . , Xn] such that
S := {x ∈ kn | f1(x) = · · · = fn(x) = 0} is finite. Then

|S| ≤ dimk(k[X1, . . . , Xn]/(f1, . . . , fn)) ≤ deg(f1) · · · deg(fn).

6.3 Algebraic Sets and Ideals

Definition 6.14. Let k be an algebraically closed field. A subset Z ⊆ kn is algebraic if there exists a subset
S ⊆ k[X1, . . . , Xn] such that Z = {x ∈ kn | f(x) = 0 for all f ∈ S}. We call Z(S) := Z the vanishing set
of S.

Observation 6.15. The algebraic subsets of kn form the closed sets of a topology on kn, the so-called
Zariski topology.

Recall: The axioms of a topological space X are the following: ∅ and X are closed. For closed sets
Zi ⊆ X with i ∈ I, their intersection

⋂
i∈I Zi is closed. For closed sets Z1, Z2 ⊆ X, their union Z1 ∪ Z2 is

closed.

(i) ∅ and kn are algebraic because ∅ = Z(1) and kn = Z(0). Hence they are closed.

(ii) We easily see that
⋂
i∈I Z(Si) = Z(

⋃
i∈I Si). Hence

⋂
i∈I Z(Si) is algebraic, and hence closed.

(iii) We show that Z(S)∪Z(T ) = Z({st | s ∈ S, t ∈ T}). It is clear that Z(S)∪Z(T ) is contained in the
right-hand side.
Conversely, suppose there exists some x ∈ Z({st | s ∈ S, t ∈ T}) with x /∈ Z(S), i. e. there is some
s0 ∈ S such that s0(x) ̸= 0. By assumption, (s0t)(x) = 0 for all t ∈ T . This is only possible if
t(x) = 0 for all t ∈ T as k is an integral domain, so x ∈ Z(T ).
Therefore Z(S) ∪ Z(T ) is algebraic and thus closed.

We observe that Z(S) = Z((S)), i. e. the vanishing set depends only on ideals.

Remark 6.16. (From me.) In fact, we also have Z(a) ∪ Z(b) = Z(a ∩ b) for ideals a, b ⊆ k[X1, . . . , Xn]. Reason
being that ab ⊆ a ∩ b ⊆ a, b, so Z(a) ∪ Z(b) ⊆ Z(a ∩ b) ⊆ Z(ab).

Definition 6.17. Let k be an algebraically closed field. Given Y ⊆ kn, we define the vanishing ideal as
I(Y ) := {f ∈ k[X1, . . . , Xn] | f(y) = 0 for all y ∈ Y }.

Remark 6.18. As k is reduced, we have fn ∈ I(Y ) if and only if f ∈ I(Y ).

Definition 6.19. An ideal a of any ring A is radical if fn ∈ a implies f ∈ a for all f ∈ A. This is equivalent
to A/a being reduced.

For any ideal a ⊆ A, we define the radical of a to be
√
a := {f ∈ A | fn ∈ a for some n ≥ 0}.

Remark 6.20. (From me.) The radical
√
a is again an ideal. The proof is very similar to the proof that nil(A)

is an ideal, see Proposition 1.23.
Furthermore,

√
a is radical. If fn ∈

√
a, then fnm for some m ≥ 0, hence f ∈

√
a.
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Remark 6.21. The following hold true:

(i) Z(a) = Z(
√
a) and a ⊆

√
a ⊆ I(Z(a)) for all a ⊆ k[X1, . . . , Xn].

Proof: Since a ⊆
√
a, we have Z(

√
a) ⊆ Z(a). Conversely, let x ∈ Z(a). For each f ∈

√
a, there is

some n ≥ 0 such that fn ∈ a. Thus by assumption, f(x)n = 0, and, as k is reduced, f(x) = 0, i. e.
x ∈ Z(

√
a).

For the other statement, observe that in general, b ⊆ I(Z(b)) for all ideals b ⊆ k[X1, . . . , Xn] (for all
x ∈ Z(b) and f ∈ b, we have f(x) = 0). Thus

√
a ⊆ I(Z(

√
a)) = I(V (a)).

(ii) I(Y ) = I(Y ) and Y ⊆ Y ⊆ Z(I(Y )) for all subsets Y ⊆ kn, where Y is the closure w. r. t. the Zariski
topology, i. e. the smallest algebraic set containing Y .
Proof: Since Y ⊆ Y , we have I(Y ) ⊆ I(Y ). Conversely, let f ∈ I(Y ). By assumption, we have
Y ⊆ Z(f), and by minimality of Y , we have Y ⊆ Z(f). Thus f ∈ I(Y ).
For the other statement, observe that in general, S ⊆ Z(I(S)) for all subsets S ⊆ kn (for all f ∈ I(S)
and x ∈ S, we have f(x) = 0). Thus Y ⊆ Z(I(Y )) = Z(I(Y )).

Remark 6.22. The Zariski topology on Cn is coarser then the standard Euclidean topology. We have Y Euclidean ⊆
Y

Zariski, which is usually strict.
E. g. for n = 1, consider Y = Z ⊂ C. Then Y = Y

Euclidean ⊂ Y
Zariski = C (there is no polynomial which

has infinitely many roots).
The following version for algebraically closed fields in the language of algebraic geometry is also known as

Hilbert’s Nullstellensatz.

Theorem 6.23 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field. Then Z and I define
mutually inverse bijections between algebraic subsets of kn and radical ideals in k[X1, . . . , Xn] via Z 7→ I(Z)
and Z(a) 7→a. More generally, we have Z(I(Z)) = Z for all algebraic subsets Z ⊆ kn, and I(Z(a)) =

√
a

for all ideals a ⊆ k[X1, . . . , Xn].

Proof. Abbreviate R := k[X1, . . . , Xn]. We claim that
√
a = I(Z(a)) for all ideals a ⊆ R. We know

√
a ⊆ I(Z(a))

from Remark 6.21 already.
For the converse inclusion, let g ∈ I(Z(a)). Since R is noetherian (Corollary 3.31), we can write a =

(f1, . . . , fm). Now consider b := (f1, . . . , fm, Xg − 1) ⊆ R[X]. Let x ∈ Z(a), i. e. f1(x) = · · · = fm(x) = 0. By
assumption, we have g(x) = 0, so yg(x)− 1 ̸= 0 for all y ∈ k. Therefore {f1, . . . , fm, Xg − 1} have no common
solution in kn+1. Corollary 6.10 implies that b = R[X], and hence we can write 1 = a1f1+· · ·+amfm+a(Xg−1)
for suitable ai, a ∈ R[X].

Passing to Quot(R[X]), set Y := 1
X as a variable, i. e. Y X = 1. Multiplying the above equation by Y N for

large enough N , we obtain Y N = c1f1 + · · ·+ cmfm + c(g − Y ) with ci, c ∈ R[Y ]. Note that this equation does
not contain the variable X anymore. Specialising along R[Y ]→ R, Y 7→ g gives gn = c̄1f1 + · · ·+ c̄mfm + 0 ∈ a,
where c̄i = ci(X1, . . . , Xn, g) ∈ R. This shows g ∈

√
a, finishing the claim.

The claim implies that a 7→ Z(a) is injective on radical ideals. Surjectivity follows from Remark 6.21,
namely

√
c 7→Z(c) = Z(

√
c) for any ideal c ⊆ R. Hence this map is a bijection, and the claim further implies

that I is its inverse.

The implications are immense: We can translate any geometric problem about a system of polynomials into
the language of commutative algebra without loosing any information.
Remark 6.24. Recall from Proposition 2.22 that for any ring A ̸= 0, we have

√
(0) = nil(A) =

⋂
p∈Spec(A) p.

Passing to A/a, we obtain √
a/a = nil(A/a) =

⋂
p̄∈Spec(A/a)

p̄.

Lifting to A again gives √
a =

⋂
a⊆p∈Spec(A)

p

since f̄ ∈ A/a is nilpotent if and only if f ∈
√
a, and the bijection in the proof of Corollary 1.29 commutes

with intersections.
Hilbert’s Nullstellensatz is closely related to the following.
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−1 1 1

Figure 6.3: Algebraic sets Z(Y 2 −X3 −X) (left) and Z(Y 2 −X3) (right). These correspond to the radical
ideals (Y 2 −X3 −X) and (Y 2 −X3) in C[X,Y ], resp.

Theorem 6.25. Let k be any field, and let A be a finitely generated k-algebra. Then for all ideals a ⊆ A,
we have √

a =
⋂

a⊆m∈MaxSpec(A)

m. (6.26)

Any ring with the property (6.26) is called a Jacobson ring.

Proof. We will prove this only for A = k[X1, . . . , Xn] with algebraically closed k. For a general proof, see [Sta,
00G1].

Suppose that f ∈
√
a. Then fn ∈ a ⊆ m for some n ≥ 0. Since maximal ideals are prime, we immediately

obtain f ∈ m. Hence
√
a is contained in the right-hand side.

Conversely, let f be an element of the right-hand side. By Corollary 6.9, every maximal ideal m ⊂ A
with a ⊆ m is of the form m = (X1 − x1, . . . , Xn − xn) with (x1, . . . , xn) ∈ Z(a) (every polynomial in a has
(x1, . . . , xn) as a root). Hence f ∈ I(Z(a)). In the proof of the earlier Hilbert’s Nullstellensatz 6.23, we have
seen that

√
a = I(Z(a)), so the right-hand side is contained in

√
a.

Remark 6.27. Note that p = √p for all prime ideals p ⊂ A, so

p =
⋂

p⊆m∈MaxSpec(A)

m.

In fact, if A fulfils this property, then A is Jacobson. This follows from the fact that
√
a =

⋂
a⊆p∈Spec(A)

p

for all ideals a ⊂ A.
(From me.) If f ∈

√
a, then fn ∈ a for some n ≥ 0. For all prime ideals p with a ⊆ p, we have fn ∈ p, and

by the prime ideal property, f ∈ p for all p.
Conversely, if f /∈ a, then fn /∈ a for all n ≥ 0. If we consider a consider any prime ideal p̃ ⊂ A[f−1]

containing aA[f−1] (which exists by Theorem 2.18), then by taking the preimage along A → A[f−1], this
corresponds to a prime ideal p ⊂ A with fn /∈ p for all n ≥ 0 (see Proposition 2.55). In particular, f /∈ p.
Example 6.28. A = k[[X1, . . . , Xn]] is a local ring with maximal ideal (X1, . . . , Xn), see Exercise 8.3. But A is
not Jacobson, e. g. 0 = nil(A) ̸= jac(A) = (X1, . . . , Xn).

6.4 Motivation for the Krull Dimension Lect. 17
19.06.23

Recall: The (Krull) dimension dim(A) of a ring A is the supremum over all n ≥ 0 such that there exists a chain
of prime ideals p0 ⊂ p1 ⊂ · · · ⊂ pn ⊆ A.

This notion is interesting for two reasons:
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(i) From a technical point of view, we have a natural number over which we can induct.

(ii) The dimension provides intuition for arithmetic in a ring.

Here an example for the second point. The following is a consequence of Krull’s principal ideal theorem,
which we will later prove for finite type algebras over algebraically closed fields.

Theorem 6.29. Let A be a noetherian integral domain with dim(A) = n <∞. Let f1, . . . , fm ∈ A be such
that B := A/(f1, . . . , fm) ̸= 0. Then dim(B) ≥ n−m.

Remark 6.30. (From me.) Krull’s theorem actually states the following: Let A be any noetherian ring (not only
those with dim(A) <∞), and let (f) ⊂ A be a proper principal ideal. Then each minimal prime ideal p ⊂ A
containing (f) has height ht(p) ≤ 1.

Or more general, which can be proved by induction: Let (f1, . . . , fm) ⊂ A be a proper ideal. Then each
minimal prime ideal p ⊂ A containing (f1, . . . , fm) has height ht(p) ≤ m. So how does this imply the statement?

Recall that there is a bijection between prime ideals in A containing (f1, . . . , fm) and prime ideals in B.
Every proper chain of prime ideals in B of maximal length must start with a minimal prime ideal in B, where
the latter corresponds to a minimal prime ideal in A above (f1, . . . , fm). Thus taking the image in B of a longest
proper chain of prime ideals in A cuts of at most m prime ideals at the beginning, and so dim(B) ≥ n−m.

The intuition is that given n variables and m equations, if the solution set is non-empty, then its dimension
is at least n−m.
Example 6.31. Are there f1, f2, f3 ∈ C[X1, . . . , X4] such that Z(f1, f2, f3) = {pt} ⊆ C4? The answer is no.

Let us assume that dim(C[X1, . . . , Xn]) = n is true, which we will show in a minute (Theorem 6.33). Put
A := C[X1, . . . , X4]/(f1, f2, f3). Then by Krull’s theorem, dim(A) ≥ 1 whenever A ̸= 0. So Corollary 6.10 says
that there are infinitely many solutions, i. e. Z(f1, f2, f3) is infinite, and not only just one point.

Another motivation is the implicit function theorem: If f : (f1, . . . , fm) : Rn → Rm is a continuously
differentiable multivariate function such that x ∈ f−1(0) and such that the Jacobian (∂fi/∂xj)ij(x) has
rank m, then a neighbourhood of x ∈ f−1(0) is homeomorphic to an open subset of Rn−m. In particular,
dimx(f−1(0)) = n−m, i. e. f−1(0) is locally at x a (n−m)-dimensional submanifold.
Example 6.32. Beware: The picture in R may be deceiving (R is not algebraically closed)!

Consider for example X2 + Y 2 = 0. Then (0, 0) ∈ R2 is the only solution over R. But over C, we have
X2 + Y 2 = (X − iY )(X + iY ) in C[X,Y ], and thus Z(X2 + Y 2) = {(x, ix), (x,−ix) ∈ C2 | x ∈ C} is a union of
two one-dimensional C-vector spaces.

6.5 Dimension of k[X1, . . . , Xn]

Theorem 6.33. Let k be a field, and let Rn := k[X1, . . . , Xn]. Then dim(Rn) = n.

Proof. Consider the chain of ideals (0) ⊂ (X1) ⊂ (X1, X2) ⊂ · · · ⊂ (X1, . . . , Xn). These are all prime, since
Rn/(X1, . . . , Xr) ∼= k[Xr+1, . . . , Xn] is an integral domain. Thus we have a proper chain of prime ideals of
length n, so dim(Rn) ≥ n. It remains to show that dim(Rn) ≤ n.

We perform induction over n. The statement is clear for n = 0, 1: In these cases, R0 = k is a field and
R1 = k[X1] is a principal ideal domain, so dim(R0) = 0 and dim(R1) = 1, resp. So assume that n ≥ 2. Let
(0) ⊂ p1 ⊂ · · · ⊂ pm be a chain of m prime ideals in Rn. We want to show m ≤ n.

Pick any 0 ̸= f ∈ p1. As Rn is a unique factorisation domain (cf. Gauss’s lemma) and p1 is prime, there
exists a prime factor p | f such that p ∈ p1. W. l. o. g. assume that p1 = (p), as otherwise we can simply extend
the chain to (0) ⊂ (p) ⊂ p1 ⊂ · · ·, and we proceed with the new chain.

Now we use the same technique as during the proof of Noether normalisation 6.5: Let d := deg(p), and
let α := d + 1. Then we have the change of variables k[Z1, . . . , Zn−1, Xn] ∼= Rn via Zi := Xi − Xαi

n for
i = 1, . . . , n− 1. Under this transformation, p becomes

p(Z1 +Xα
n , Z2 +Xα2

n , . . . , Zn−1 +Xαn−1

n , Xn) = cXN
n +

N−1∑
k=0

hk(Z1, . . . , Zn−1)Xk
n

for appropriate c ∈ k×, N ∈ Z≥0 and h0, . . . , hN−1 ∈ k[Z1, . . . , Zn−1].
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Recall from Example 1.14 that if f = uT k + · · · ∈ A[T ] with u ∈ A×, then A[T ]/(f) ∼=
⊕k−1

i=0 A(T i + (f))
as abelian groups, so A → A[T ]/(f) is injective and finite if k ≥ 1. Thus we see that k[Z1, . . . , Zn−1] →
k[Z1, . . . , Zn−1][Xn]/(p) = Rn/(p) is injective, finite and, by Corollary 5.8, integral.

From the induction hypothesis, we know that dim(k[Z1, . . . , Zn−1]) = n− 1. By Corollary 5.17, we have
dim(Rn/(p)) = dim(k[Z1, . . . , Zn−1]) = n − 1 as well. This gives the chain of prime ideals (0) = (p)/(p) ⊂
p2/(p) ⊂ · · · ⊂ pm/(p) ⊆ Rn/(p) of length m− 1. This chain is proper since Rn → Rn/(p) is surjective. Hence
m ≤ n.

Corollary 6.34. Let A be a finitely generated k-algebra. Let x1, . . . , xd ∈ A be algebraically independent
over k such that k[x1, . . . , xd] ⊆ A is finite (this is Noether normalisation 6.5). Then dim(A) = d, implying
that d is uniquely determined.

Proof. Using Corollary 5.17, we have d = dim(k[x1, . . . , xd]) = dim(A).

Example 6.35. Consider A = k[X1, X2, X3]/X3(X1−X2, X1−X3). Let xi be the image of Xi in A for i = 1, 2, 3.
We claim that x1 and x2 are algebraically independent, and that k[x1, x2] ⊆ A is finite.

The images of x1 and x2 along A↠ A/(x3) ∼= k[X1, X2, X3]/(X3) ∼= k[X1, X2] are X1 and X2, resp. Since
the images of x1 and x2 are obviously algebraically independent, x1 and x2 must be algebraically independent
over k (if x1 and x2 satisfy a non-trivial algebraic relation over k, the k-algebra map A↠ k[X1, X2] retains that
non-trivial relation). For finiteness, observe that x3 is integral over k[x1, x2] since x2

3−x1x3 = −x3(x1−x3) = 0.
Thus by Proposition 5.7, k[x1, x2][x3] ∼= A is finite over k[x1, x2].

Thus dim(A) = 2. Geometrically speaking for k = C (see Figure 6.4), the C-dimension of each so-called
irreducible component of Z(A), in this case the plane Z(X3) and the line Z(X1 −X3, X2 −X3), cannot exceed
dim(A).

Z(X3)

MaxSpec(A) Z(X1 −X3, X2 −X3)

p12

MaxSpec(k[x1, x2])

Figure 6.4: Maximal spectra map p12 : MaxSpec(A)→ MaxSpec(k[x1, x2]), induced by the inclusion
k[x1, x2] ↪→ A. Each maximal spectrum stands in bijection to the solution set of a system of polynomial

equations. For A, the equations are X3(X1 −X2) and X3(X1 −X3). For k[x1, x2], there are no equations.

The following is a special case of Krull’s principal ideal theorem.

Corollary 6.36. Let k be a field, and let Rn := k[X1, . . . , Xn]. Let f ∈ Rn \k be a non-constant polynomial.
Then dim(Rn/(f)) = n− 1.

Proof. The change of variables argument from the proof of the theorem can be applied directly to f instead
of p. This yields a finite and thus integral ring extension Rn−1 ⊆ Rn/(f). By Corollary 5.17, we obtain
dim(Rn/(f)) = dim(Rn−1) = n− 1.

6.6 Relation with Transcendence Degree
This subsection is partly based upon [Bos, ch. 7.1].

Definition 6.37. Let L/K be a field extension. A tuple (xi)i∈I of elements in L is a transcendence basis
of L if (xi)i∈I are algebraically independent, and if L/K(xi, i ∈ I) is an algebraic field extension.

83



6.6 Relation with Transcendence Degree Algebra I – Commutative Algebra

Recall: K(xi, i ∈ I) denotes the smallest intermediate field of L/K containing the xi, i. e.

K(xi, i ∈ I) :=
⋂

K⊆M⊆L
xi∈M for all i

M.

Example 6.38. The elements X1, . . . , Xn ∈ k(X1, . . . , Xn) form a transcendence basis for k(X1, . . . , Xn)/k
because k(X1, . . . , Xn)/k(X1, . . . , Xn) is trivially algebraic.

Lemma 6.39. Let L/K be a field extension. Let Y ⊆ L be any subset that only consist of over K
algebraically independent elements. Let X ⊆ L be a subset such that L/K(X ) is an algebraic field extension.
Then there exists a subset Z ⊆ X such that Y ∪ Z is a transcendence basis for L/K.

Proof. We apply Zorn’s lemma to

Σ := {Z ⊆ X | Y ∪ Z algebraically independent over K}

w. r. t. the inclusion of sets.
We have Σ ̸= ∅ since ∅ ∈ Σ by assumption. Let C ⊆ Σ is a chain, i. e. Z1 ⊆ Z2 or Z2 ⊆ Z1 for

all Z1,Z2 ∈ C. Then C :=
⋃

Z∈C Z ∈ Σ is an upper bound of C since any algebraic dependence relation
(polynomial) over K of elements in Y ∪ C only involves finitely many elements, and thus occurs already for
Y ∪ Z for some Z ∈ C.

By Zorn’s lemma, a maximal element Z ∈ Σ exists. Y ∪ Z is algebraically independent. If L would not
be algebraic over K(Y ∪ Z), then K(Y ∪ X ) must not be algebraic over K(Y ∪ Z) since L/K(X ) and thus
L/K(Y ∪ X ) are algebraic (cf. [Sch, Cor. 3.9]). So there is some x ∈ X \ Z that is transcendental. But then
Y ∪ Z ∪ {x} is algebraically independent, contradicting the maximality of Z. Thus Y ∪ Z is a transcendence
basis.

Corollary 6.40.

(i) Transcendence basis exist.

(ii) All transcendence basis have the same cardinality.

Proof. Let L/K be a field extension.
(i) We apply Lemma 6.39 to Y = ∅ and X = L.

(ii) We prove the theorem for finite basis: Let X = (x1, . . . , xn) and Y be two transcendence basis of L/K.
We show that |Y| = n by induction on n.
If n = 0, then L/K as well as K(Y)/K are algebraic. Since Y is algebraically independent over K, we
must have Y = ∅.
If n ≥ 1, then L/K is not algebraic, and K(Y)/K is not algebraic since L/K(Y) is algebraic. So there
must exist some y ∈ Y. Applying Lemma 6.39 to {y} and X , we obtain a transcendence basis of
the form (y, xi1 , . . . , xim) with (pairwise different) xij ∈ X . Observe that m < n since y is algebraic
over K(X ), and otherwise {y} ∪ X is not algebraically independent over K.
Now Y \ {y} and (xi1 , . . . , xim) are transcendence bases for L/K(y) (L is obviously algebraic over K(y)
adjoin any of the two basis; if there would be a non-trivial algebraic dependence relation of one of
the two basis over K(y), then this would be a non-trivial dependence relation of Y or (y, xi1 , . . . , xim)
over K, a contradiction). By induction, we have |Y \ {y}| = m, hence |Y| ≤ |X |. In particular, Y is
finite, so we can repeat the same argument with X and Y interchanged in order to obtain |X | ≤ |Y|.
(From [Sta, 030F].) For the infinite case, let X and Y be two infinite transcendental basis of L/K. Then
for each x ∈ X , there is a finite subset Yx ⊆ Y such that x is algebraic over K(Yx) because L/K(Y) is
algebraic and any algebraic dependence relation involves only finitely many elements.
Let Ȳ :=

⋃
x∈X Yx ⊆ Y. By construction, K(X ) is algebraic over K(Ȳ). Suppose that there exists

some y ∈ Y \ Ȳ. Then y is algebraic over K(X ) and hence over K(Y), which contradicts the fact that
Y is algebraically independent over K. Therefore Y = Ȳ.
With facts from set-theory (this involves the axiom of choice), we obtain |Y| = |

⋃
x∈X Yx| ≤ |X | since

the Yx are finite and X is infinite. Repeating the same argument with X and Y interchanged gives
|X | ≤ |Y|.
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Definition 6.41. Let L/K be a field extension. We define the transcendence degree tr.deg(L/K) as the
cardinality of any transcendence basis of L/K.

Remark 6.42. Let M/L/K be field extensions. Then

tr.deg(M/L) + tr.deg(L/K) = tr.deg(M/K).

To proof this, let X ⊆ L be a transcendence basis of L/K, and let Y ⊆M be a transcendence basis of M/L.
Since Y is algebraically independent over L, we must have Y ∩ L = ∅. Thus X and Y are disjoint.

We now check that X ⊔ Y is a transcendence basis of M/K, finishing the proof. We know that M/L(Y)
and L/K(X ) are algebraic, so M is algebraic over K(X )(Y) = K(X ⊔ Y). Furthermore, Y is algebraically
independent over L, and X is algebraically independent over K. If we interpret any algebraic dependence
relation of X ⊔ Y over K as one of Y over K(X ) ⊆ L, then the coefficients in terms of Y in this relation are 0.
Hence these coefficients are algebraic dependence relations of X over K, so they must be trivial as well. Thus
X ⊔ Y is algebraically independent over K.

Corollary 6.43. Let A be a finitely generated k-algebra that is an integral domain. Then dim(A) =
tr.deg(Quot(A)/k).

Proof. Let k[x1, . . . , xd] ⊆ A be finite with algebraically independent x1, . . . , xd as in Noether normalisation 6.5.
By Corollary 6.34, we have dim(A) = d.

Recall from Proposition 5.10 that if B ⊆ C is integral and S ⊆ B is a multiplicative subset, then
S−1B ⊆ S−1C is integral. The same holds for replacing integral by finite since taking scalar extensions are
right-exact (tensor B⊕m ↠ C with S−1B and use Remark 4.38).

Thus Quot(k[x1, . . . , xd]) ⊆ (k[x1, . . . , xd] \ {0})−1A is finite. As the right-hand side is an integral domain
and the left-hand side is a field, then, by Proposition 5.12, the right-hand side must be a field as well. The
only field containing A and generated by A is Quot(A), so the right-hand side is Quot(A). In conclusion,
Quot(A)/k(x1, . . . , xd) is a finite and hence algebraic field extension. So (x1, . . . , xd) is a transcendence basis
of Quot(A)/k, and thus tr.deg(Quot(A)/k) = d = dim(A).

6.7 Irreducible Components and Minimal Prime Ideals Lect. 18
22.06.23

Recall: Let k be algebraically closed, and let Rn := k[X1, . . . , Xn]. If Z ⊆ kn is an algebraic set, then there
exists an ideal a ⊆ Rn such that Z = Z(a). Hilbert’s Nullstellensatz 6.23 says that there is a bijection between
algebraic sets and radical ideals via Z 7→ I(Z) and Z(a) 7→ a.

Definition 6.44. Let k be an algebraically closed field. An algebraic set Z ⊆ kn is irreducible if
Z = Z1 ∪ Z2 implies Z = Z1 or Z = Z2 for any algebraic Z1, Z2 ⊆ kn.

This has a striking similarity to the prime ideal property!

Proposition 6.45. An algebraic set Z ⊆ kn is irreducible if and only if I(Z) ⊆ k[X1, . . . , Xn] is a prime
ideal.

Proof. Exercise 8.48.

Proposition 6.46. Suppose that Z ⊆ kn is an algebraic set. Then there are finitely many irreducible
algebraic sets Z1, . . . , Zn ⊆ kn such that Z = Z1 ∪ · · · ∪ Zr.

Proof. We show this by way of contradiction. This strategy is called noetherian induction since we use the
fact that k[X1, . . . , Xn] is noetherian (Corollary 3.31).

Assume that Z cannot be written as such a finite union of irreducible algebraic sets. In particular, Z itself is
not irreducible, i. e. there exists algebraic Z1, Z2 ⊆ kn such that Z = Z1 ∪ Z2, but Z ̸= Z1, Z2 and ∅ ̸= Z1, Z2
By assumption, one out of Z1 or Z2 cannot be written as a finite union of irreducible algebraic sets.

We can continue recursively to construct a strictly descending chain Z ⊃ Z(1) ⊃ Z(2) ⊃ · · · By Hilbert’s
Nullstellensatz 6.23, the chain I(Z) ⊂ I(Z(1)) ⊂ I(Z(2)) ⊂ · · · is an infinite strictly ascending chain of radical
ideals. This contradicts the fact that k[X1, . . . , Xn] is noetherian.
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Corollary 6.47. Let k be an algebraically closed field. Every radical ideal a ⊆ k[X1, . . . , Xn] is a finite
intersection of prime ideals.

Proof. By Proposition 6.46, we can write Z(a) = Z1 ∪ · · · ∪ Zr as a finite union of irreducible algebraic
sets. Observe that I(Z1 ∪ · · · ∪ Zr) = I(Z1) ∩ · · · ∩ I(Zr) (this is dual to Observation 6.15). Then Hilbert’s
Nullstellensatz 6.23 implies a = I(Z(a)) = I(Z1) ∩ · · · ∩ I(Zr). By Proposition 6.45, the I(Zi) are prime.

Example 6.48. Consider the algebraic set (see Figure 6.5)

Z(Y −X3 +X) ∪ Z(X − Y 2) ∪ Z(Y,X − 3)
= Z((Y −X3 +X)(X − Y 2)Y, (Y −X3 +X)(X − Y 2)(X − 3)).

This is a union of irreducible algebraic sets. For example, Z(X − Y 2) cannot be decomposed because any
proper algebraic subset of it must be a point.

Figure 6.5: Algebraic set Z(Y −X3 +X) ∪ Z(X − Y 2) ∪ Z(Y,X − 3).

Definition 6.49. An irreducible component of an algebraic set Z ⊆ kn is an irreducible algebraic subset
Y ⊆ Z that is maximal in the following sense: If Y ′ ⊆ Z is an irreducible algebraic subset with Y ⊆ Y ′,
then Y = Y ′ already.

Proposition 6.50. Let Z ⊆ kn be an algebraic set, and let C be the set of all irreducible components of Z.
Then C is finite, and Z =

⋃
Y ∈C Y .

Proof. Let Z = Z1∪· · ·∪Zr be any expression as a finite union of irreducible algebraic sets, see Proposition 6.46.
W. l. o. g. we can assume that Zi ⊈ Zj for all i ̸= j; otherwise Zj simply absorbs Zi. If we show that
C = {Z1, . . . , Zr}, then we are done.

Let Y ∈ C be an irreducible component of Z. By De Morgan’s laws, we have Y = Y ∩ Z = (Y ∩ Z1) ∪ · · · ∪
(Y ∩ Zr). But Y is irreducible, so Y = Y ∩ Zi for some i, and thus Y ⊆ Zi. Additionally, Y is maximally
irreducible, and since Zi is irreducible, we must have Y = Zi.

Conversely, consider any Zi. Assume that Y ′ ⊆ Z is an irreducible algebraic set with Zi ⊆ Y ′. By the same
argument as before, we have Y ′ ⊆ Zj for some j, and hence Zi ⊆ Zj . Then our assumption on the Zi implies
i = j, which gives Zi ⊆ Y ′ ⊆ Zj = Zi, i. e. Y ′ = Zi. Therefore Zi is an irreducible component, and Zi ∈ C.

Corollary 6.51. Let k be an algebraically closed field, and let A be a finitely generated k-algebra. Then A
has only finitely many minimal prime ideals.

Proof. Recall that every prime ideal contains nil(A) (Proposition 2.22), hence we have an (inclusion preserving)
bijection Spec(A) ∼= Spec(A/nil(A)). So w. l. o. g., assume that A is reduced (according to Proposition 1.23,
A/nil(A) is reduced).
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As A is finitely generated, we can chose any presentation A ∼= k[X1, . . . , Xn]/a. Since A is reduced, f̄n = 0
in k[X1, . . . , Xn]/a implies f̄ = 0, which is the same as saying that fn ∈ a implies f ∈ a. In other words,
a ⊆ k[X1, . . . , Xn] is radical. Hence, by Hilbert’s Nullstellensatz 6.23, there is an algebraic set Z ⊆ kn such
that a = I(Z).

Combining Example 2.14, Hilbert’s Nullstellensatz 6.23 and Proposition 6.45 gives the bijections

{minimal prime ideals of A} ↔ {minimal prime ideals of k[X1, . . . , Xn] containing a}
↔ {maximal irreducible algebraic subsets of Z}
= {irreducible components of Z}.

(Recall that applying I or Z inverts inclusion relationships.) The set of all irreducible components of Z is
finite.

Remark 6.52. The proof of Hilbert’s Nullstellensatz 6.23 used the clever trick of localising a particular ring
at a newly introduced variable. The above argument would be quite difficult to perform purely algebraically;
Hilbert’s Nullstellensatz ‘black-boxes’ this so that we can manipulate geometric sets on a set-theoretic level.
Thus this geometric approach is not only elegant, but very practical.

6.8 Krull’s Principal Ideal Theorem
Remark 6.53. (From me.) A note on the dimension that is due for some time. Let Rn := k[X1, . . . , Xn] with k
an algebraically closed field. Let a ⊆ Rn be any ideal.

A generalised notion of dimension of vector spaces is the following topological definition: Over all proper
chains Z(a0) ⊂ Z(a1) ⊂ · · · ⊂ Z(ad) ⊆ Z(a) of irreducible algebraic sets, the dimension of Z(a) is the supremum
over d. This intuitively coincides with the notion of k-dimension in vector spaces. If (bi)i∈I is a basis of a vector
space, then the dimension of this vector space is the length of the chain {0} ⊂ spank(bi1) ⊂ spank(bi1 , bi2) ⊂
· · · ⊂ spank(bi, i ∈ I).

By Hilbert’s Nullstellensatz 6.23 and Proposition 6.45, each maximal length chain of irreducible algebraic
sets in Z(a) corresponds to maximal length chain of prime ideals a ⊆ pd ⊂ · · · ⊂ p0 in Rn. Or expressed
differently, the dimension of Z(a) is dim(Rn/a).

If we consider k = C, then one can show that in many cases, the dimension of Z(a) in the above sense is its
C-dimension as a submanifold in Cn.

Lemma 6.54. Let A be a finitely generated k-algebra over a field k. Suppose that A has finitely many
minimal prime ideals p1, . . . , pr ⊂ A. Then

Spec(A) =
r⋃
i=1

Spec(A/pi) and dim(A) = max
i=1,...,r

dim(A/pi).

Proof. Let p ∈ Spec(A) be arbitrary. Applying the proof of Exercise 8.12 to the set of all prime ideals in p
shows that p contains a minimal prime ideal. Hence p is contained in Spec(A/pi) for some i, which shows the
first equality.

For the second equality, observe that by the above fact, every ascending chain of prime ideals of maximal
length starts with a minimal prime ideal. Hence this chain is contained in Spec(A/pi) for some i.

We can improve Corollary 6.36 by using minimal prime ideals or irreducible components.

Proposition 6.55. Put Rn := k[X1, . . . , Xn] with an algebraically closed field k. Let f ∈ Rn \ k be a
non-constant polynomial. Then Rn/(f) is purely of dimension n − 1, i. e. for every minimal prime
ideal p ⊆ Rn/(f), we have dim((Rn/(f))/p) = n− 1 (or every irreducible component is of dimension n− 1).

Proof. Rn is a unique factorisation domain, so let
∏r
i=1 p

ei
i be the unique prime factorisation of f up to units.

Then the minimal prime ideals of Rn/(f) are (p1), . . . , (pr). (Let q ∈ Spec(Rn) with (f) ⊂ q ⊆ piRn. Then
pi | g for all g ∈ q. Since q is prime and f ∈ q, we have pi ∈ q, i. e. piRn ⊆ q.) Then (Rn/(f))/(pi) ∼= Rn/piRn,
which is of Krull dimension n− 1 according to Corollary 6.36.

Example 6.56. Consider the algebraic set Z = Z(X3) ∪ Z(X1, X2) ⊆ k3 (Figure 6.6). Then we cannot write
Z = Z(f) for some f ∈ k[X1, X2, X3]; reason being that the irreducible component Z(X1, X2) has dimension 1.
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Z(X3)

Z(X1, X2)

Figure 6.6: Visualisation of Z in Example 6.56.

6.9 First form of Krull’s Principal Ideal Theorem Lect. 19
26.06.23

Theorem 6.57. Let A be a finitely generated k-algebra that is also an integral domain. Let 0 ̸= f ∈ A \A×.
Then dim(A/(f)) = dim(A)− 1.

Proof. We have dim(A/(f)) ≤ dim(A) − 1 already: By taking the preimage, any chain of prime ideals
p̄0 ⊂ · · · ⊂ p̄d in A/(f) gives a chain of prime ideals (0) ⊂ p0 ⊂ · · · ⊂ pd in A. (0) is prime since A is an integral
domain, and p0 ̸= (0) since f ̸= 0.

So for the rest of the proof, we will show the converse inequality. Let Rn := k[X1, . . . , Xn] ⊆ A be finite
with algebraically independent X1, . . . , Xn ∈ A (these are not variables, but elements of A) as in Noether
normalisation 6.5. By Corollary 6.34, we know that dim(A) = n.

Let us regard f as a Quot(Rn)-linear map on the vector space Quot(A) over Quot(Rn) = k(X1, . . . , Xn) by
left-multiplication. Let h(T ) := char(f ;T ) ∈ k(X1, . . . , Xn)[T ] be the characteristic polynomial of the map f .
The following sentence anticipates statements from the upcoming section on number theory: Rn is a unique
factorisation domain, so by Proposition 7.4, it is normal, and Proposition 7.5 implies that h(T ) ∈ Rn[T ].
Therefore we can write h(T ) = T e + he−1T

e−1 + · · ·+ h0 with h0, . . . , he−1 ∈ Rn.
Firstly, we see how we might finish the proof. Consider any prime ideal (0) ̸= p ⊂ Rn of height 1. Since Rn

is a unique factorisation domain, we have p = (π) for some prime element π ∈ Rn. We denote

φ : Rn ↪→ A↠ A/(f).

Assume for a moment that p ∈ im(Spec(φ)), say p = φ−1(q/(f)) for some (f) ⊆ q ∈ Spec(A). Observe that in
this case, p ⊆ q. Then Rn/p ⊆ A/q ∼= (A/(f))/(q/(f)) is a finite ring extension, so by Corollary 5.17, we have
dim(Rn/p) = dim(A/q). Moreover, by Corollary 6.36, dim(Rn/(π)) = n− 1. Therefore

dim(A/(f)) ≥ dim((A/(f))/(q/(f))) = dim(A/q) = dim(Rn/(π)) = n− 1.

Thus the proof is complete if we find a height 1 prime ideal p = (π) ∈ im(Spec(φ)).
Next, given p = (π) ⊂ Rn, we consider the localisations Rn,p and Ap := (Rn \ p)−1A. Our intermediate goal

is to determine Spec(Rn,p) and Spec(Ap). Observe that Rn,p ⊆ Ap is a finite ring extension (tensor R⊕m
n ↠ A

with Rn,p and use Remark 4.38). Also recall Spec(Rn,p) = {q ∈ Spec(Rn) | q ⊆ p}. As p is a prime ideal
of height 1, we have Spec(Rn,p) = {(0), (π)}. By Exercise 8.11, Rn,p is a principal ideal domain. Similarly,
Spec(Ap) = {q ∈ Spec(A) | q ∩ Rn ⊆ p}. Note that Ap is again an integral domain. Thus, according to
Exercise 8.43, Spec(Ap)→ Spec(Rn,p) has finite fibres, so there are only finitely many q ∈ Spec(A) such that
q ∩Rn = p, say {q1, . . . , qr} ⊂ Spec(A). Thus Spec(Ap) = {(0), q1Ap, . . . , qrAp}, where the qiAp are maximal
by Corollary 5.13.

Now, we show that detRn,p
(f | Ap) = h0. Recall that Rn,p is a principal ideal domain, and that Ap is

a finitely generated Rn,p-module. Since Ap is an integral domain, it is torsion-free as a module, so by the
structure theorem 3.52, Ap is a free Rn,p-module. As a consequence,

detRn,p
(f | Ap) = detk(X1,...,Xn)(f | Quot(A)) = h0 (6.58)

(the determinant of f is the constant term of the characteristic polynomial h(T ), see linear algebra; this also
holds for modules over integral domains). In more detail: If Ap =

⊕e
i=1 Rn,pxi as a free Rn,p-module, then

Quot(A) = A[((A \ p) ∪ (p \ {0}))−1] = Ap[π−1] =
e⊕
i=1

Rn,p[π−1]xi =
e⊕
i=1

Quot(Rn)xi
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is a Quot(Rn) = k(X1, . . . , Xn)-vector space. So we can use the same basis for both Ap and Quot(A), hence
f ∈Me(Rn,p) is the same in Ap and in Quot(A) via the inclusion Ap ↪→ Quot(A) (see Example 2.49). Thus
the determinants of f are also the same, and we obtain (6.58).

After that, we characterise when p = (π) ∈ im(Spec(φ)). We have p = (π) ∈ im(Spec(φ)) if and only
if there is some i such that qi ∈ Spec(A/(f)) since, in this case, φ−1(qi) = qi ∩ Rn = p. Saying that there
is some i such that qi ∈ Spec(A/(f)) is the same as saying that there is some i such that f ∈ qi. This in
turn is equivalent to f /∈ A×

p (since f ∈ qiAp ̸= Ap for some i, we must have f /∈ A×
p ; if f /∈ A×

p , then
there is some maximal qiAp containing f). Combining (6.58) with Lemma 3.35, f /∈ A×

p is equivalent to
h0 = detRn,p

(f | Ap) /∈ R×
n,p = Rn,p \ (πRn,p) (recall that Rn,p is local), i. e. π | h0.

Now the final step. By assumption, f /∈ A×, so by Lemma 3.35, h0 /∈ R×
n . Because Rn is a unique

factorisation domain, there must exist some prime element π ∈ Rn such that π | h0, which implies that the
height 1 prime ideal p = (π) lies in im(Spec(φ)), as desired.

The proof mainly used two tricks: Exhausting the fact that Rn is a unique factorisation domain and passing
the determinant of f to the localised vector space.

6.10 Localisation and Dimension
In order to prove the stronger form of Krull’s principal ideal theorem, we need to see some properties.

Proposition 6.59. Let k be an algebraically closed field, and let A be a finitely generated k-algebra as well
as an integral domain. Let 0 ̸= g ∈ A. Then dim(A[g−1]) = dim(A).

Proof. dim(A[g−1]) ≤ dim(A) is clear since

Spec(A[g−1]) = {p ∈ Spec(A) | g /∈ p} ⊆ Spec(A).

We need to show dim(A[g−1]) ≥ dim(A).
Let Rn := k[X1, . . . , Xn] ⊆ A be finite as in Noether normalisation 6.5 (again, X1, . . . , Xn ∈ A are not

variables, but elements). Then g is integral over Rn, say h(g) = 0 for some h(T ) = T e + he−1T
e−1 + · · ·+ h0 ∈

Rn[T ]. As A is an integral domain and g ≠ 0, we may assume that h0 ̸= 0; otherwise we divide by a sufficiently
high power of T .

If we regard h0 ∈ Rn as a polynomial in variables X1, . . . , Xn, then there necessarily exists a point
x = (x1, . . . , xn) ∈ kn such that h0(x) ̸= 0, i. e. h0(x) ∈ k×. Let m = (X1 − x1, . . . , Xn − xn) ⊂ Rn be the
corresponding maximal ideal by Corollary 6.9 (here, we used that k is algebraically closed). Then h0 mod m ̸= 0
in the field Rn/m, whence (g mod m) ∈ (A/mA)×, namely

g−1 mod m = −(h0 mod m)−1(ge−1 + he−1g
e−2 + · · ·+ h1 mod m).

By the going-up theorem 5.16, there exists a proper chain (0) ⊂ q1 ⊂ · · · ⊂ qn of prime ideals in A that lies
above the chain of prime ideals (0) ⊂ (X1 − x1) ⊂ (X1 − x1, X2 − x2) ⊂ · · · ⊂ m in Rn (start with (0) ⊂ A,
which is prime since A is an integral domain, and then extend). Note that (X1 − x1, . . . , Xr − xr) for all
r = 1, . . . , n are prime since Rn/(X1 − x1, . . . , Xr − xr) ∼= k[Xr+1, . . . , Xn] is still an integral domain.

Since (g mod m) ∈ (A/mA)×, we have (g mod m) /∈ q/m for all maximal ideals q ⊂ A above m, and in
particular, g /∈ qn (Corollary 2.19). Hence (0) ⊂ q1 · · · ⊂ qn lies in Spec(A[g−1]), i. e. dim(A[g−1]) ≥ n = dim(A)
by Corollary 6.34.

Remark 6.60. Proposition 6.59 essentially says that a finitely generated k-algebra that is an integral domain
has so many maximal ideals that localising at one element does not change the dimension.

On the contrary, consider the k-algebra A = k[X](X), which is definitely not finitely generated over k. A as
a ring is local w. r. t. (X) with dim(A) = 1. But dim(A[X−1]) = dim(k(X)) = 0 since k(X) = k[X](X)[X−1] is
a field.
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6.11 Localisation and Irreducible Components

Lemma 6.61. Let A be a ring with finitely many distinct minimal prime ideals p1, . . . , pr ⊂ A. Then there
exists some g ∈ (p2 ∩ · · · ∩ pr) \ p1. For any such g, we have

Spec(A[g−1]) ⊆ Spec(A/p1) ⊆ Spec(A).

This implies
Spec(A[g−1]) = Spec((A/p1)[g−1]).

Proof. Since the pi are minimal and pairwise different, we have pi ⊈ pj for all i ̸= j. Hence for all i = 1, . . . , r,
we can pick an xi ∈ pi \ p1. Then g := (x2 · · ·xr) ∈ (p2 ∩ · · · ∩ pr) \ p1 by the prime ideal property.

Furthermore due to Proposition 2.55 and Example 2.14,

Spec(A[g−1]) = {p ∈ Spec(A) | g /∈ p} ⊆ {p ∈ Spec(A) | p2, . . . , pr ⊈ p}
⊆ {p ∈ Spec(A) | p1 ⊆ p} = Spec(A/p1) ⊆ Spec(A).

For the first inclusion, we used g ∈ p2 ∩ · · · ∩ pr. For the second inclusion, we used that each prime ideal
contains some minimal prime, see the proof of Lemma 6.54.

For the second statement, observe that

Spec(A[g−1]) = {p ∈ Spec(A) | g /∈ p, p1 ⊆ p} = Spec((A/p1)[g−1]).

Example 6.62. Consider k[X,Y ]/(XY ) and the prime ideals p1 = (X) and p2 = (Y ) (we have (XY ) ⊆ (X), (Y )).
Pick for example g = Y f(Y ) ∈ (Y ) \ (X) with any 0 ̸= f(Y ) ∈ k[Y ]. Then

k[X,Y, T ]/(XY, Y f(Y )T − 1) ∼= k[Y, Y −1, f(Y )−1], X 7→ 0, Y 7→ Y, T 7→ Y −1f(Y )−1.

The reason is that
X = f(Y )T ·XY −X(Y f(Y )T − 1) ∈ (XY, Y f(Y )T − 1).

Now consider φ : k[X,Y ]/(XY )→ k[Y, Y −1, f(Y )−1]. Then ker(φ) = (X) = p1. Hence (X) ⊆ φ−1(p) for
all p ∈ Spec(k[Y, Y −1, f(Y )−1]). More specifically, the map on spectra is

Spec(φ) : Spec(k[Y, Y −1, f(Y )−1])→ Spec(k[X,Y ]/(XY )), (Y − y) 7→ (X,Y − y), (0) 7→ (X)

with y ̸= 0 ̸= f(y).

6.12 Second Form of Krull’s Principal Ideal Theorem
Now the stronger version.

Theorem 6.63 (Krull’s principal ideal theorem). Let k be algebraically closed, and let A be a finitely
generated k-algebra as well as an integral domain. Let 0 ̸= f ∈ A \ A×. Then B := A/(f) is purely of
dimension dim(A)− 1, i. e. for all minimal prime ideals p ⊆ B, we have dim(B/p) = dim(A)− 1.

Proof. The idea is to localise in order to reduce this theorem to the weaker version.
Given a minimal prime ideal p ⊆ B, we apply Lemma 6.61 to find

g ∈

 ⋂
min. q ∈ Spec(B)

q ̸=p

q

 \ p
(by Corollary 6.51, there are only finitely many minimal prime ideals). Furthermore, we have Spec(B[g−1]) =
Spec((B/p)[g−1]) ⊆ Spec(B/p) by Lemma 6.61, which implies dim(B[g−1]) = dim((B/p)[g−1]). Additionally,
dim((B/p)[g−1]) = dim(B/p) by Proposition 6.59 (note that B/p is an integral domain and a finitely generated
k-algebra). Or aim is to show that dim(B/p) = dim(B[g−1]) = dim(A)− 1.

Now Lemma 2.54 says that B[g−1] = (A/(f))[g−1] ∼= (A[g̃−1])/(f), where g̃ ∈ A is a lift of g ∈ B. Since
A is an integral domain and a finitely generated k-algebra, A[g̃−1] is so as well. Also f /∈ A[g̃−1]× because
(A[g̃−1])/(f) ∼= B[g−1] ̸= 0 (we have B ̸= 0 since f /∈ A×, and g is not a zero divisor since g /∈ p and
thus g̃ /∈ (f)). Thus we can apply Theorem 6.57 to obtain dim((A[g̃−1])/(f)) = dim(A[g̃−1]) − 1. Finally,
Proposition 6.59 implies dim(A[g̃−1]) = dim(A), whence dim(B[g−1]) = dim((A[g̃−1])/(f)) = dim(A)− 1.
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Remark 6.64. Some final words: Krull’s principal ideal theorem and related results can be actually generalised
to any noetherian ring, not just polynomial rings over algebraically closed fields. The reason why we only
considered polynomial rings is that we used Hilbert’s Nullstellensatz 6.23 to prove these. The general statements
use dimension theory, which takes some time to develop. See [AtMac, ch. 11].

The generalisations are in particular the following. Let A be any noetherian ring. Then the following hold:

(i) A has only finitely many minimal prime ideals.

(ii) If f ∈ A \A× is not a zero divisor, then dim(A/(f)) = dim(A)− 1.

(iii) Moreover, by induction, one obtains dim(A/(f1, . . . , fm)) ≥ dim(A)−m.

7 Basics in Algebraic Number Theory Lect. 20
29.06.23

We will generalise our findings about prime factorisations to Dedekind domains.

Problem 7.1. We have seen some examples early on in this course, e. g. Z[i], Z[
√
−2], Z[ζ3] = Z[ 1

2 (1 +
√
−3)].

We have shown that these are principal ideal domains (Proposition 1.55), in particular unique factorisation
domains (Corollary 1.56). As an application, we considered the solutions for x2 + y2 = n (Theorem 2.5),
x2 + 2y2 = n (Remark 2.8, although we just stated the result), and x2 + xy + y2 = n (Exercise 8.8) with
(x, y) ∈ Z2. We have also seen that Z[

√
−3] (Exercise 8.10) and Z[

√
−5] (Example 2.53) are not principal ideal

domains.
This raises the following questions:

(i) The rings Z[i], Z[
√
−2] and Z[ζ3] are clearly related to the field extensions Q(i), Q(

√
−2) and Q(ζ3)

over Q. How can we define these ring in general for finite field extensions K/Q?
We will see that these rings are rings of algebraic integers OK ⊆ K of K.

(ii) In which sense does the principal ideal domain property fail for Z[
√
−3] and Z[

√
−5]?

For Z[
√
−3], the reason is that it is not integrally closed. For Z[

√
−5], the answer is more intricate.

The answer is that this ring has non-trivial class groups.

(iii) What about prime factorisation in OK?
We will see that prime factorisations exist, but only in terms of prime ideals.

7.1 Integral Closure

Recall: Let A → B be an A-algebra. Then the integral closure AB of A in B is the set of all integral b ∈ B

over A. We know that AB
B

= A
B .

Definition 7.2. Let A ⊆ B be a ring extension. We call A integrally closed in B if A = A
B .

Definition 7.3. Let A be an integral domain, and let L/K be a finite field extension with K := Quot(A).
We define:

(i) A is normal if A = A
K , i. e. A is integrally closed in K = Quot(A).

(ii) The integral closure AL of A in L is the set of all integral x ∈ L over A via A ⊆ L.

Proposition 7.4. Every unique factorisation domain is normal.

Proof. Let A be a unique factorisation domain. Suppose a
s ∈ Quot(A) is integral over A, i. e. we have an

integral dependence relation (as )n + bn+1(as )n−1 + · · · + b0 = 0 with bi ∈ A. Multiplying with sn yields
an + sbn−1a

n−1 + · · ·+ snb0 = 0. Since A is a unique factorisation domain, we may demand that gcd(a, s) = 1;
otherwise we factor out gcd(a, s)n ̸= 0, and the remaining relation must be 0. Then the relation shows that if a
prime element π ∈ A divides s, then π | a. By the assumption gcd(a, s) = 1, no such π can exists, so necessarily
s ∈ A×, and thus a

s ∈ A.
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Proposition 7.5. Let A be a normal integral domain, and let L/K be a finite field extension with K :=
Quot(A). Then x ∈ L lies in A

L if and only if charL/K(x, T ) ∈ A[T ] if and only if minL/K(x, T ) ∈ A[T ].
Here charL/K(x, T ) and minL/K(x, T ) are the characteristic and minimal polynomial of x over K, where

we view x as the K-linear map x : L→ L, a 7→ ax on the K-vector space L by left-multiplication.

Remark 7.6. (From me.) Actually a fact that we have not shown in the introduction to algebra: Let L/K be a
finite field extension, and let x ∈ L. It is true that charL/K(x, T ) = minL/K(x, T )[L:K(x)].

Proof: We know that {1, x, . . . , x[K(x):K]−1} is a K-basis of K(x)/K, and let B1 := {y1, . . . , y[L:K(x)]} be a
K(x)-basis of L/K(x). Then for the tower of fields K ⊆ K(x) ⊆ L, we have [L : K] = [L : K(x)] · [K(x) : K],
and B2 := {xiyj for all i, j} is a K-basis of L/K. Observe that L =

⊕[L:K(x)]
j=1 yjK(x) as K-vector spaces.

Next we consider the K-linear map x : L → L. Note that we can restrict x onto K(x)/K. In this case,
charK(x)/K(x, T ) = minK(x)/K(x, T ) since min(x, T ) | char(x, T ) and deg(char(x|K(x), T )) = [K(x) : K] =
deg(min(x|K(x), T )).

Now we observe that the matrix presentation of x ∈M[L:K](K) overB2 is actually a block matrix of [L : K(x)]
many identical blocks, which are the matrix presentation of x|K(x) ∈M[K(x):K](K) over B1. The reason is the
decomposition of L into a direct sum of isomorphic K-vector subspaces (recall that similar (i. e. conjugate)
matrices have the same determinant and thus minimal polynomial). Hence the characteristic polynomial of
x ∈M[L:K](x, T ) is charL/K(x, T ) = minK(x)/K(x, T )[L:K(x)]. Thus we have minK(x)/K(x, T ) = minL/K(x, T ).

Proof. By Remark 7.6, minL/K(x, T ) ∈ A[T ] implies charL/K(x, T ) = minL/K(x, T )[L:K(x)] ∈ A[T ]. By Cayley-
Hamilton 8.19, we have charL/K(x, x) = 0, so if charL/K(x, T ) ∈ A[T ], then x is integral over A, i. e. x ∈ AL.
So there is only one last implication to show.

Let x ∈ A
L. Pick any algebraic closure L ⊆ K, where r ≤ [L : K]. Let x1 = id(x), x2 = φ2(x), . . . ,

xr = φr(x) be the conjugates of x under Aut(K/K). (The conjugates of x are all roots of minL/K(x, T ) in K.
We know from the introduction to algebra that for each root xi, there is a field homomorphism φ′

i : K(x)→ K
fixing K with φ′

i(x) = xi, see [Sch, Thm. 6.4]. After that, we can extend this to a field automorphism
φi : K → K.) Observe that if f(x) = 0 for some f ∈ A[T ], then f(xi) = f(φi(x)) = φi(f(x)) = 0 (φi also fixes
A ⊆ K), so all x1, . . . , xr are integral over A. By Corollary 5.8, A ⊆ A[x1, . . . , xn] is integral.

We have minL/K(x, T ) = (
∏r
i=1(T − xi))e in K[T ], where e = 1 if K(x)/K is separable, and e = pk else,

where p = char(K) is the characteristic of K (in the latter case, there is a separable f ∈ K[T ] such that
minL/K(x, T ) = f(T pk ), see [Sch, Thm. 6.21]; now use the Frobenius endomorphism for T pk −xp

k

i = (T −xi)p
k ,

see [Sch, Lem. 6.18]). Thus all coefficients of minL/K(x, T ) are sums of products of the xi, and thus the
coefficients are integral over A. By assumption, A is normal, so minL/K(x, T ) ∈ AK [T ] = A[T ].

Example 7.7. The ring Z[
√
−3] is not normal since 1

2 (1 +
√
−3) /∈ Z[

√
−3] is integral over Z[

√
−3], namely via

T 3 + 1. Therefore, by Proposition 7.4, Z[
√
−3] is not a unique factorisation domain and thus not a principal

ideal domain.

Definition 7.8. Let K/Q be a finite field extension, which we call an (algebraic) number field. We
define

OK := ZK = {x ∈ K | charK/Q(x, T ) ∈ Z[T ]}.

to be the ring of (algebraic) integers in K.

Definition 7.9. Let L/K be a finite field extension. Then we define the norm, trace and characteristic
polynomial to be

NL/K : L× → K×, a 7→ detK(a : L→ L),
trL/K : L→ K, a 7→ trK(a : L→ L),

charL/K(a, T ) := charK(a : L→ L, T ) ∈ K[T ],

where a acts K-linearly on L by left-multiplication.
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Proposition 7.10. Let D ∈ Z be square-free, i. e. D is not divisible by any square number, and let
K := Q(

√
D). Then

OK =


Z[
√
D], if D ≡ 2, 3 mod (4),

Z

[
1 +
√
D

2

]
, if D ≡ 1 mod (4).

Proof. Suppose a+ b
√
D ∈ OK with a, b ∈ Q. Then

a+ b
√
D =

(
a bD
b a

)
∈M2(Q)

w. r. t. the Q-basis (1,
√
D) of K/Q. Recall from linear algebra that the constant coefficient of charK/Q(x, T ) is

detK(x), and the coefficient of second highest degree (the coefficient next to the leading coefficient 1) is trK(x).
Observe that detK(x) and trK(x) determine charK/Q(x, T ) completely since the characteristic polynomial is of
degree 2. Thus charK/Q(x, T ) ∈ Z[T ] if and only if tr(a+ b

√
D) = 2a ∈ Z and N(a+ b

√
D) = a2 − b2D ∈ Z.

There are two cases for a according to the trace equation. If a ∈ Z, then b ∈ Z by the norm equation
since D is square-free (D cannot cancel the denominator of b2 completely, hence the denominator of b2 is 1).
Otherwise, a is a completely reduced proper fraction of the form a = 2k+1

2 for some k ∈ Z. Then by the norm
equation, b = 2l+1

2 for some l ∈ Z since D is square-free (same argument as before, which becomes the most
clear if we consider (2a)2 − (2b)2D ∈ Z). This yields

N(a+ b
√
D) = 4k2 + 4k + 1− (4l2 + 4l + 1)D

4 ∈ Z + 1−D
4 Z,

which lies in Z if and only if D ≡ 1 mod (4). In this case,

a+ b
√
D = (k − l) + (2l + 1)1 +

√
D

2 ∈ Z

[
1 +
√
D

2

]
.

Example 7.11. Some important examples in number theory.

(i) If K = Q( 3
√

2), then OK = Z[ 3
√

2] (we will not prove this).

(ii) For cyclotomic fields, if K = Q(ζn), where ζn ∈ C is an nth root of unity, then OK = Z[ζn].

Example 7.12. A geometric example. Let A = k[x, y]/(y2 − x3), and let K := Quot(A).
We show that x ∤ y in A. If x | y in A, we have y = fx + g(y2 − x3) in k[x, y] for some f, g ∈ k[x, y].

Rearranging yields y(1− gy) = x(f − gx2). But x ∤ y in k[x, y], so we would get x | (1− gy). This is impossible
because the constant coefficient of 1− gy is non-trivial.

Now set t := y/x ∈ K \ A. Then t is integral over A since t2 = y2/x2 = x3/x2 = x ∈ A. Hence A is not
normal. Since t3 = y3/x3 = yx3/x3 = y ∈ A, we have A ⊆ k[t] ⊆ AK . But k[t] is a principal ideal domain, so
it is normal by Proposition 7.4, and we already have k[t] = A

K .
If we consider the map on spectra Spec(k[t])→ Spec(A) (Figure 7.1), by taking the integral closure of A,

we removed the cusp at the point (0, 0), i. e. at the prime ideal (x, y) (also cf. Exercise 8.51). So normality is
an algebraic notion for what it means to for a space to be non-singular, e. g. to be a C-manifold.

Proposition 7.13. Let A be a normal noetherian integral domain, and let L/K be a finite separable field
extension with K := Quot(A). Then A ⊆ AL is a finite ring extension.

Proof. For any finite field extension L/K, we can define the trace pairing

Q : L× L→ K, Q(x, y) := trL/K(xy).

By the properties of the trace, the trace pairing is a K-bilinear form (i. e. it maps to the scalar field K).
The following fact holds true: L/K is separable if and only Q is non-degenerate (i. e. Q(x, y) = 0 for all

y ∈ L if and only if x = 0) if and only if there exists some x ∈ L such that trL/K(x) ̸= 0.
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Spec(k[t]) Spec(A)

Figure 7.1: The map Spec(k[t])→ Spec(A) for algebraically closed k. The generic point (0) is missing in the
picture.

If Q is non-degenerate, pick any 0 ̸= x ∈ L. Then there exists some y ∈ L such that Q(x, y) = trL/K(xy) ̸= 0.
Conversely, if trL/K(x) ̸= 0 for some x ∈ L, then Q(xy−1, y) = trL/K(x) ̸= 0 for all y ∈ L×. For the other
equivalence, see e. g. [Sta, 0BIL].

Now to the actual proof. By the primitive element theorem, there exists an α ∈ L such that L = K(α). We
can assume that α is integral over A: Let m(T ) := minL/K(α, T ) = Tn + an−1T

n−1 + · · ·+ a0 ∈ K[T ]. Pick
s ∈ A \ {0} such that sai ∈ A for all i, for example the product of all denominators. Then minL/K(sα, T ) =
Tn + san−1T

n−1 + · · · + sna0 ∈ A[T ] since minL/K(sα, sα) = snm(α) = 0 and K(sα) ∼= K(α) as K-vector
spaces ({1, sα, . . . , (sα)n−1} is a K-basis), i. e. the minimal polynomial must have degree [K(α) : K] = n. So
from now on, we assume that α is integral over A; otherwise we consider sα.

Then B := A[α] ⊆ L is a finite ring extension by Proposition 5.7, and even free as an A-module of rank n
since B ∼= A[T ]/(m(T )), i. e. B =

⊕n−1
i=0 Aα

i. (The kernel of the evaluation A[T ] ↠ B, T 7→ α is (m(T )):
Every polynomial g(T ) ∈ A[T ] with g(α) = 0 is divisible by m(T ) in K[T ], which is a unique factorisation
domain. Thus there is some h(T ) ∈ K[T ] such that m(T )h(T ) = g(T ). Multiplying with the product of all
denominators of the coefficients in h, we see that g(T ) ∈ (m(T )). By the homomorphism theorem, we have
B ∼= A[T ]/ ker(A[T ] ↠ B).)

Now consider M := {x ∈ L | Q(x, b) ∈ A for all b ∈ B}, which is an A-submodule of B by linearity of Q
in the first variable. If x ∈ A

L, then bx ∈ A
L for all b ∈ B since B ⊆ A

L. Since A is normal, we have
char(xb, T ) ∈ A[T ] by Proposition 7.5. This implies trL/K(xb) ∈ A for all b ∈ B as trL/K(xb) is the coefficient
of the term of second highest degree of char(xb, T ). Thus x ∈M , so AL ⊆M .

We claim that M is finite (and even free) as an A-module. Then, since A is noetherian by assumption,
A
L ⊆M is a finite A-submodule by Corollary 3.25 as desired.

We know that {1, α, . . . , αn−1} is an A-basis of the finite free module B and a K-basis of the vector space L.
Let Z ∈ GLn(K) be the matrix such that

Q(x, y) =
(
y1 · · · yn

)
Z

x1
...
xn


w. r. t. that basis. Z must be invertible since Q is non-degenerate (see linear algebra).

Then we have x ∈M if and only if Q(x, b) = btZx ∈ A for all b ∈ B if and only if Q(x, αi−1) = (ei)tZx ∈ A
for all i = 1, . . . , n. Note that (ei)tZx describes the ith entry of Zx, so this is equivalent to Zx ∈ A⊕n, i. e.
x ∈ Z−1A⊕n ∼= Z−1B. Summarising, Z : L→ L is a K-vector space as well as an A-linear automorphism such
that M ∼= S−1B. In particular, M is free of rank n since B is.

Corollary 7.14. Let A be a normal noetherian integral domain, and let L/Quot(A) be a finite separable
field extension. Then A

L is again a normal noetherian integral domain.

Proof. By Corollary 5.9, we have AL
L

= A
L, so AL is normal. Proposition 7.13 and Corollary 3.25 imply that

A
L is noetherian. AL as a subset of the field L must be an integral domain.

Corollary 7.15. If K/Q is a finite field extension, then OK is a one-dimensional normal noetherian
integral domain, and OK ∼= Z⊕[K : Q] as a finite free Z-module.
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Proof. With Proposition 7.4, A = Z is a normal noetherian integral domain. Since char(Q) = 0, by [Sch,
Thm. 6.21], every field extension of Q, and in particular K/Q, is separable. Hence K/Quot(Z) is a finite
separable field extension. Thus ZK = OK is a normal noetherian integral domain by Corollary 7.14. Because
of Proposition 7.13, Z ⊆ OK is a finite ring extension, so dim(OK) = dim(Z) = 1 by Corollary 5.17.

Since OK ⊆ K, OK is a torsion-free Z-module. Hence OK ∼= Z⊕r by the structure theorem 3.52. Observe
that since α ∈ OK and K = Q(α) = Q[α], we have (Z \ {0})−1OK = K. Localising with Z \ {0} yields
K ∼= (Z \ {0})−1Z⊕r ∼= Q⊕r as Q-vector spaces. Thus r = [K : Q].

Remark 7.16. Many integral closures one encounters as a working mathematician are actually finite, and
there are many similar statements implying finiteness of integral closures. For example, consider the following
statement:

Proposition: Let A be an integral domain which is finitely generated over a field or over Z. Let L/K with
K := Quot(A) be a finite field extension. Then A ⊆ AL is finite.

Further information can be found under the keywords excellent rings ([Mat, ch. 13], [Sta, 07QS]) and
Japanese rings ([Mat, ch. 12], [Sta, 0BI1]).

7.2 Relation with Localisation

Proposition 7.17. Let A be an integral domain.

(i) If S ⊆ A is a multiplicative subset, and if A is normal, then S−1A is normal.

(ii) Conversely, if Am is normal for all maximal ideals m ⊂ A, then A is normal.

Thus normality is a local property (local in the sense of localisations).

Proof. Set K := Quot(A).

(i) Let x
y ∈ K be integral over S−1A, i. e.(

x

y

)n
+ an−1

sn−1

(
x

y

)n−1
+ · · ·+ a0

s0
= 0

with ai/si ∈ S−1A is an integral dependence relation. We want to see that x
y ∈ S

−1A.
Put s = ysn−1 · · · s0. Then multiplying with sn yields(

s
x

y

)n
+ s

an−1

sn−1

(
s
x

y

)n−1
+ · · ·+ sn

a0

s0
= 0.

This is an integral dependence relation of sxy ∈ K over A. Hence sxy ∈ A since A is normal, whence
x
y = s−1(sxy ) ∈ S−1A.

(ii) Let x ∈ K be integral over A. We want to show that x ∈ A. The proof will be similar to Proposition 4.59.
Let us consider the ideal a := {a ∈ A | ax ∈ A} ⊆ A. Let m ⊂ A be a maximal ideal. By the normality
of Am, we have x ∈ Am, so we can write x = a

m for some a ∈ A and m /∈ m. Thus we have m ∈ a, so
a ⊈ m. Since this holds for all maximal m, by Corollary 2.19, a = A holds. In particular, 1 ∈ a, i. e.
x = 1x ∈ A.
Alternative: We can also reformulate the above proof. Define a as before. Let m ⊂ A be maximal. If we
pass a to Am, we obtain aAm = {a ∈ Am | ax ∈ Am}. By the normality of Am, we have x ∈ Am, hence
aAm contains a unit of Am, i. e. aAm = Am. Observe that a ⊈ m as otherwise, aAm ⊆ mAm ̸= Am

because Am is local. Since this holds for all maximal m, we obtain a = A.

Corollary 7.18. Lect. 21
03.07.23

Let A be an integral domain. Then the following are equivalent:

(i) A is normal.

(ii) Ap is normal for all p ∈ Spec(A).

(iii) Am is normal for all m ∈ MaxSpec(A).
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7.3 Discrete Valuation Rings
We will study one-dimensional normal noetherian local integral domains.

Lemma 7.19. Let (A,m) be a one-dimensional local integral domain. Assume that m is finitely generated.
Let (0) ̸= a ⊆ m be any ideal. Then there exists an n ≥ 0 such that mn ⊆ a.

Proof. As A is one-dimensional, there are only two prime ideals, namely (0) and m. Then A/a is of dimension 0
since a ̸= (0) (we ‘cut’ of the prime ideal (0), leaving m) with unique prime ideal m̄ := m/a. Thus nil(A/a) = m̄
by Proposition 2.22. By assumption, m̄ = (x1, . . . , xr) is finitely generated, so there is some k ≥ 0 such
that xk1 = · · · = xkr = 0. Now set n := rk. Since m̄n = (xe1

1 · · ·xer
r | e1 + · · · + er = n, ei ≥ 0), we see that

each generator contains a power xei
i with ei ≥ k, i. e. every generator is 0. We obtain m̄n = 0, which means

mn ⊆ a.

Proposition 7.20. Let (A,m) be a one-dimensional local integral domain. Assume that m is finitely
generated. Then ⋂

n≥0
mn = (0).

Proof. Assume that 0 ̸= x ∈
⋂
n≥0 m

n. In particular, (0) ̸= (x) ⊆ m, so by Lemma 7.19, there is some n ≥ 0
such that mn ⊆ (x). We also have (x) ⊆ mn, hence (x) = mn. It follows that x ∈ m2n ⊆ (x2), which means
that x = ax2 for some a ∈ A. Since A is an integral domain and x ̸= 0, we can divide by x to obtain 1 = ax,
i. e. x ∈ A× But this contradicts x ∈ m.

Remark 7.21. Under these assumptions, one can show that A is noetherian.
In fact, if A is any noetherian ring, then

⋂
n≥0 a

n = (0) for all ideals a ⊂ A. This result is known as Krull’s
intersection theorem, see [AtMac, ch. 10]

Proposition 7.22. Let (A,m) be a local integral domain such that

(i) m = (π) for some π ̸= 0 and

(ii)
⋂
n≥0 m

n = (0).

Then A is a principal ideal domain. More precisely, every ideal (0) ̸= a ⊆ A is of the form (πn) for a
unique n ≥ 0.

Proof. Let 0 ̸= a ∈ A be arbitrary. Observe that we have an infinite chain of ideals · · · ⊂ m2 ⊂ m ⊂ A. (This
chain is proper as otherwise πn = aπn+1 for some a ∈ A, i. e. π ∈ A×, contradicting m = (π).) Hence by (ii),
there exists a unique number v(a) ≥ 0 such that a ∈ mv(a) \ mv(a)+1 (v(a) will be the valuation). Using (i),
this means that a = uπv(a) with u /∈ A \m = A× as A is local.

This implies for all ideals (0) ̸= a ⊆ A that a = (πv(a)) where v(a) := min{v(a) | a ∈ a}.

Theorem 7.23. Let (A,m) be a one-dimensional normal noetherian local integral domain. Then A is a
principal ideal domain.

Proof. We first show that m = (π) is principal. Let z = y
x ∈ Quot(A) \ A with x, y ∈ A. Then necessarily

0 ̸= x ∈ A \ A× = m (A is local). By Lemma 7.19, there is some n ≥ 1 such that mn ⊆ (x), and hence
mnz ⊆ (x) yx = (y) ⊆ A. Choose n minimally with the property mnz ⊆ A, i. e. mn−1z ⊈ A, and let s ∈ mn−1 be
such that w := sz /∈ A. Then mw = (ms)z ⊆ mnz ⊆ A is some ideal.

We will show that mw ⊆ m is impossible by way of contradiction. So assume that mw ⊆ m. We view
A⊕r ↠ m as a finitely generated A-module, which is justified by the assumption that A is noetherian. We
now repeat an argument from Proposition 5.7: Cayley-Hamilton 8.19 implies that there exists some monic
polynomial f ∈ A[T ] such that f(w) = 0 in A.

In more detail, interpret w ∈ EndA(m) as an A-linear map by left-multiplication (this is possible since
mw ⊆ m). Pick a lift w̃ ∈Mr(A) such that the following diagram commutes:

A⊕r m

A⊕r m

w̃ w
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Now we apply Cayley-Hamilton 8.19 to w̃, i. e. if f(T ) := charw̃(T ) ∈ A[T ], then f(w̃) = 0 in Mr(A), but by
surjectivity of A⊕r ↠ m, also f(w) = 0 in EndA(m). Since we are in an integral domain, m is torsion-free as an
A-module. Hence the map A→ EndA(m) is injective, meaning that multiplication with a ∈ A is the zero map
in EndA(m) if and only if a = 0. We deduced that f(w) = 0 in A.

Therefore w is integral over A. By assumption, A is normal, implying that w ∈ A, a contradiction.
Thus not mw ⊆ m, but mw = A. In other words, there is some π ∈ m such that πw = 1. Then we can write

each m ∈ m as m = πmw with mw ∈ mw ⊆ A. Thus m ⊆ (π) ⊂ A, and by maximality of m, finally m = (π).
Propositions 7.20 and 7.22 finish the proof.

Example 7.24. We do not automatically obtain f(w) = 0 in A from f(w) = 0 in m (cf. Proposition 5.7). Some
extra argument is necessary; in this case, m was a torsion-free A-module.

To see how this otherwise breaks, consider w = 1
2 ∈ Q \ Z, f = T + 1 ∈ Z[T ] and M = Z/3, which is a

finitely generated Z-module and not torsion-free. If we view w ∈ EndZ(M), then 1
2 ≡ −1 mod (3), so we

obtain f(w) = 0 in EndZ(M), but f(w) ̸= 0 in Q.

Definition 7.25.

(i) A discrete valuation ring (DVR) is a one-dimensional normal noetherian local integral domain.
Equivalently, a discrete valuation ring is a local principal ideal domain that is not a field.

(ii) Let (A,m) be a discrete valuation ring. A uniformiser of A is a prime element π ∈ A such that
m = (π). Once π is fixed, we can write any 0 ̸= a ∈ A as a = uπv(a) with unique v(a) ∈ Z≥0 and
u ∈ A×.

(iii) Let (A,m) be a discrete valuation ring. The valuation of A is the function

v : A→ Z≥0 ∪ {∞}, a 7→

{
v(a), if a ̸= 0,
∞, otherwise.

We can uniquely extend v to Quot(A) by

v : Quot(A)→ Z ∪ {∞}, v
(a
b

)
:= v(a)− v(b).

Proof. (From me.)

(i) We show that the two definitions are indeed equivalent. Let (A,m) be a discrete valuation ring.
We know from Theorem 7.23 that A in the first sense implies that A is a principal ideal domain.
Furthermore, A cannot be a field since dim(A) = 1 ̸= 0.
Conversely, with Proposition 7.4, every principal ideal domain is a normal noetherian integral domain.
Furthermore, let (0) ̸= m = (π) with prime element π ∈ A (A is not a field). For any prime ideal
(π′) ⊂ A, we thus have (π′) ⊆ (π), i. e. π | π′. Since π′ is prime, it follows that π = π′. In other words,
(π) = m is the only non-zero prime ideal, and hence dim(A) = 1.

(ii) Existence and uniqueness follows by applying Proposition 7.22 to a = (a) ̸= (0).

(iii) The extension to Quot(A) is well-defined: If 0 ̸= a
b ∈ Quot(A) is not fully reduced, v(a) and v(b) differ

by the same amount, and this difference vanishes in v(ab ). If ab = 0 with a = 0 and b ̸= 0, then v(b) <∞
and v(ab ) =∞− v(b) =∞.

Example 7.26. Here some examples for discrete valuation rings.

(i) Let A = k[[t]], and let K = ((t)). We know that A is local principal ideal domain w. r. t. (t) (Propo-
sition 1.50). Then uniformisers are e. g. t or (1 + t)t (recall from Example 1.48 that (1 + t) ∈ A×).
The valuation is v(antn + an+1t

n+1 + · · · ) = n if an ̸= 0 since an + an+1t + · · · ∈ A× if an ∈ k×

(Proposition 1.47).

(ii) Let A ⊂ C[[t− a]] be the ring of all power series f(t) =
∑∞
k=0 ak(t− a)k that converge absolutely on

an open neighbourhood of a ∈ C, i. e. the ring of all analytic functions in a. Complex analysis says
that a function is analytic if and only if it is holomorphic, i. e. differentiable on the complex plane.
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Then A is called the ring of germs of holomorphic functions in a, where addition and multiplication is
defined pointwise. Here, a germ is the equivalence class of all functions in A that agree on some open
neighbourhood of a. One can show that A is a discrete valuation ring with uniformiser e. g. (t− a) and
valuation v(f) = ordt=a(f), which is the order of vanishing in a (the multiplicity of the root a). (For
instance, A is local since the set of all germs that vanish at a are precisely all non-unit germs, which
form the ideal (t− a).)
K = Quot(A) then consists of convergent Laurent series f(t) =

∑∞
k=−∞ ak(t− a)k. One calls K the

field of germs of meromorphic functions in a, i. e. holomorphic functions which have singularities, and
ordt=a(f) < 0 if and only if f has a pole in a.

(iii) Let A = Z(p). Then (A, pA) is a one-dimensional (ht((p)) = 1 in Z) normal (Propositions 7.4
and 7.17) noetherian (Proposition 3.28) local integral domain. Thus A is a discrete valuation ring with
uniformiser p and p-adic valuation vp : Q× → Z, vp(pn ab ) := n if p ∤ ab.

(iv) Let A be a normal noetherian integral domain, and let p ⊂ A be a prime ideal of height 1. Then
(Ap, pAp) is a discrete valuation ring by the same argument as in part (iii).
We can pull back the valuation vp : Ap → Z≥0 to A via the localisation map, i. e. define vp : A→ Ap →
Z≥0 ∪ {∞}. If A is a finite type algebra over a field k of Krull dimension m, then vp(f) for f ∈ A can
be thought of as the vanishing order of f along Z(p) ⊆ km.

Proposition 7.27 (properties of valuation). Let A be a discrete valuation ring with valuation v, and
let K := Quot(A). Then the following hold:

(i) v(xy) = v(x) + v(y) for all x, y ∈ A.

(ii) v(x+ y) ≥ min{v(x), v(y)} for all x, y ∈ A (strong triangle inequality).

(iii) We have the following short exact sequence:

1 A× K× Z 0v

Remark 7.28. The strong triangle inequality in the above form might look unreasonable; especially since the
relation sign is reversed. In analysis, an ultrametric d on some space X is a metric that satisfies the strong
triangle inequality d(x+ y) ≤ max{d(x), d(y)} for all x, y ∈ X.

Note that (i) is the logarithmic functional equation. So we can equivalently bring the valuation in
multiplicative form, which is usually done for p-adic valuation of Z(p). We define |x|p := p−vp(x) for all x ∈ Q.
Then we obtain |xy| = |x| · |y| and |x + y| ≤ max{|x|, |y|} as well as |x| = 0 if and only if x = 0 (hence the
minus sign). In particular, |·|p is an ultrametric. We recover vp via vp(x) = − logp|x|.

Proof. (This follows from the definitions.) Let π ∈ A be a uniformiser.

(i) Write x = uπv(x) and y = wπv(y) with u,w ∈ A×. Then xy = uwπv(x)+v(y) with uw ∈ A×, hence
v(xy) = v(x) + v(y).

(ii) Write x = uπv(x) and y = wπv(y) with u,w ∈ A×. If m := min{v(x), v(y)}, then x+y = πm(uπv(x)−m+
wπv(y)−m), hence v(x+ y) ≥ m.

(iii) Exactness in A× is clear (this is the inclusion A× ↪→ K×, a→ a
1 ). For exactness in K×, observe that

x ∈ ker(v) if and only if x = uπ0 for some u ∈ A×. Exactness in Z follows from π ̸= 0 and v(πn) = n
for all n ∈ Z.

7.4 Dedekind Rings

Definition 7.29. A Dedekind ring is a one-dimensional normal noetherian integral domain. Equivalently,
a Dedekind ring is a noetherian integral domain A that is not a field, and such that Ap is a discrete valuation
ring for all prime ideals (0) ̸= p ⊂ A.
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Proof. (From me.) We proof the equivalence of both definitions.
Let A be of the first form. Then ht(p) = 1 for all prime ideals (0) ̸= p ⊂ A, so A is not a field. Furthermore,

(Ap, pAp) is a one-dimensional normal (Corollary 7.18) noetherian (Proposition 3.28) local integral domain.
Thus Ap is a discrete valuation ring.

Conversely, let A be of the second form. Since dim(Ap) = 1 for all prime ideals (0) ̸= p ⊂ A, we have
dim(A) = 1 too. Normality of A follows from Corollary 7.18.

Compared to the definition of discrete valuation rings, we drop the local property.
Example 7.30. Let K/Q be a finite field extension. Recall that OK := ZK = {x ∈ K | charK/Q(x) ∈ Z[T ]},
which is a Dedekind ring by Corollary 7.15. Every prime ideal 0 ̸= p ⊂ OK defines a discrete valuation
ring OK,p with its so-called p-adic valuation vp : K× → Z.
Example 7.31. Let D ∈ Z be square-free, and let K := Q(

√
D). Proposition 7.10 gives the complete description

OK =


Z[
√
D], if D ≡ 2, 3 mod (4),

Z

[
1 +
√
D

2

]
, if D ≡ 1 mod (4).

Assume that there is an odd prime p dividing D. Then

OK/pOK ∼=


Fp[t]/(t2 −D) ∼= Fp[t]/(t2), if D ≡ 2, 3 mod (4),

Fp[t]/
(
t2 − t+ 1−D

4

)
∼= Fp[t]/

(
t− 1

2

)2
, if D ≡ 1 mod (4),

(7.32)

via t 7→ t in both cases since D = 0 in Fp. In greater detail, by the homomorphism theorem,

OK/pOK = Z[f ]/pZ[f ] ∼= Z/p[f ] = Fp[f ] ∼= Fp[t]/(minFp
(f, t))

where

minFp(f, t) =


t2 −D, if f =

√
D,

t2 − t+ 1−D
4 , if f = 1 +

√
D

2 ,

(it is important that p ̸= 2, as otherwise minF2(
√
D, t) = t− 1).

We see that Fp[t]/(t2) (resp. Fp[t]/(t− 1
2 )2) has a unique prime ideal containing t2 (resp. (t− 1

2 )2), namely
(t) (resp. (t− 1

2 )). Due to the isomorphisms in (7.32), this corresponds to a unique prime ideal p ⊂ OK such
that p ∩ Z = (p) (cf. Observation 2.4). Passing p to the localisation OK,p, we know that pOK,p = (π) must be
principal. The above computation shows that π corresponds to t (resp. t− 1

2 ), so

π =


√
D, if D ≡ 2, 3 mod (4),

1 +
√
D

2 − 1
2 =

√
D

2 , if D ≡ 1 mod (4),
∈ pOK,p \ p2OK,p

(note that p ̸= 2, so 2 ∈ O×
K,p and thus 1

2
√
D ∈ pOK,p). Thus we may choose π =

√
D as the uniformiser in

both cases. It holds that vp(p) = 2 because π2 = D = pDp and D
p ∈ OK,p \ pOK,p = O×

K,p since p ∤ Dp by the
square-freeness assumption on D (Dp is an integer!).

7.5 Factorisation in Dedekind Domains Lect. 22
06.07.23

Recall: A Dedekind ring is a one-dimensional normal noetherian integral domain.

Definition 7.33. Let A be a Dedekind ring, and let (0) ̸= p ⊂ A be a prime ideal. Then Ap is a discrete
valuation ring. We define the p-adic valuation to be

vp : A→ Ap → Z≥0 ∪ {∞}, uπnp 7→ n,

where πp ∈ Ap is a uniformiser and u ∈ A×
p .
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We can extend this definition to ideals (0) ̸= a ⊆ A via

vp(a) := min{vp(a) | a ∈ a} ∈ Z≥0,

which is the unique integer such that aAp = (πp)vp(a) (we have πvp(a)
p | a in Ap for all a ∈ a and uπvp(a)

p ∈ aAp

for some u ∈ A×
p since vp(a) <∞).

The main theorem about Dedekind rings states that ideals can be uniquely factored into prime ideals,
mirroring the prime factorisation in principal ideal domains (Theorem 1.38). Before we proof this theorem, we
need the following auxiliary statement.

Lemma 7.34. Let A be any ring, let M be an A-module, and let N1, N2 ⊆ M be two A-submodules.
If N1,p ⊆ N2,p as Ap-submodules of Mp for all p ∈ Spec(A), then N1 ⊆ N2.

Proof. Recall from Proposition 4.60 that for (M → N → P ) = 0, the sequence M → N → P is exact if and
only if the sequence Mp → Np → Pp is exact for all p ∈ Spec(A).

We apply this as follows in order to obtain a sequence of equivalent statements:

• N1 ⊆ N2.
• f : N1 ↪→M ↠M/N2 is the zero map.
• The sequence

N1 N1 M/N2 M/N2
id f id

is exact.
• The sequence

N1,p N1,p (M/N2)p = Mp/N2,p (M/N2)pid fp id

is exact for all p ∈ Spec(A) ((M/N2)p = Mp/N2,p follows from Corollary 4.55).
• fp = 0 for all p.
• N1,p ⊆ N2,p for all p.

Alternative: This proof is in the same vein as Propositions 4.59 and 7.17. Let a := {a ∈ A | aN1 ⊆ N2} ⊆ A,
which is an ideal. Passing to the localisation Ap, we obtain aAp = {a ∈ Ap | aN1,p ⊆ N2,p} for all p ∈ Spec(A).
By assumption, we have N1,p ⊆ N2,p, hence aAp contains a unit, i. e. aAp = Ap. This implies a ⊈ p for
all p ∈ Spec(A); otherwise we would have aAp ⊆ pAp ̸= Ap since Ap is local. This also holds for all
p = m ∈ MaxSpec(A), and by Corollary 2.19, a = A. In particular, 1 ∈ a, whence N1 = 1N1 ⊆ N2.

Corollary 7.35. (From me, also cf. Proposition 4.60.) Let ϕ : M → N be an A-linear map of A-modules.
Then the following are equivalent:

(i) ϕ : M → N is injective.

(ii) ϕp : Mp → Np is injective for all p ∈ Spec(A).

(iii) ϕm : Mm → Nm is injective for all m ∈ Spec(A).

Now the main theorem.

Theorem 7.36. Let A be a Dedekind ring, and let (0) ̸= a ⊆ A be an ideal. Then vp(a) ≥ 1 only for finitely
many prime ideals (0) ̸= p ⊂ A, and

a =
∏

(0) ̸=p⊂A
vp(a)≥1

pvp(a).

Proof.

(i) We first show that vp(a) ≥ 1 for only finitely many p. We may assume that Spec(A) is infinite, as
otherwise the claim is obvious.
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First note that vp(a) ≥ 1 if and only if aAp does not contain a unit of Ap if and only if a ⊆ p. Next, we
apply Zorn’s lemma to find a maximal element b of the set

{ideals b ⊆ A | b ⊆ p for infinitely many prime ideals p ⊂ A}

We claim that b is prime. Assume that ab ∈ b. By construction, ab ∈ p for infinitely many p that
contain b. Hence a or b lies in infinitely many p that contain b; w. l. o. g. let a be the element with this
property. Then b + (a) is contained in infinitely many p. But b is already maximal, so b + (a) = b, i. e.
a ∈ b. This shows the claim.
Since A is a one-dimensional integral domain, (0) is the only prime ideal contained in infinitely many p.
So we must have b = (0). Furthermore, by maximality of b, b = (0) is the only ideal contained in
infinitely many p. In particular, a ̸= (0) is contained in only finitely many p, thus vp(a) ≥ 1 for only
those p.

(ii) Put b :=
∏
vq(a)≥1 q

vq(a), where all (0) ̸= q ⊂ A are prime. We next show that bAp = aAp for all p.
We have

bAp =

 ∏
vq(a)≥1

qvq(a)

Ap =
∏

vq(a)≥1

(qAp)vq(a) = (pAp)vp(a) = aAp.

The second equality is always true. Namely, taking the extension of ideals commutes with products: Let
f : A→ B be any ring map. Then for ideals a, b ⊆ A, we have f(ab)B = {f(a)f(b) | a ∈ a, b ∈ b}B =
(f(a)B)(f(b)B). On the third equality: For all (0) ̸= q ̸= p, we have q ⊈ p since dim(A) = 1. Hence
there exists some s ∈ q \ p, whence qAp = Ap because s ∈ A×

p . The last equality is the definition of vp.

(iii) Applying Lemma 7.34 to bAp ⊆ aAp ⊆ bAp for all p ∈ Spec(A) yields b ⊆ a ⊆ b, and we win.

7.6 Fractional Ideals
The ideals in a Dedekind ring form an abelian monoid under multiplication. We want to turn them into an
abelian group.

Definition 7.37. Let A be a Dedekind ring, and put K := Quot(A). A fractional ideal of A is a finitely
generated A-submodule (0) ̸= a ⊆ K. If a and b are fractional ideals, we define their product to be

ab := (ab | a ∈ a, b ∈ b),

which is again a fractional ideal: If a = (a1, . . . , an) and b = (b1, . . . , bm), then ab = (aibj | i = 1, . . . , n; j =
1, . . . ,m) is also a finitely generated A-submodule.

Proposition 7.38. The fractional ideals of a Dedekind ring A form an abelian group under multiplication.

Proof. Let K := Quot(A). Commutativity, associativity and the neutral element A = (1) follow directly from
the ring properties of A. What remains to show is the existence of inverses. For a given fractional ideal a of A,
we claim that

a−1 := {x ∈ K | xa ⊆ A}

is its inverse. Observe that this is indeed an A-submodule of K.

(i) We first show a−1 ≠ (0). By assumption, a is finitely generated, say a = (b1/s1, . . . , bn/sn) for bi, si ∈ A
with si ̸= 0. Then 0 ̸= s1 · · · sn ∈ a−1 (we have s1 · · · sn(bi/si) ∈ A for all i), so a−1 ̸= (0).

(ii) Next, we show that a−1 is finitely generated. Since a ̸= (0), there exists a 0 ̸= y ∈ a. Then Ay ⊆ a,
and hence a−1 ⊆ {x ∈ K | x ·Ay ⊆ A} = Ay−1. Since A is noetherian, Ay−1 is noetherian A-module
by Corollary 3.25, and thus the submodule a−1 is finitely generated.

(iii) We now show the inverse property where we have to exploit the Dedekind property. Let (0) ̸= p ⊂ A be
a prime ideal. First note that we can extend the definition of p-adic valuation in the discrete valuation
ring Ap to Ap-submodules of K. For a ̸= (0), we obtain aAp = (πp)vp(a) for a unique vp(a) ∈ Z.
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We claim that a−1Ap = (aAp)−1 = (πp)−vp(a). For the second equality, we saw in (ii) that for principal
ideals (y) = Ay with y ∈ K×, (y)−1 = Ay−1 holds. In our case,

(aAp)−1 = ((πp)vp(a))−1 = (πvp(a)
p )−1 = (π−vp(a)

p ) = (π−1
p )vp(a) = (πp)−vp(a),

where vp((π−1
p )) = vp(π−1

p ) = −1, so indeed (π−1
p ) = (πp)−1.

For the first equality of the claim, a−1Ap ⊆ (aAp)−1 follows from the definition of a−1, namely pass
xa ⊆ A to the localisation xaAp ⊆ Ap for all x ∈ a−1. Conversely, let x ∈ (aAp)−1, i. e. for all a ∈ a, we
have xa ∈ Ap. If we write a = (a1, . . . , an) and xai = bi/si with bi ∈ A and si ∈ A\p for all i = 1, . . . , n,
then ai ∈ A for all i. We deduce s1 · · · snx ∈ a−1, whence x = (s1 · · · snx)/(s1 · · · sn) ∈ a−1Ap. This
proves the claim.
In conclusion, (aa−1)Ap = (aAp)(a−1Ap) = (aAp)(aAp)−1 = Ap for all p (the first equality holds as we
noted in Theorem 7.36). Lemma 7.34 implies that aa−1 = A.

Example 7.39. The Dedekind property has to hold for this proof to work. Consider A = k[X,Y ], which
is not Dedekind because dim(A) = 2, e. g. (0) ⊂ (X) ⊂ (X,Y ). Consider a = (X,Y ) ⊆ A. If we define
a−1 := {x ∈ k(X,Y ) | xa ⊆ A}, then a−1 = k[X,Y ], hence a−1a = (X,Y ) ⊂ k[X,Y ].

Corollary 7.40. Let A be a Dedekind ring. For every fractional ideal a of A, there are unique vp(a) ∈ Z,
which are almost all 0, such that

a =
∏

(0) ̸=p⊂A

pvp(a).

In other words: Let IA be the group of fractional ideals of A. Then IA ∼=
⊕

p̸=(0) Z[p], where Z[p] is the
free abelian group with one generator p.

Proof. Pick any 0 ̸= x ∈ a−1 ∩ A (we can pick any 0 ̸= x ∈ a−1 by Proposition 7.38 and multiply with its
denominator). Then Ax and xa are ideals in A, so they admit prime factorisations

∏
p p

vp(x) and
∏

p p
vp(xa),

resp., according to Theorem 7.36. We obtain

a = (x−1x)a = (Ax)−1(xa) =
∏

p̸=(0)

pvp(xa)−vp(x) =
∏

p̸=(0)

pvp(a).

Uniqueness follows after passing to the discrete valuation ring Ap, i. e. aAp = (πp)vp(a).

7.7 Ideal Class Group

Definition 7.41. Let A be a Dedekind ring, let K := Quot(A), and let IA be the abelian group of fractional
ideals of A. Then a ∈ IA is principal if there exists an x ∈ K× such that a = (x) := Ax. This defines the
subgroup PA ⊆ IA of principal fractional ideals. We call ClA := IA/PA the ideal class group of A.

Proof. (From me.) We can easily convince ourself that PA is indeed an abelian subgroup. Since IA is abelian,
PA is normal, so ClA defines a group again.

Remark 7.42. The following hold true:

(i) ClA = {1} if and only if every a ∈ IA is principal if and only if every prime ideal p ⊂ A is principal
(Corollary 7.40) if and only if A is a principal ideal domain (Theorem 7.36).
In this sense, ClA measures the extent to which A is not a principal ideal domain.

(ii) (x) = (y) for x, y ∈ K× if and only if (xy−1) = (1) if and only if x = uy for some u ∈ A×.
This implies the exactness in K× (meaning (x) = (1) if and only if x ∈ A×) of the following exact
sequence:

1 A× K× PA IA ClA 1x 7→(x)
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Example 7.43. Consider the Dedekind ring A = Z[
√
−5], which is not a principal ideal domain as we have seen

in Example 2.53. For example, the ideal p = (2, 1 +
√
−5) is not principal.

(p is not principal since if p = (p) for some p ∈ Z[
√
−5], then p | 2, 1 +

√
−5. This implies N(p) |

gcd(N(2), N(1 +
√
−5)) = 2. But the norm of any p is never 2 because x2 + 5y2 = 2 has no solution in Z2. It

follows that N(p) = 1 which, however, leads to p ∈ Z[
√
−5]× and p = Z[

√
−5], contradicting

Z[
√
−5]/p ∼= Z[T ]/(2, T 2 + 5, T + 1) ∼= F2[T ]/((T + 1)2, T + 1) ∼= F2[T ]/(T + 1) ∼= F2 ̸= 0.

The above calculation also shows that p is maximal.)
We compute

p2 = (4, 2 + 2
√
−5,−4 + 2

√
−5) = (4, 2 + 2

√
−5, 2

√
−5) = (4, 2, 2

√
−5) = (2).

Thus p is of order 2 in ClA, meaning p2 is principal, and the inverse of p is

p−1 = 1
2p =

(
1, 1 +

√
−5

2

)
.

In fact, one can show that ClA ∼= Z/2.
For the remaining subsection, we will state some interesting theorems and conjectures in number theory

(without proof). This one is one of the most fundamental results in classical algebraic number theory.

Theorem 7.44 (Dedekind). Let K/Q be a finite field extension, and let OK ⊆ K be the ring of integers.
Then ClOK

is finite. We call hK := |ClOK
| the class number of K.

The number hK (i. e. in which circumstances can hK attain certain values) is still an active field of research,
but some partial results are known. The following was already conjectured by Gauss.

Theorem 7.45 (Stark-Heegner theorem, 1967). There are precisely nine imaginary-quadratic fields
K = Q(

√
d) with d < 0 and hK = 1. These are

d ∈ {−1,−2,−3,−7,−11,−19,−43,−67,−163}.

The following is still an open problem.
Problem 7.46 (class number problem, conjecture). There exist infinitely many real-quadratic fields
K = Q(

√
d) with d > 0 and hK = 1.

Remark 7.47. The ideal class group also appears in the geometric setting of elliptic curves. Let k be a field
with char(k) ̸= 2, 3. Let f(x) ∈ k[x] be a separable polynomial of degree 3. Then A := k[x, y]/(y2 − f(x)) is a
Dedekind domain and is an example of an elliptic curve in the plane.

Theorem 7.48 (group structure on points of an elliptic curve). Let A = k[X,Y ]/(Y 2 − f(X)), where k is
a field with char(k) ̸= 2, 3 and f(X) ∈ k[X] is a separable polynomial of degree 3. Then there is a bijection

{(x, y) ∈ k2 | y2 = f(x)} ∪ {∞} → ClA, (x, y) 7→ px,y := (X − x, Y − y) 7→ [(X − x, Y − y)],

where the px,y ⊂ A are prime ideals.

Remark 7.49. As formulating and disproving conjectures in research mathematics is founded on evidence, there
are often times huge databases containing all sorts of information on concrete examples. In the realm of number
theory, such a database is [LMF]. For example, we can search for algebraic number fields as mentioned above
under the category Fields → Number fields.

If we search for quadratic CM fields of degree 2 with class number 1, we indeed obtain a list of nine number
fields, consistent with the Stark-Heegner theorem 7.45. On the other hand, if we are searching for non-CM fields
of degree 2 with class number 1, we obtain a staggering number of (currently) 177 159 number fields, supporting
the conjecture for the class number problem 7.46.

7.8 The Splitting of Primes Lect. 23
10.07.23

Recall the main theorem on Dedekind rings (Theorem 7.36): Let A be a Dedekind ring, and let (0) ̸= a ⊆ A be
an ideal. Then there exists a unique factorisation a =

∏r
i=1 p

ei
i into prime ideals (0) ̸= pi ⊂ A with pi ̸= pj for

all i ̸= j and ei ≥ 1 for all i.
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Observation 7.50. Let A ⊆ B be a finite ring extension of Dedekind rings (like Z ⊆ OK), and let
(0) ̸= p ⊂ A be prime ideal. By the prime factorisation in Dedekind rings (Theorem 7.36), we may factor

pB = Pe1
1 · · ·Per

r

into prime ideals in B with Pi ̸= Pj for all i ̸= j and ei ≥ 1. Since Dedekind rings are one-dimensional by
definition, we have Pi ⊈ Pj for all i ̸= j, i. e. they are all maximal, implying Pi + Pj = B for all i ̸= j. So
the Chinese remainder theorem 8.5 yields

B/pB = B/Pe1
1 × · · · ×B/Per

r

In each component B/Pei
i , the only prime ideal in B containing Pei

i is Pi (recall from Exercise 8.52 that
prime ideals in the product are of the form B × · · · ×Pi × · · · ×B). Hence we have a bijection

{P1, . . . ,Pr} ∼= Spec(B/pB) ∼= {P ∈ Spec(B) | p ⊆ P}.

We deduce that p ⊆ Pi ∩ A for all i = 1, . . . , r. Again because of dim(A) = 1, p is maximal and we have
p = Pi ∩A for all i = 1, . . . , r.

Conversely, let (0) ̸= P ⊂ B be a prime and maximal ideal. By finiteness of A ⊆ B and by Corollary 5.13,
p := P ∩A is a prime and maximal ideal of A. Hence P | pB by what was said before (we have p ⊆ P, so
P ∈ {P1, . . . ,Pr}).

Thus the following definition applies to all (0) ̸= P ⊂ B.

Definition 7.51. Let A ⊆ B be a finite ring extension of Dedekind rings. Let (0) ̸= P ⊂ B be a prime
ideal, and let p := P ∩ A be a prime ideal in A. Assume that pB = PePe1

1 · · ·Per
r is the splitting of p

in B with Pi ̸= P and e, ei ≥ 1 for all i = 1, . . . , r. We define e(P) := e as the ramification index of P.
We call f(P) := [B/P : A/p] the inertia degree of P, which is the degree of the finite field extension
(B/P)/(A/p).

Remark 7.52. Why do we call it ramification? Consider the ring extension A = C[t] ⊆ B = C[z], given by
t = ze. Then for p = (t), we have pB = (z)e. The ring extension A ⊆ B corresponds to the complex map
C← C, ze 7→z (see Example 5.18). The number e describes the number of branches on the Riemann surface
of the map t 7→ t1/e near t = 0.

Proposition 7.53. Let A ⊆ B be a finite ring extension of Dedekind rings. Put K := Quot(A) and
L := Quot(B). Given a prime ideal (0) ̸= p ⊂ A and a splitting pB = Pe1

1 · · ·Per
r , then

r∑
i=1

eifi = [L : K],

where ei = e(Pi) and fi := f(Pi) for all i = 1, . . . , r.

Remark 7.54. (From me.) A maybe useful statement: Let A ⊆ B be a finite ring extension of integral domains.
Then Quot(B) = (A \ {0})−1B.

Proof: Put S := A \ {0}. Since Quot(A) = S−1A ⊆ S−1B is also finite, and since Quot(A) is a field and
S−1B an integral domain, S−1B is a field as well by Proposition 5.12. We thus have B ⊆ S−1B ⊆ Quot(B).
By definition, Quot(B) is the smallest field containing B, hence S−1B = Quot(B).

Proof. We know that Ap is a discrete valuation ring. Let Bp := (A \ p)−1B, which is finite (A ⊆ B is finite)
and torsion-free (Bp ⊆ L is a subring of a field) as an Ap-module. Say Bp

∼= A⊕d
p by the structure theorem 3.52

(recall that Ap is a local principal ideal domain, Theorem 7.23). Then, by the Chinese remainder theorem 8.5,

[L : K] = d = dimA/p(Bp/pBp) = dimA/p(B/pB) = dimA/p(B/Pe1
1 × · · · ×B/Per

r ) =
r∑
i=1

dimA/p(B/Pei
i ).

Here, the first equality follows from tensoring Bp
∼= A⊕d

p with K = Quot(A). With Remark 7.54, we then
obtain the following chain of isomorphisms of K-vector spaces:

L = (A \ {0})−1B ∼= Bp ⊗Ap
K ∼= A⊕d

p ⊗Ap
K ∼= K⊕d
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The second equality follows from tensoring Bp
∼= A⊕d

p with A/p. Using Corollary 4.55, we obtain B/pB =
Bp/pBp and similarly for A/p (also used in the third equality), whence a chain of isomorphisms of Ap/pAp

∼= A/p-
vector spaces follows:

B/pB = Bp/pBp
∼= Bp ⊗Ap

A/p ∼= A⊕d
p ⊗Ap

A/p ∼= (Ap/pAp)⊕d = (A/p)⊕d.

It remains to see dimA/p(B/Pei
i ) = eifi. Since B is a Dedekind ring, BPi

is a discrete valuation ring and, in
particular, a principal ideal domain. Due to Exercise 8.10, we know that for all n ≥ 0, (PiBPi)n/(PiBPi)n+1

is a one-dimensional BPi/PiBPi -vector space. If we apply the homomorphism theorem to the canonical map
Pn
i → (PiBPi

)n/(PiBPi
)n+1, we obtain Pn

i /P
n+1
i
∼= (PiBPi

)n/(PiBPi
)n+1 as B/Pi-vector spaces. Thus

dimB/Pi
(Pn

i /P
n+1
i ) = 1 for all n ≥ 0. By induction, the dimension formula for quotient spaces as well as

Noether’s isomorphism theorem give

dimB/Pi
(B/Pei

i ) = dimB/Pi
((B/Pei

i )/(Pei−1
i /Pei

i )) + dimB/Pi
(Pei−1

i /Pei
i )

= dimB/Pi
(B/Pei−1

i ) + 1 = (ei − 1) + 1

(note that B/P0
i = B/B = 0). By definition, fi = dimA/p(B/P), thus dimA/p(B/Pei

i ) = eifi.

How can we understand and compute e(P) and f(P)?

Proposition 7.55 (Dedekind-Kummer theorem). Let A ⊆ B be a finite ring extension of Dedekind
rings. Put K := Quot(A) and L := Quot(B). Assume that B is monogenic, i. e. B = A[α] for some α ∈ L.
Let g(T ) := minL/K(α, T ) ∈ A[T ] (Proposition 7.5).

Let (0) ̸= p ⊂ A be a prime ideal. Then the following are equivalent:

(i) pB splits as pB = Pe1
1 . . .Per

r in B with non-zero prime ideals Pi ̸= Pj for all i ̸= j and ei ≥ 1.

(ii) ḡ := g mod p factors as ḡ = ge1
1 · · · ger

r in (A/p)[T ] with irreducible gi of degree fi = f(Pi) such
that (gi) ̸= (gj) for all i ̸= j.

In fact, we can match Pi and gi by Pi = pB + (g̃i(α)) where g̃i ∈ A[T ] is any lift of gi.

Proof. B = A[α] implies B ∼= A[T ]/(g(T )). Thus, by Remark 2.3 and by the Chinese remainder theorem 8.5,
s∏
j=1

B/P
e′

j

j
∼= B/pB ∼= A[T ]/(pA[T ] + (g)) ∼= (A/p)[T ]/(ḡ) ∼=

r∏
i=1

(A/p)[T ]/(gi)ei , (7.56)

where ḡ = ge1
1 · · · ger

r is the prime factorisation of ḡ = g mod p (the factorisation exists since (A/p)[T ]
is a principal ideal domain), and where pB = P

e′
1

1 · · ·P
e′

s
s is a splitting of pB. We immediately see that

s = |Spec(B/pB)| = r for the only prime ideal in (A/p)[T ]/(gi)ei is (gi) for each i.
(Adapted from [Sut].) We next show that there is the equality of sets

{pB + (g̃i(α)) | i = 1, . . . , r} = {P1, . . . ,Pr}.

Observe that the (gi) are pairwise different in (A/p)[T ]/(ḡ) ∼= A[T ]/pA[T ]+(g) ∼= B/pB, hence the (g̃i(α)) mod
pB and thus the pB + (g̃i(α)) are resp. pairwise different. Moreover, by Remark 2.3,

B/(pB + (g̃i(α))) ∼= A[T ]/(pA[T ] + (g, g̃i)) ∼= (A/p)[T ]/(gi) (7.57)

since gi | ḡ. As (gi) is prime in (A/p)[T ], the quotient rings are integral domains and pB+(g̃i(α)) ∈ Spec(B/pB).
W. l. o. g. assume that pB + (g̃i(α)) = Pi for all i = 1, . . . , r.

Lastly, we show that ei = e′
i and deg(gi) = fi = f(Pi) for all i = 1, . . . , r. (7.57) actually says a lot more:

Since gi is irreducible and (gi) is even a maximal ideal, (A/p)[T ]/(gi) is a field extension of the field A/p, and
its degree is deg(gi). Thus

f(Pi) = [B/Pi : A/p] = [(A/p)[T ]/(gi) : A/p] = deg(fi).

Consider the ideal q := Pe1
1 · · ·Per

r =
∏r
i=1(pB + (g̃i(α)))ei . Distributing this product, we see that q ⊆ pB

since every summand has either one factor pB or is generated by g̃1(α)e1 · · · g̃r(α)er ≡ g(α) ≡ 0 mod pB. Hence
ei ≤ e′

i for all i in order for q ⊆ pB = P
e′

1
1 · · ·P

e′
r
r to hold (this follows from the unique splitting of pB).
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(From me.) Returning back to (7.56), we know from the proof in Proposition 7.53 that the A/p-dimension
of the left-hand side is

∑r
i=1 e

′
ifi. With a similar argument as in Proposition 7.53, we can argue that the

A/p-dimension of the right-hand side is
∑r
i=1 eifi (this time, we can apply Exercise 8.10 directly to the principal

ideal domain (A/p)[T ]). Hence
∑r
i=1 e

′
ifi =

∑r
i=1 eifi if and only if ei = e′

i.

Example 7.58. Consider A = Z ⊆ B = Z[α] ∼= Z[T ]/(T 3 − 2) with α3 = 2, which is a Dedekind ring extension
(cf. Example 7.11). Consider the prime ideals p = (2), (3), (5) ⊆ Z. Then we have

(i) T 3 − 2 ≡ T 3 mod (2), so 2B = (2, α)3 = (α)3 (we have α3 = 2).

(ii) T 3 − 2 ≡ (T − 2)3 mod (3) (we used the Frobenius endomorphism and np ≡ n mod (p) for all n ∈ Z
and prime numbers p). Then 3B = (3, α− 2)3 (actually a principal ideal).

(iii) T 3−2 ≡ (T−3)(T 2+3T−1) mod (5), which is a prime factorisation. Thus 5B = (5, α−3)(5, α2+3α−1).
Here, e = f = 1 for the left factor, and e = 1 and f = 2 for the right factor.

As it turns out, the splitting of a prime ideal (0) ̸= p ⊂ A is most of the time pretty ‘flat’, i. e. the
ramification indices are 1. We will make this precise with the following definition.

Definition 7.59. Let A ⊆ B be a finite ring extension of Dedekind rings. We say that a prime ideal
(0) ̸= p ⊂ A ramifies in B if there exists some prime ideal P | pB in B such that e(P) ≥ 2.

Proposition 7.60. Let A ⊆ B be a finite ring extension of Dedekind rings. Put K := Quot(A) and
L := Quot(B). If L/K is separable, then only finitely many prime ideals of A ramify in B.

Proof.

(i) We proof the monogenic case first. Assume that B ∼= A[T ]/(g) for some irreducible polynomial
g(T ) ∈ A[T ]. Then also L ∼= K[T ]/(g) by Remark 7.54. Since L/K is separable by assumption,
g ∈ K[T ] is separable, i. e. it has no multiple roots in K. By [Sch, Cor. 6.20], this is equivalent to
g and g′ being coprime in K[T ], i. e. (g, g′) = K[T ] (g′ denotes the formal derivative of g). Thus
there are h1, h2 ∈ K[T ] such that h1g + h2g

′ ∈ K×. By clearing denominators, we may assume that
h1, h2 ∈ A[T ], thus a := h1g + h2g

′ ∈ A \ {0}.
There are only finitely many prime ideals p ⊂ A that contain (a) ̸= (0) (see the proof of Theorem 7.36);
these might ramify. For all other prime ideals (0) ̸= q ⊂ A with a /∈ q (if any), we have (ḡ, ḡ′) = (A/q)[T ]
since A/q is a field and thus ā ∈ (A/q)× = (A/q)[T ]×. This means that ḡ = g mod q is separable over
A/q, so each irreducible factor of ḡ has multiplicity 1. By the Dedekind-Kummer theorem 7.55, for
each prime ideal Q | qB, it must be e(Q) = 1.

(ii) In the general case, by the primitive element theorem for the finite separable L/K, pick a primitive
element α ∈ L such that L = K(α). By multiplying with the denominator, we may assume that α ∈ B.
Consider A[α] ⊆ B. By assumption, B is finite over A, say B = (b1, . . . , bn) as an A-module. Then
every bi is of the form bi = x0 + x1α + · · · + xd−1α

d−1 with xj ∈ K and d := [L : K]. We can clear
denominators, i. e. there exists some 0 ̸= si ∈ A such that sibi ∈ A[α] for all i = 1, . . . , n. Setting
0 ̸= s := s1 · · · sn ∈ A, we conclude that sB ⊆ A[α] ⊆ B, implying B[s−1] ⊆ A[α, s−1] ⊆ B[s−1].
So A[s−1] ⊆ B[s−1] is a monogenic finite Dedekind ring extension, and we reduced the general case to
the monogenic case. Thus only finitely many prime ideals (0) ̸= p ⊂ A[s−1] ramify in B[s−1]. As in
the proof of Theorem 7.36, only finitely many prime ideals p ⊂ A contain s ̸= 0. Since the p ⊂ A[s−1]
are precisely the prime ideals p ⊂ A with s /∈ p, in total, only finitely many prime ideals in A ramify
in B.

Example 7.61. Let d ∈ Z be square-free, and consider the finite ring extension Z ⊆ OK for K := Q(
√
d). We

know that Z ⊆ OK is monogenic, and the minimal polynomial over Q of the primitive element is

g(T ) :=


T 2 − d, if d ≡ 2, 3 mod (4),

T 2 − T + 1− d
4 , if d ≡ 1 mod (4)
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(cf. Example 7.31). Then OK ∼= Z[T ]/(g(T )). The discriminant of g is

D =
{

4d, if d ≡ 2, 3 mod (4),
d, if d ≡ 1 mod (4)

(recall that for a general quadratic polynomial aT 2 + bT + c ∈ Q[T ], the discriminant is defined as D = b2−4ac).
Thus a prime number p ∈ Z, or, more precisely, a prime ideal (p) ⊂ Z, ramifies in OK if and only if g mod (p)

is not separable, see the Dedekind-Kummer theorem 7.55. This happens if and only if the discriminant vanishes,
i. e. p | D (recall that we can factor a quadratic as (x+ y

√
D)(x− y

√
D) for suitable x, y ∈ Q).

We now look at the symmetries of the splitting of primes.

Lemma 7.62 (prime avoidance lemma, [AtMac, Prop. 1.11]). Let p1, . . . , pr ⊂ A be prime ideals
with pi ⊈ pj for all i ̸= j, and let a ⊆ A be an ideal with a ⊈ pi for all i = 1, . . . , r. Then a ⊈

⋃r
i=1 pi.

Proof. We induct on r. The case r = 1 is trivial. Suppose r > 1. Then for each i, by the induction hypothesis,
there exists some xi ∈ a \

⋃
j ̸=i pj . If we have xi /∈ pi for some i, then we are done. Otherwise xi ∈ pi for all i.

Then
∑r
i=1 x1 · · ·xi−1xi+1 · · ·xr ∈ a \

⋃r
i=1 pi, and we are also done.

The following holds not only for Dedekind ring extensions.

Proposition 7.63. Let A ⊆ B be a finite ring extension. Let G be a finite group acting on B by
ring automorphisms such that A = BG for the G-invariants. If P1,P2 ⊂ B are prime ideals such
that P1 ∩A = P2 ∩A =: p, then there is some σ ∈ G such that σ(P1) = P2. In other words: Given a prime
ideal p ⊂ A, the action of G on all prime ideals above p is transitive.

Proof. First we note that for any prime ideal P ⊂ B, the sets σ(P) are prime ideals for all σ ∈ G too. The
reason is that each σ induces a ring automorphism on B.

Also, p = (0) is not a problem since this implies P1 = P2 = (0).
According to Exercise 8.43, there are only finitely many prime ideals P1, . . . ,Pr ⊂ B containing p. By

assumption, A ⊆ B is also integral, so Corollary 5.14 implies that Pi ⊈ Pj for all i ≠ j. By the prime
avoidance lemma 7.62, there exists an x ∈ P1 \ (P2 ∪ · · · ∪ Pr). It follows that for all σ ∈ G, we have
σ(x) ∈ σ(P1) \ (σ(P2) ∪ · · · ∪ σ(Pr)) (reason being that σ is invertible, and that taking preimages distributes
over taking unions and intersections of sets).

Now observe that the norm N :=
∏
σ∈G σ(x) is G-invariant since for each σ ∈ G, left-multiplication

σ : G → G is bijective on G. Moreover, the product N contains 1(x) = x with the identity 1 ∈ G, hence
N ∈ P1. Hence N ∈ P1 ∩BG = P1 ∩A = p. Thus for every i, we obtain N ∈ p ⊆ Pi, so by the prime ideal
property, there exists some σ ∈ G such that σ(x) ∈ Pi. Observe that p = σ(p) = σ(P1 ∩ A) = σ(P1) ∩ A,
so σ(P1) ∈ {P1, . . . ,Pr}. Since σ(x) only lies in σ(P1), but not in σ(P2), . . . , σ(Pr), we necessarily have
Pi = σ(P1).

Corollary 7.64. Let A ⊆ B be a finite ring extension of Dedekind rings. Put K := Quot(A) and
L := Quot(B). Assume that L/K is a Galois extension. Let (0) ̸= p ⊂ A be a prime ideal, and let
pB = Pe1

1 · · ·Per
r be its splitting. Then e1 = · · · = er and f(P1) = · · · = f(Pr).

Proof. First note that L/K is finite as A ⊆ B is finite. From [Sch, Thm. 7.8], we know that G := Gal(L/K) is
a finite group with LG = K. Similarly to Exercise 8.58, we can show that B is stable under the action of G
on L, and BG = A.

For every σ ∈ G, we obtain a factorisation

Pe1
1 · · ·Per

r = pB = σ(pB) = σ(P1)e1 · · ·σ(Pr)er ,

where pB = σ(pB) because σ(pB) = {σ(p)σ(b) | p ∈ p, b ∈ B}, p ⊂ A = BG and σ is an automorphism.
By uniqueness of the factorisation (Theorem 7.36), we have σ(P1) = Pi for some i, implying e1 = ei.
Proposition 7.63 says that G acts transitively on {P1, . . . ,Pr}. So for any Pi ̸= Pj , we pick some σ ∈ G such
that Pi = σ(Pj), and by the above reasoning, ei = ej . This gives e1 = · · · = er.

Continuing the line of thought, go back to the point where σ(P1) = Pi for some i. Then the isomorphism
σ : B → B induces an isomorphism B/P1 → B/σ(P1) = B/Pi, hence f1 = [B/P1 : A/p] = [B/Pi : A/p] = fi.
By the same reasoning as above, we have f1 = · · · = fr.
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Remark 7.65. (From me.) In this case, the splitting reads as

pB =
(∏
σ∈G

σ(P)
)e

for any P ∈ Spec(B/pB) and suitable e ≥ 1.
Remark 7.66. (Form me.) Instead of assuming that L/K being Galois, we can take the same assumptions as in
Proposition 7.63, namely let G be a finite group acting on B by ring automorphisms such that BG = A. We
can then extend the group action to L and observe that LG = K. By [Sch, Thm. 7.6] (a result due to Artin),
this already implies that L/K is Galois with G = Gal(L/K).

This is a funny criterion to check whether the corresponding field extension of a Dedekind ring extension is
Galois.

7.9 Quadratic Norm Equations Lect. 24
13.07.23

For the final few subsections, we want to combine everything we have learned about Dedekind rings, prime
splittings and the ideal class group in order to solve quadratic norm equations. We already solved such a
quadratic norm equation: Recall from Proposition 1.55 that Z[i] is a principal ideal domain. Then we deduced
in Theorem 2.5 that x2 + y2 = p has a solution if and only if p ≡ 1, 2 mod (4). We will see that p ̸= 2 splits in
Z[i] if and only if p ≡ 1 mod (4).

Observation 7.67. Let d ∈ Z be square-free, K := Q(
√
d), and let OK ⊆ K be the ring of integers. In this

setting, we know that the norm over K/Q is

N = NK/Q : K → Q, x+ y
√
d 7→ x2 − dy2 with x, y ∈ Q.

It restricts to a function N : OK → Z which defines a quadratic form in two variables x, y ∈ Z. More
concretely, if we set

α :=


√
d, if d ≡ 2, 3 mod (4),

1 +
√
d

2 , if d ≡ 1 mod (4),

then OK = Z⊕ Zα as a Z-module. In this basis, the norm is given by

N(x+ yα) =


x2 − dy2, if d ≡ 2, 3 mod (4),

x2 + xy + 1− d
4 y2, if d ≡ 1 mod (4),

∈ Z[x, y]. (7.68)

Problem 7.69. The basic question is: For which n ∈ Z can we solve N(z) = n with z ∈ OK? This equation is
called the norm equation for OK and is part of Diophantine geometry, i. e. the study of polynomial equations
over Z.

Lemma 7.70. Let K/Q be a number field. Let (0) ̸= a ⊆ OK be an ideal with prime factorisation
a = pe1

1 · · · per
r . Then the following quantities agree:

(i) The cardinality |OK/a|.

(ii) The product pe1f1
1 · · · perfr

r where (pi) = pi ∩ Z and fi := f(pi) = [OK/pi : Fpi
].

(iii) The unique integer N (a) ∈ Z>0 such that (N (a)) = (NOK/Z(a) | a ∈ a) (which is like the greatest
common divisor).

We denote any quantity above by N (a) and call it the norm of a.

Proof. (From me.)
• (i) = (ii): In the proof of Proposition 7.53, we have seen that dimZ/pi

(OK/pei
i ) = eifi. Thus by the

Chinese remainder theorem 8.5, we have

|OK/a| =
r∏
i=1
|OK/pei

i | =
r∏
i=1
|Z/pi|dimZ/pi

(OK/p
ei
i

) =
r∏
i=1

peifi

i .
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• (i) = (iii): (This equality is missing. Any idea would be welcomed. I think one has to use that for
principal ideals, N ((α)) = |NOK/Z(α)| = |OK/αOK |. Then, somehow, consider each principle ideal
pOK,p for prime ideals p ⊂ OK in the discrete valuation ring.)

Definition 7.71. We generalise the definition of the norm map N : OK → Z from (7.68) to ideal classes
of OK : Let K/Q be a number field. For all ideals (0) ̸= a ⊆ OK , we define

Na : a→ Z, z 7→ N(z)/N (a) ∈ Z.

Notice that this is well-defined since by Lemma 7.70, N (a) | N(z) for all z ∈ a.

Remark 7.72. Like N , the norm Na defines a quadratic form in two variables over Z. Observe that up to
a Z-linear change of coordinates, Na only depends on the coset [a] ∈ ClOK

. The reason is that two ideals
in this cosets differ only by some principal ideal factor (π) ⊆ OK , and in the definition of Na, we have
N(πz)/N (πa) = N(z)/N (a) (both norms are multiplicative).
Example 7.73. Consider K = Q(

√
−5) and OK = Z[

√
−5]. As mentioned in Example 7.43, in fact we have

hK = 2 and ClZ[
√

−5] = {[Z[
√
−5]], [(2, 1 +

√
−5)]}. We want to calculate the norm w. r. t. the ideal classes.

(i) We already know NOK
(x+ y

√
−5) = x2 + 5y2.

(ii) Let a := (2, 1 +
√
−5). What about Na? For this, we need a Z-basis of a. Since a = (2, 1 +

√
−5) as a

Z[
√
−5]-module, we have

a = (2, 1 +
√
−5, 2 ·

√
−5, (1 +

√
−5) ·

√
−5 = −5 +

√
−5) = (2, 1 +

√
−5)

as a Z-module. Furthermore, N (a) = gcd(N(2), N(1 +
√
−5)) = 2. Thus

Na(2x+ (1 +
√
−5)y) = 4x2 + 4xy + 6y2

2 = 2x2 + 2xy + 3y2.

Note that in both norm equations, it is not a coincidence that the discriminant of the bivariate polynomial
is −20 (i. e. the discriminant of the quadratic polynomial that we obtain when setting x = 1 or y = 1).

We now restrict to norm equations Na(z) = p with a prime number p ∈ Z.

Proposition 7.74. Let K/Q be a number field. Let a ⊆ OK be an ideal, and let p ∈ Z be a prime number.
Then Na(z) = ±p has a solution z ∈ a if and only if pOK ∈ {p2, pp̄} with p ≠ p̄ and [p] ∈ {[a], [a]−1}
in ClOK

.

Proof. Assume that z ∈ a such that Na(z) = ±p. Since |N(z)| = N ((z)), by definition, we obtain p = |Na(z)| =
N ((z))/N (a) = N (za−1). Note that za−1 ⊆ OK since (z) ⊆ a. So by Lemma 7.70, p := za−1 is prime
with p | pOK and f(p) = 1. As [K : Q] = 2, Proposition 7.53 implies that either pOK = p2 (in this case,
2 = e(p)f(p) = 2·1) or pOK = pp̄ for some prime ideal p ̸= p̄ ⊂ OK (in this case, 2 = e(p)f(p)+e(p̄)f(p̄) = 1+1).
We obtain (z) = pa, hence [p] = [(z)] · [a−1] = [a−1] = [a]−1 in both cases, and [p̄] = [a] in the latter case.

Conversely, assume that pOK ∈ {p2, pp̄} and [p] ∈ {[a], [a]−1}. Note that 1 = [pOK ] = [p]2 or 1 =
[pOK ] = [p] · [p̄], hence [p] = [p]−1 or [p] = [p̄]−1, resp. So w. l. o. g., we may assume that [p] = [a]−1

(otherwise consider p−1 or p̄, resp.). This means that (z) := pa ⊆ OK is a principal ideal, hence z ∈ a and
Na(z) = ±N ((z))/N (a) = N (paa−1) = ±N (p) = ±p (the last equality follows from Proposition 7.53 and from
an analogous exhaustion of cases).

Example 7.75. According to Example 7.61, the discriminant of Z[
√
−5] is −20. As the only prime divisors of

−20 are 2 and 5, the only primes that ramify in Z[
√
−5] are (2) and (5) via 2Z[

√
−5] = (2, 1 +

√
−5)2 and

5Z[
√
−5] = (

√
−5)2. Recall Example 7.73.

(i) x2 + 5y2 = 29 has a solution x = 3, y = 2. Since (29) ⊂ Z does not ramify, its image in Z[
√
−5] splits

into 29Z[
√
−5] = pp̄ with principal p and p̄ because [p] = [p̄] = [Z[

√
−5]].

(ii) 2x2 + 2xy + 3y2 = 3 or 7 have solutions, e. g. x = 0, y = 1 or x = 1, y = 1, resp. Hence 3Z[
√
−5] and

7Z[
√
−5] split into non-principal ideals (they are non-principal since the factors lie in the class group

[(2, 1 +
√
−5)] or [(2, 1 +

√
−5)]−1).
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7.10 A Theorem of Gauss
Warning: The following adds a tremendous amount of new information!

Definition 7.76. Let K = Q(
√
d) with d ∈ Z square-free. We call

D :=
{

4d, if d ≡ 2, 3 mod (4),
d, if d ≡ 1 mod (4),

the fundamental discriminant of K.
This is the −20 we calculated earlier in Example 7.73.

Theorem 7.77 (Gauss 1978). Let K = Q(
√
d) with d ∈ Z square-free, let OK ⊆ K be the ring of integers,

and let D be the fundamental discriminant of K. There exists a group homomorphism

χ : (Z/DZ)× → {±1}

such that for every prime number p ∤ D, the ideal pOK splits if and only if χ(p) = 1.

We will not prove this.
Remark 7.78. This is closely related to law of quadratic reciprocity by Gauss, which provides an algorithm
for computing χ (and which we will not dive into).
Example 7.79. We use Proposition 7.74 extensively.

(i) Let d = −1. Then D = −4 and OK = Z[i] with trivial ideal class group since Z[i] is a principal ideal
domain (Proposition 1.55 and Remark 7.42). So p ̸= 2 splits in Z[i] if and only if N(z) = x2 + y2 = p
has a solution if and only if p ≡ 1 mod (4) (Theorem 2.5). Hence

χ(p) =
{

1, p ≡ 1 mod (4),
−1, p ≡ 3 mod (4).

(We exclude p ≡ 2 mod (4) since p ̸= 2.)

(ii) Let d = −2. Then D = −8 and OK = Z[
√
−2] with trivial ideal class group since Z[

√
−2] is a

principal ideal domain (Proposition 1.55 and Remark 7.42). So p ̸= 2 splits in Z[
√
−2] if and only if

N(z) = x2 + 2y2 = p has a solution if and only if p ≡ 1, 3 mod (8). Hence

χ(p) =
{

1, p ≡ 1, 3 mod (8),
−1, p ≡ 5, 7 mod (8).

(iii) Let d = −5. Then D = −20 and OK = Z[
√
−5] with ClZ[

√
−5] = {[Z[

√
−5]], [(2, 1 +

√
−5)]}

(cf. Example 7.73). So p ̸= 2, 5 splits in Z[
√
−5] if and only if NZ[

√
−5](z) = x2 + 5y2 = p or

N(2,1+
√

−5)(z) = 2x2 + 2xy + 3y2 = p has a solution if and only if p ≡ 1, 3, 7, 9 mod (20). Hence

χ(p) =
{

1, p ≡ 1, 3, 7, 9 mod (20),
−1, p ≡ 11, 13, 17, 19 mod (20).

(The residue classes are (Z/20)× ∼= (Z/4)× × (Z/5)×.)

(iv) Let d = 2. Then D = 8 and OK = Z[
√

2], which is, in fact, a principal ideal domain, and hence has
trivial ideal class group. So p ≠ 2 splits in Z[

√
2] if and only if N(z) = x2 − 2y2 = p has a solution if

and only if p ≡ 1, 7 mod (8). Hence

χ(p) =
{

1, p ≡ 1, 7 mod (8),
−1, p ≡ 3, 5 mod (8).

Note that we can solve for both signs since the norm is multiplicative and since −1 = 12 − 2 · 12 =
N(1 +

√
2).

Remark 7.80. If d > 0, for a given prime p ∈ Z, we cannot solve the norm equation N(z) = p by brute-forcing
all possible solutions since the norm is not positive definite. But if d < 0, this is possible.
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7.11 The Hilbert Class Field
Problem 7.81. Let K = Q(

√
d) with d ∈ Z square-free, and let OK be the ring of integers. By Theorem 7.77

and Gauss’s law of quadratic reciprocity, we may determine which prime numbers p ∈ Z split in OK . Then
Proposition 7.74 tells us that there a suitable ideal a ⊆ OK such that Na(z) = ±p has a solution z ∈ OK .

We want to improve on that by determining the p ∈ Z such that the general equation Na(z) = N(z) = ±p
with a = OK has a solution z ∈ OK .

Definition 7.82. A finite number field extension L/K is unramified if no prime ideal P ⊂ OL is ramified
over OK , i. e. e(P) = 1 for all P ⊂ OL.

We will not prove the following theorem.

Theorem 7.83 (Furtwängler 1906). Let K/Q be a number field. Then there exists a unique finite Galois
extension L/K (such that all archimedean primes split, and) such that for all prime ideals p ⊂ OK , the
following property holds: p is principal if and only if p splits completely in OL, i. e. pOL = P1 · · ·P[L:K]
with prime ideals Pi ⊂ OL and Pi ̸= Pj for all i ̸= j.

Definition 7.84. The field L in Theorem 7.83 is called the Hilbert class field of K. It satisfies the
following:

(i) Gal(L/K) ∼= ClOK
.

(ii) It is the maximal abelian unramified extension of K.

Corollary 7.85. Let K = Q(
√
d) with d ∈ Z square-free. Let L/K be the Hilbert class field extension, and

write L ∼= Q[T ]/(f(T )) with f ∈ Z[T ]. Let 0 ̸= s ∈ Z be such that OL[s−1] ∼= Z[s−1, T ]/(f(T )). Then for
all prime numbers p ∤ s, the equation N(z) = ±p has a solution z ∈ OK if and only if (f mod p) ̸= 0 has a
root in Fp.

Proof. First a comment on the existence of f and s: By definition of Hilbert class fields, L/K is separable, so
L/Q is separable (K/Q is separable if d ̸= 0, and K = Q if d = 0). Furthermore, OK ⊆ OL is a finite Dedekind
ring extension, hence Z ⊆ OL is so as well. As we have seen in Proposition 7.60, there exists a 0 ̸= s ∈ Z
such that Z[s−1] ⊆ OL[s−1] is monogenic, thus OL[s−1] ∼= Z[s−1, T ]/(f(T )) and L ∼= Q[T ]/(f(T )) for some
f(T ) ∈ Z[s−1, T ]. By clearing denominators, we may assume f ∈ Z[T ].

The proof will be the following sequence of equivalent statements (here, p ̸= p̄ is not necessary):

• N(z) = ±p has a solution z ∈ OK .

• pOK = pp̄ in OK and p is principal (Proposition 7.74 and [p] = [OK ] = [OK ]−1 in ClOK
).

• pOK = pp̄ in OK and p completely splits in OL (Theorem 7.83).

• pOK = pp̄ in OK and there exists a prime ideal P ⊂ OL above p with f(P | p) = 1.
(If pOL = P1 · · ·P[L:K], then f(P1) = · · · = f(P[L:K]) = 1 by Proposition 7.53. Conversely, if P | pOL,
then pOL = (

∏
σ∈Gal(L/K) σ(P))e with |Gal(L/K)| = [L : K] and e ≥ 1 since L/K is Galois and

Corollary 7.64. Because f(P) = 1, Proposition 7.53 implies e = 1.)

• There exists a prime ideal P ⊂ OL above p with f(P | p) = 1.
(We have

f(P | p) = [OL/P : Fp] = [OL/P : OK/p] · [OK/p : Fp] = f(P | p)f(p | p) (7.86)

for all prime ideals P ⊂ OL above p, where P ∩ OK = p. Moreover, f(p | p) = 1 if and only if pOL = pp̄.
Suppose that pOK = pp̄ and f(P | p) = 1. Then, by Proposition 7.53, either 2 = f(p | p)+f(p̄ | p) if p ̸= p̄,
or 2 = 2f(p | p) if p = p̄. In both cases, f(p | p) = 1, hence f(P | p) = 1 by (7.86) (cf. Proposition 7.74).
Conversely, suppose that f(P | p) = 1. Then f(P | p) = f(p | p) = 1 by (7.86). Thus, similarly to the
previous argument, Proposition 7.53 implies that pOK = pp̄ with possibly p = p̄.)
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• f mod p has a root in Fp.
(By assumption, Z[s−1] ⊆ OL[s−1] is monogenic. Since p ∤ s, we have s mod p ̸= 0, so Fp = Fp[s−1].
Hence by the Dedekind-Kummer theorem 7.55, f mod p ∈ Fp[T ] = Fp[s−1, T ] has a linear factor, i. e.
a root, if and only if there exists a prime ideal P[s−1] ⊂ OL[s−1] above p such that f(P[s−1] | p) = 1.
This is equivalent to the existence of a prime ideal P ⊂ OL above p such that f(P | p) = 1 since
OL[s−1]/P[s−1] ∼= [(s mod P)−1] = OL/P. Note that the last equality follows because s /∈ (p) = P ∩ Z,
so s mod P ̸= 0.)

Example 7.87. Consider K = Q(
√
−5). We know from previous examples that |ClZ[

√
−5]| = 2, so the Hilbert

class field L of K is quadratic. One would check that L = K(i) = Q(
√
−5, i).

So for prime numbers p ̸= 2, 5, as we have seen in Corollary 7.85, x2 + 5y2 = p has a solution if and only if
p splits in Z[

√
−5] and in Z[i] (since in this case, each factor of pZ[

√
−5] split in OL). This happens if and only

if p ≡ 1, 3, 7, 9 mod (20) and p ≡ 1 mod (4) (see Example 7.79), i. e. p ≡ 1, 9 mod (20).
This also implies that that 2x2 + 2xy + 3y2 = p has a solution if and only if p ≡ 3, 7 mod (20) (see

Example 7.79 again).
This is the end. A personal note from our lecturer:

Thank you for this great course! I hope you enjoyed it and wish you the best for your future studies!
– A. Mihatsch – Reviewed

Peer-
reviewed8 Exercises

8.1 Introduction
Exercise 8.1. True or false? Two of the following questions are very hard, so if you are stuck with one question,
just continue with the next.

(i) There are two non-isomorphic groups of order 4.

(ii) There are two non-isomorphic groups of order 5.

(iii) x3 − x2 + x+ 1 ∈ F3[x] is irreducible.

(iv) x4 + 2x2 + 1 ∈ Q[x] is irreducible.

(v) There is a field of order 27.

(vi) There is a field of order 24.

(vii) An ideal I ⊆ R is an R-module.

(viii) An ideal m of R is maximal if and only if R/m is an integral domain.

(ix) Q is a free Z-module.

(x) Let f : K → R be a ring homomorphism, where K is a field and R ̸= 0. Then f is injective.

(xi) Let K and L be two fields such that there are field homomorphisms K → L and L→ K. Then K ∼= L.

(xii) For all ring homomorphisms ψ : R → S and all s ∈ S, there exists precisely one ψ′ : R[X] → S such
that ψ′|R = ψ and ψ′(X) = s.

(xiii) Z[X] is a unique factorisation domain.

(xiv) Z[X] is a principal ideal domain.

(xv) Algebraic closures are unique up to isomorphism.

(xvi) Let K be a field and K be its algebraic closure. Then 1 < [K : K] <∞ implies [K : K] = 2.

Remark: An R-module is a generalisation of a vector space, where the underlying field is replaced by the
ring R. It is free if it has a basis, i. e. an R-linearly independent generating systems.
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Solution.

(i) True: Z4 ≇ V4 ∼= Z2 × Z2, since ord(1) = 4 in Z4, but ord(1, 1) = 2 in V4.

(ii) False: Let G be a group with |G| = 5. Consider ⟨x⟩ ≤ G for some 1 ̸= x ∈ G. By Lagrange, we have
|⟨x⟩| ∈ {1, 5}. Since x ̸= 1, ⟨x⟩ = G, i. e. G is cyclic. Cyclic groups are unique and we have G ∼= Z5.

(iii) True: Suppose that the polynomial is not irreducible. Then it will decompose into at least one factor of
degree 1. But this polynomial has no zeros in F3.

(iv) False: We have x4 + 2x2 + 1 = (x2 + 1)2 in Q[X].

(v) True: F27 since 27 = 33. More explicitly, we can consider F3[x]/(x3 − x2 + x+ 1), which is a field with
27 elements. (Let a := (x3 − x2 + x+ 1). Then 1 + a, x+ a, x2 + a is an F3-basis of this field, giving
33 = 27 elements.)

(vi) False: Suppose that K is a field with |K| = 24. Since char(K) = p is prime (otherwise we have
(1 + · · ·+ 1)(1 + · · ·+ 1) = 0, but K has no zero divisors) and Fp is isomorphic to some subfield of K,
we can regard K as a finite-dimensional Fp-vector space. Thus the number of linear combinations, i. e.
|K|, is a p-power, a contradiction.

(vii) True: I is already an additive abelian group. By the ideal property, I is closed under scalar multiplication
with R. The other axioms follow from R.

(viii) False: An ideal m is maximal if and only if R/m is a field. Or an ideal m is prime if and only if R/m is
an integral domain.

(ix) False: Assume there are two generating elements p
q ,

r
s ∈ Q. Then p

q qr −
r
ssp = 0, i. e. these elements

are Z-linearly dependent. Thus any basis can only have on element p
q . But p

qZ ≠ Q, since there cannot
be fractions with denominator greater 1. In the end Q is not free over Z.

(x) True: ker(f) is an ideal of K, and the only ideals are 0 and K. Since 0 ̸= 1 in R, we have f(1) ̸= 0 and
thus 1 /∈ ker(f). Hence ker(f) = 0 and f is injective.

(xi) False: Consider

K := Q(x1, x2, . . . ) ↪→ L := Q(x1, x2, . . . , )(x0) ↪→ Q(x0, x1, . . . ) ∼= Q(x1, x2, . . . ),

where we adjoin infinitely many variables. The embeddings are obvious (the natural inclusion map).
The isomorphism is a simple index shift. Thus we have injective field homomorphisms between K and L,
but K ≇ L since L = K(x0) and x0 is transcendental over K.

(xii) True: This is the universal property for polynomial rings R[x].

(xiii) True: This follows from Gauss’s lemma (if R is a unique factorisation domain, then so is R[x]).

(xiv) False: R[x] is a principal ideal domain if and only if R is field if and only if R[x] is euclidean. Now Z is
not a field.
Alternatively: Consider (2, x) ̸= Z[x] and suppose that there is a polynomial p ∈ Z[x] such that
(p) = (2, x). Then we must have p | 2 and p | x, which is only possible for p = ±1. This contradicts
(p) ̸= Z[x]. Therefore (2, x) is not a principal ideal.

(xv) True, see [Sch, Cor. 6.4].

(xvi) Actually true, but the proof is quite involved (Arthur-Schreier theorem). Fields K with the property
1 < [K : K] <∞ are called real closed fields.

Exercise 8.2.

(i) Find all R-free ideals of a ring R.
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(ii) By the universal property of the polynomial ring R[X], we can view a polynomial f ∈ R[X] as a
function f : R→ R (the evaluation map). However, we might lose some information if we do so, e. g.
the polynomial x2 + x ∈ F2 is 0 as a function, but not the zero polynomial.
Find all fields K such that two polynomials in K[X] are the same if and only if they are the same as
functions. Do algebraically closed fields have this property?

Solution.

(i) Let I be a free ideal. Suppose that a, b ∈ I are two generating elements. Since ab− ba = 0, they are
linearly dependent, thus the basis must consist of one element, say a ∈ I. Furthermore, a is a zero
divisor if and only if there is some 0 ̸= b ∈ R such that ab = 0, i. e. a is linearly dependent. Thus all
free ideals are I = (a) with a ∈ R not a zero divisor and 0.

(ii) If K is finite, then this property does not hold: Then
∏
a∈K(x− a) ∈ K[x] is 0 as a function, but not

the zero polynomial.
Now assume that K is infinite. We consider two polynomials p, q ∈ K[x] such that they are equal as
functions, i. e. p− q is the zero function. If we can show that a polynomial is the zero polynomial if it
is the zero function, we are done.
Consider p ∈ K[x] such that p(x) = 0 for all x ∈ K. Thus p has infinitely many roots. This necessarily
implies p = 0 as a polynomial (for p ̸= 0 can have at most deg(p) <∞ roots).
This is true for all algebraically closed fields K. Assume that K is finite. Then

∏
a∈K(x−a) + 1 ∈ K[x]

has no root in K and hence does not split into linear factors, a contradiction. Therefore K must be
infinite.

8.2 Rings and Ideals
Exercise 8.3 (01.1). Determine the nilradical, the Jacobson radical and the units for each ring A below.

(i) k a field and A = k[T ].

(ii) k a field and A = k[ε, T ]/(ε2).

(iii) k a field, n ≥ 1 and A = k[[T1, . . . , Tn]].

To solve this exercise, we use the following statement.

Proposition 8.4. Let A ̸= 0 be a ring. Then x ∈ jac(A) if and only if 1− xy ∈ A× for all y ∈ A.

Proof. (From [AtMac, ch. 1].) Let x ∈ jac(A), and suppose that 1−xy /∈ A× for some y ∈ A. By Corollary 2.20,
1− xy ∈ m for some maximal ideal m ⊂ A. But x ∈ jac(A) ⊆ m, so xy ∈ m and thus (1− xy) + xy = 1 ∈ m, a
contradiction by Lemma 1.25.

Conversely, let x /∈ jac(A), say x /∈ m for some maximal ideal m ⊂ A. By definition of maximal ideals, we
must have m + (x) = A, thus m+ xy = 1 for some m ∈ m and y ∈ A. Hence 1− xy = m ∈ m and 1− xy /∈ A×

by Lemma 1.25.

Solution.

(i) From [Sch, Exercise 5.20.10], we know that f =
∑n
i=0 aiT

i ∈ A is a unit if and only if f ∈ k×, so
k[T ]× = k×.
Furthermore, also known from [Sch, Exercise 5.20.10], f ∈ nil(A) if and only if all ai are nilpotent. As
the only nilpotent element in k is 0, we have nil(A) = 0.
Finally, we have 1 − ab ∈ k× for some a, b ∈ A if and only if ab ∈ k and ab ̸= 1. Therefore, by
Proposition 8.4, f ∈ jac(A) if and only if f = 0 (this already follows from fg ∈ k for all g ∈ A). This
gives jac(A) = 0.

(ii) Observe A ∼= k[T ] ⊕ εk[T ]. Recall that a ring map maps units to units. Consider the evaluation
k[ε, T ] → k[T ] for ε = 0. Its kernel (ε) contains (ε2). Hence, by the homomorphism theorem,
ϕ : A→ k[T ], f + εg 7→ f is a well-defined ring map.
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Let f + εg ∈ A× with f, g ∈ k[T ]. Then ϕ(f + εg) = f ∈ k[T ]× = k× by (i), hence A× ⊆ k× ⊕ εk[T ].
Conversely, (f + εg)(f−1 − εgf−2) = 1 for all f ∈ k× and g ∈ k[T ], hence k× ⊕ εk[T ] ⊆ A×.
We will show that (ε) = nil(A) = jac(A).
Let εf ∈ (ε) with f ∈ A. Then (εf)2 = ε2f2 = 0, hence εf ∈ nil(A), i. e. (ε) ⊆ nil(A).
Let f ∈ nil(A), say fn = 0 for some n ≥ 0. Then f̄n = 0 in the field A/m for any maximal ideal m ⊂ A
(Corollary 1.29). Therefore f̄ = 0, i. e. f ∈ m. This shows nil(A) ⊆ jac(A) (this generally holds for any
ring A).
Let f+εg ∈ jac(A) with f, g ∈ k[T ]. Then, by Proposition 8.4, 1−(f+εg) ∈ A×. We already know A×,
so 1− f ∈ k×, hence f ∈ k. If f ∈ k×, then 1− f−1(f + εg) = εf−1g /∈ A×. Thus necessarily, f = 0
and εg ∈ (ε), so jac(A) ⊆ (ε).

(iii) From Proposition 1.47 it follows that f ∈ k[[T1]]× if and only if the coefficient of zeroth degree is in k×.
By induction, f ∈ A× if and only if the coefficient of zeroth degree is in k×.
We prove the following statement: Let A be any ring with a unique maximal ideal m ⊂ A. Then A[[T ]]
has a unique maximal ideal, namely (m, T ).
A[[T ]]/(m, T ) ∼= A/m is a field due to Corollary 1.29, and again by Corollary 1.29, (m, T ) is maximal
in A[[T ]]. Suppose there would be another maximal ideal n ⊂ A[[T ]]. Choose any f =

∑∞
i=0 aiT

i ∈
n\ (m, T ) (such an f must exist as otherwise, by maximality, n = (m, T )), in particular, a0 /∈ m. Clearly,
f /∈ A[[T ]]×, so by Proposition 1.47, a0 /∈ A×. Thus there exists some maximal ideal n̄ ⊂ A such that
a0 ∈ n̄. But this implies that there are two maximal ideals m and n̄ in A, a contradiction.
(Alternative: We can prove that A[[T ]] is local w. r. t. m + (T ) more easily. We know from Example 2.21
that A× = A \m. From Proposition 1.47, it follows that A[[T ]]× = A[[T ]] \ (m, T ), so by Example 2.21
again, A[[T ]] is local.)
Back to the actual problem. We know from Proposition 1.50 that (T1) is the only maximal ideal
of k[[T1]]. By induction, (T1, . . . , Tn) is the only maximal ideal of A, thus jac(A) = (T1, . . . , Tn).
Let f ∈ A \ {0} and consider any non-zero coefficient a ∈ k× of f of minimal total degree i1 + · · ·+ in.
Then for any m ≥ 0, by induction, the coefficient of total degree m(i1 + · · · + in) in fm is am ̸= 0,
hence fm ̸= 0, hence f /∈ nil(A). In conclusion, nil(A) = 0.

Exercise 8.5 (Chinese remainder theorem, 01.2). Let A be a ring and a, b ⊆ A two ideals, such that
a + b = A. Then the ring map

A/a ∩ b→ A/a×A/b, r + a ∩ b 7→ (r + a, r + b)

is an isomorphism. Moreover, show a ∩ b = ab.

Solution. Since a + b = A, there are some a ∈ a and b ∈ b such that a+ b = 1.
Let ϕ : πa × πb : A→ A/a×A/b, which is a ring map. Then ϕ is surjective: Let (r + a, s+ b) ∈ A/a×A/b.

We obtain

r + a = ra+ rb+ a = rb+ a = rb+ sa+ a and s+ b = sa+ sb+ b = sa+ b = rb+ sa+ b.

Thus ϕ(rb+ sa) = (r + a, s+ b). Furthermore, kerϕ = kerπa ∩ kerπb = a ∩ b. By the homomorphism theorem,
the proposed isomorphism follows.

Now to the second claim. For all x ∈ a ∩ b, we have xa, xb ∈ ab, hence x = xa+ xb ∈ ab. Conversely, all
generators xy of ab with x ∈ a and y ∈ b lie in a ∩ b, thus ab ⊆ a ∩ b.

Exercise 8.6 (01.3). Let A be a ring. We call e ∈ A an idempotent if e2 = e. We denote the set of all
idempotents of A by idem(A).

(i) Let A be a ring. Show that the map e 7→ (A1 := eA,A2 := (1 − e)A) induces a bijection between
idem(A) and decompositions A ∼= A1 ×A2 as rings.

(ii) Let A = Z/133. Determine idem(A).

Solution.
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(i) Let ϕ be the map from the problem statement, mapping e ∈ idem(A) to a decomposition eA× (1− e)A
as rings. We have 1− e ∈ idem(A), as (1− e)2 = 1− 2e+ e2 = 1− e. Hence eA and (1− e)A are indeed
rings with identities e and 1 − e, resp. Furthermore, A ∼= eA × (1 − e)A is indeed a decomposition
due to the ring map a 7→ (ea, (1− e)a) and its inverse (ea1, (1− e)a2) 7→ ea1 + (1− e)a2 (notice that
e(1− e) = 0).
Let ψ be the map associating any decomposition A ∼= A1 × A2 as rings, given by an isomorphism
f : A1 ×A2 → A, to e := f(1, 0) ∈ idem(A). Indeed, e2 = f(12, 0) = f(1, 0) = e ∈ idem(A).
We claim that ϕ and ψ are inverses of each other (the decomposition is unique up to isomorphism),
proving ϕ is a bijection.
Let e ∈ idem(A). Then ϕ gives a decomposition A ∼= eA× (1− e)A with an isomorphism f : eA× (1−
e)A→ A, (ea1, (1− e)a2) 7→ ea1 + (1− e)a2. As e is the identity in eA, ψ gives f(e, 0) = e ∈ idem(A).
Let A ∼= A1×A2 be a decomposition as rings with an isomorphism with an isomorphism f : A1×A2 → A.
Then ψ gives e := f(1, 0) ∈ idem(A). Thereafter ϕ gives the decomposition A ∼= eA× (1− e)A. This
is isomorphic to A1 × A2 since f induces the isomorphisms eA = (e) ∼= ((1, 0)) = A1 × 0 and
(1− e)A = (1− e) ∼= ((0, 1)) = 0×A2 of ideals.

(ii) For any decomposition A ∼= A1 ×A2, we have |A| = |A1| · |A2|. Since A is a cyclic group, A1 and A2
are isomorphic to cyclic cosets of A. As |A| = 133 = 7 · 19, the only decompositions A ∼= Z/p× Z/q
are (p, q) ∈ {(1, 133), (7, 19), (19, 7), (133, 1)}. Now by (i), the idempotents e ∈ idem(A) are given by
eA ∼= Z/k for k = 1, 7, 19, 133, and in particular, e corresponds to the multiplicative identity element
in Z/k.
For the case k = 1, we have 0A ∼= Z/1. Indeed, 0 ∈ idem(A).
For the case k = 133, we have 1A ∼= Z/133 = A. Indeed, 1 ∈ idem(A).
For the case k = 7, we observe that ord(1) = 7 in the abelian group Z/7. The only e ∈ A with
ord(e) = 7 in A are e = 19n for 1 ≤ n ≤ 6. If e ∈ idem(A), then a necessary condition is (19n)2 ≡ 19n
mod (133). Since gcd(19n, 133) = 19, we have 5n ≡ 19n ≡ 1 ≡ 15 mod (7), thus n ≡ 3 mod (7).
Indeed, e = 19 · 3 = 57 ∈ idem(A).
For the case k = 19, we observe that ord(1) = 19 in the abelian group Z/19. The only e ∈ A with
ord(e) = 19 in A are e = 7n for 1 ≤ n ≤ 18. If e ∈ idem(A), then a necessary condition is (7n)2 ≡ 7n
mod (133). Since gcd(7n, 133) = 7, we have 7n ≡ 1 ≡ 77 mod (19), thus n ≡ 11 mod (19). Indeed,
e = 7 · 11 = 77 ∈ idem(A).
In conclusion, idem(A) = {0, 1, 57, 77}.

Exercise 8.7 (01.4). Let k be a field and k → A a ring homomorphism, such that A is finite-dimensional
over k.

(i) Show that A is a field if A is an integral domain.

(ii) Deduce that each prime ideal in A is maximal.

(iii) Deduce that if A ̸= 0 is reduced, then A is isomorphic to a finite product of finite field extensions l/k.

Solution.

(i) Since A ̸= 0, let x ∈ A \ {0}. Consider the ring map ϕ : A → A, a 7→ xa. Since x is not a zero
divisor, we have ker(ϕ) = 0, i. e. ϕ is injective. We can interpret ϕ as a k-linear map as well, so by the
rank-nullity theorem, rk(ϕ) = dim(A), hence ϕ is bijective. In particular, some y ∈ A exists such that
xy = ϕ(y) = 1. Therefore every x ∈ A \ {0} is a unit and A is a field.

(ii) Let p ⊂ A be a prime ideal. From Lemma 2.11, we know that A/p is an integral domain. Thus, by (i),
A/p is a field, hence, by Corollary 1.29, p is maximal.

(iii) If dim(A) = 1, then A ∼= k as k-vector spaces and we are done. In this case, by Lemma 1.27, (0) is the
only maximal ideal. So from now on, we suppose that all maximal ideals are non-zero.
Suppose there are distinct prime ideals p1, . . . , pn ⊂ A, which are all non-zero and maximal by (ii). We
claim that pm +

⋂m−1
i=1 pi = A for all 2 ≤ m ≤ n.
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By maximality, we have pi ⊂ pi + pj = A for all i ̸= j. Hence for all 2 ≤ m ≤ n,

A ⊆
m−1∏
i=1

(pi + pm) ⊆ pm +
m−1∏
i=1

pi ⊆ pm +
m−1⋂
i=1

pi ⊆ A.

The second inclusion follows from (a + b)c ⊆ ab + ac and ab ⊆ a for all ideals a, b, c ⊆ A (expanding
the product of ideals, all but one ideal have pm as a factor). This proves the claim.
We now claim that there are at most dim(A) distinct prime ideals. Suppose there were at least
n = dim(A) + 1 distinct prime ideals p1, . . . , pn ⊆ A. By induction on the Chinese remainder
theorem 8.5, we obtain

∏n
i=1 A/pi

∼= A/
⋂n
i=1 pi. But A/pi ̸= 0 for all 1 ≤ i ≤ n, so

dim(A) + 1 ≤
n∑
i=1

dim(A/pi) = dim
(

n∏
i=1

A/pi

)
= dim

(
A/

n⋂
i=1

pi

)
≤ dim(A),

a contradiction. Hence there are at most dim(A), in particular finitely many prime ideals in A.
Now suppose that p1, . . . , pn ⊆ A are all prime ideals. We still have

∏n
i=1 A/pi

∼= A/
⋂n
i=1 pi. pi is

maximal by (ii), so A/pi is a field for all 1 ≤ i ≤ n due to Corollary 1.29. Furthermore, A/pi is
isomorphic to a finite field extension li/k for all 1 ≤ i ≤ n. On the other hand, since A is reduced,
0 = nil(A) =

⋂n
i=1 pi by Proposition 2.22. In conclusion, we obtain

∏n
i=1 li

∼= A.

8.3 Computing Spectra
Exercise 8.8 (02.1). We define ζ := 1

2 (−1 +
√
−3) ∈ C.

(i) Show that ζ is a primitive third root of unity.

(ii) Show that the norm (for the field extension Q(ζ)/Q) of an element x + yζ ∈ Q(ζ) with x, y ∈ Q is
given by x2 − xy + y2, and that this is non-negative for all x, y ∈ Q.

(iii) Following the discussion of Z[i] from sec. 2.2, show that a prime p ̸= 3 is of the form p = x2 − xy + y2

for some x, y ∈ Z if and only if p ≡ 1 mod (3).

Definition 8.9. The norm of a finite field extension l/k is the map N : l→ l defined as N(a) := det(f),
where f : l→ l, x 7→ ax is a k-linear map on l.

Solution.

(i) We have ζ2 = 1
2 (−1−

√
−3) ̸= 1, but ζ3 = 1.

(ii) Since ζ is a root of unity, we have [Q(ζ) : Q] = φ(3) = 2, and Q(ζ) has the canonical Q-basis
B := (1, ζ). Let x + yζ ∈ Q(ζ) and define f : Q(ζ) → Q(ζ), a 7→ (x + yζ)a. Since f(1) = x + yζ
and f(ζ) = xζ − y(1 + ζ), the corresponding matrix of f w. r. t. B is

( x −y
y x−y

)
with determinant

N(x+ yζ) = x2 − xy + y2.
Since x2 + y2 ≥ max ≥ xy, so N(x+ yζ) ≥ 0. Similarly for x ≤ y.

(iii) Suppose a prime p ̸= 3 is of the form p = x2 − xy + y2 for some x, y ∈ Z. Then p ≡ (x+ y)2 mod (3)
is a square modulo (3). The quadratic residue classes modulo (3) are 02 ≡ 0 and 12 ≡ 22 ≡ 1. Since
p ̸= 3, we have p ≡ 1 mod (3).
Now to the converse. We have Z[ζ] ∼= Z[T ]/(T 2 + T + 1). We claim that T 2 + T + 1 ∈ Fp[T ] is one of
the following:

• (T + 2)2, if p = 3,
• (T − α)(T − α2), if p ≡ 1 mod (3), where α ∈ F×

p such that α3 = 1 and α ̸= 1,
• irreducible, if p ≡ 2 mod (3).
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The case p = 3 is clear, so assume p ̸= 3. In particular, 1 is not a root of T 2 + T + 1.
Let F×

p = ⟨η⟩, so ord(η) = p− 1. Then 0 ̸= α ∈ Fp is a root of T 2 + T + 1 if and only if α ̸= 1 is a root
of T 3 − 1, i. e. α3 = 1. If we write α = ηk ̸= 1 for 0 < k < p− 1, then this is equivalent to 3 | p− 1. In
conclusion, T 2 + T + 1 is irreducible if and only if p ≡ 2 mod (3).
In the case p ≡ 1 mod (3), T 2 + T + 1 has a root 1 ̸= α ∈ Fp with α3 = 1. We observe that α2 is a
root too, so T 2 + T + 1 = (T − α)(T − α2).
We obtain

MaxSpec(Z[ζ]) =
∐

p prime


(3, ζ + 2), if p = 3,
(p, ζ − α), (p, ζ − α2) with α3 ≡ 1 ̸≡ α mod (p), if p ≡ 1 mod (3),
(p), if p ≡ 2 mod (3).

Observe that Z[ζ] ∼= Z[ζ6], which is a principal ideal domain according to Corollary 1.56. Let
(π) ∈ MaxSpec(Z[ζ]) with some prime element π ∈ Z[ζ]. Assume that (π) ∩ Z = (p) with p ≡ 1
mod (3). Since π ̸= 0 in Z[ζ]/(p) (otherwise we would have (ζ − a) = (0) or (ζ − a2) = (0) in Z[ζ]/(p)),
we have p ∤ π in Z[ζ], thus π is a proper divisor of p, i. e. p

π /∈ Z[i]×.
We claim that N(π) = p and we are done. By multiplicativity, N(π)N( pπ ) = N(p) = p2 holds, so
N(π) ∈ {1, p, p2}. If N(π) = 1 or N( pπ ) = 1, then π or p

π are units, a contradiction (in this case, the
norm describes the determinant of an invertible matrix, which corresponds to left-multiplication by
π or p

π ). Hence N(π) = N( pπ ) = p.
Exercise 8.10 (02.2).

(i) Let A be a principal ideal domain that is not a field, and let m ⊂ A be a maximal ideal. Prove that
mn/mn+1 is a one-dimensional vector space over A/m for any n ≥ 0.

(ii) Let A = C[X,Y ] and m = (X,Y ). Compute dimA/m(mn/mn+1) for n ≥ 0. Deduce that A is not a
principal domain.

(iii) Let A = Z[
√
−3]. Show that A has a unique maximal ideal m with m∩Z = (2). Compute dimA/m(m/m2).

Deduce that A is not a principal ideal domain.
Solution.

(i) Let V := mn/mn+1 and k := A/m, which is a field by Corollary 1.29.
Scalar multiplication is defined to be k × V → V , ā(x + mn+1) = ax + mn+1. This is well-defined:
For ā = b̄, we have b − a ∈ m. Thus, for all x ∈ mn, (b − a)x = bx − ax ∈ mn+1, and hence
ā(x+ mn+1) = b̄(x+ mn+1).
Since A is a principal ideal domain, there is some prime element p ∈ A such that m = (p), see
Theorem 1.38 (iii). Since A is not a field, p ̸= 0 by Lemma 1.27. Observe that pn /∈ mn+1 = (pn+1), as
otherwise pn+1 | pn, i. e. p ∈ A×. Thus V = (pn)/mn+1 ̸= 0.
Consider the ring map A↠ V , 1 7→ pn +mn+1. The kernel is m = (p), thus k = A/m ∼= V as rings and
hence as fields by the homomorphism theorem. In particular, dimk(V ) = 1.

(ii) Notice that A/m ∼= C is a field, and thus m is maximal.
We claim that mn = (XiY n−i | 0 ≤ i ≤ n). By definition, m0 = A = (1). Furthermore, we have
mn+1 = (X,Y )mn = (XiY n+1−i | 0 ≤ i ≤ n+ 1) by induction.
Observe that (XiY n−i)/mn+1 ∼= CXiY n−i for all 0 ≤ i ≤ n, hence mn/mn+1 ∼=

⊕n
i=0 CXiY n−i as

C-vector spaces, thus dimC(mn/mn+1) = n+ 1. In particular, by (i), A is not a principal ideal.

(iii) As T 2 +3 is the minimal polynomial of
√
−3 over Z, we have Z[

√
−3] ∼= Z[T ]/(T 2 +3). This polynomial

splits into (T + 1)2 = T 2 + 1 in F2[T ]. Following Observation 2.4, the only m with m ∩ Z = (2) is thus
m = (2, 1 +

√
−3). This implies m2 = (4, 2 + 2

√
−3).

We claim that 2, 1 +
√
−3 /∈ m2. To prove this, consider the norm N(x + y

√
−3) = x2 + 3y2 for all

x+ y
√
−3 ∈ A on Z[

√
−3]. Then 16 | N(a) in Z for all a ∈ m2, since for any a, b, c, d ∈ Z, we have

1
4N(4(a+ b

√
−3) + (2 + 2

√
−3)(c+ d

√
−3)) = N(2a+ 2b

√
−3 + (1 +

√
−3)(c+ d

√
−3))

= (2a+ c− 3d)2 + 3(2b+ c+ d)2 ≡ (c2 + d2 + 2cd) + 3(c2 + d2 + 2cd) ≡ 0 mod (4).
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But N(2) = N(1 +
√
−3) = 4, so by multiplicativity of the norm, the claim follows.

We now claim that A/m ∼= F2. For all x + y
√
−3 ∈ A with x, y ∈ Z, we have x + y

√
−3 ≡ x − y

mod (1 +
√
−3) with x− y ∈ Z, so A/m ∼= Z/2 ∼= F2.

We clearly see that 2 + m2 and 1 +
√
−3 + m2 are F2-linearly independent, therefore they form a basis

of m/m2. Finally, dimF2(m/m2) = 2, and A is not a principal ideal domain by (i).

Exercise 8.11 (02.3). Let A be a unique factorisation domain.

(i) Show that for any prime element π ∈ A, the ideal p := (π) is prime with ht(p) = 1.

(ii) Conversely, let (0) ̸= p ⊂ A be a prime ideal such that ht(p) = 1. Show that p = (π) for some prime
element π ∈ A.

(iii) Assume that each prime ideal (0) ̸= p ⊂ A satisfies ht(p) = 1. Show that A is a principal ideal domain.

Solution.

(i) From π /∈ A× it follows that p ̸= A by Lemma 1.25. Moreover, let ab ∈ p, i. e. π | ab. Since π is prime,
we have π | a or π | b, thus a ∈ p or b ∈ p. Therefore p is prime.
Let (0) ̸= q ⊆ p be a prime ideal of A. Then there is some 0 ̸= q ∈ q with prime factorisation
q = π1 · · ·πn. By induction, some πi lies in q as q is a prime ideal. W. l. o. g. let π1 ∈ q ⊆ p, thus π | π1.
Since we are in a unique factorisation domain, we have π = π1 up to units, therefore p = (π1) ⊆ q ⊆ p.
This shows ht(p) = 1.

(ii) Pick any 0 ̸= p ∈ p. As before, there is some prime factor π ∈ A of p in p, hence (0) ̸= (π) ⊆ p. Since
ht(p) = 1, we have p = (π).

(iii) By (ii), all prime ideals are principal w. r. t. a prime element.
Obviously, A = (1) and (0) are principal. So let (0) ̸= a ⊂ A be a proper ideal. By Corollary 2.19,
there is a maximal ideal (π) with a prime element π ∈ A and a ⊆ (π).
Consider ã := {a ∈ A | πa ∈ a}, which is an ideal. Obviously ã(π) ⊆ a by definition. Conversely,
a ⊆ ã(π) since A is a unique factorisation domain and π | a for all a ∈ a. Therefore if ã = (1), then
a = (π) is principal and we are done.
Otherwise we continue with ã by induction. This process cannot take on indefinitely, since any 0 ̸= a ∈ a
has only finitely many prime factors, and in each step, we split off one prime factor.

Exercise 8.12 (02.4).

(i) Let A ̸= 0 be a ring. Show that A has minimal prime ideals.
Hint: You will have to use Zorn’s lemma.

(ii) Determine the minimal prime ideals of Z[X,Y ]/(XY ).

Solution.

(i) Let Σ be the set of all prime ideals in A. We can partially order Σ w. r. t. inclusion. Since A ̸= 0, by
Krull’s theorem 2.18, there exists a maximal ideal m ⊂ A, which is also prime, so m ∈ Σ ̸= ∅. Suppose
that S ⊆ Σ is a chain.
We claim that the ideal

⋂
p∈S p is prime. For all x, y /∈

⋂
p∈S p, by the chain condition, there is some

prime ideal p ∈ S such that x, y /∈ p. Then xy /∈ p, hence xy /∈
⋂

p∈S p.
Thus each chain S has a lower bound

⋂
p∈S p ∈ Σ, and Zorn’s lemma implies that there is a minimal

prime ideal in Σ.

(ii) Let p ⊂ Z[X,Y ]/(XY ) =: A be a prime ideal. Then X̄Ȳ = 0 ∈ p implies X̄ ∈ p or Ȳ ∈ p, hence
(X̄) ⊆ p or (Ȳ ) ⊆ p, resp.
By Noether’s isomorphism theorem, we obtain A/(X̄) ∼= Z[X,Y ]/(X) ∼= Z[Y ]. As the latter is an
integral domain, so are the former quotients. By Lemma 2.11, (X̄) is prime in A, and similarly (Ȳ )
in A. Hence (X̄) and (Ȳ ) are all minimal prime ideals.
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Exercise 8.13 (03.1). Let A be a principal ideal domain. The arguments for A = Z in Proposition 2.28 work
verbatim to show that Spec(A[T ]) consists of the following:

(a) (0) (height 0).

(b) (f) with irreducible f ∈ A[T ] (height 1).

(c) (π, g) with prime π ∈ A and g ∈ A[T ] such that the image of g in A/π[T ] is irreducible (height 2).

(i) Assume that A has infinitely many prime ideals. Prove the height of the prime ideals, and that each
maximal ideal of A[T ] has height 2.

(ii) Let k be a field and set A := k[[u]]. Show that A[u−1] is a field. Deduce that, in contrast to (i), the
height 1 ideal (uT − 1) ⊆ A[T ] is maximal.

Solution.

(i) (a) Obviously, (0) is the only prime ideal of height 0. As A has infinitely many prime ideals, A is not
a field due to Lemma 1.27, hence (0) is not maximal.

(b) A is in particular a unique factorisation domain. By Gauss’s lemma, A[T ] is a unique factorisation
domain as well, and thus irreducible f ∈ A[T ] are prime elements. Then ht((f)) = 1 follows from
Exercise 8.11.
(f) is not maximal: If f ∈ A, then (f) ⊂ (f, T ) ⊂ A[T ] since T /∈ (f) and A[T ]/(f, T ) ∼= A/f ̸= 0
(as A is a principal ideal domain, (f) ⊂ A is maximal, hence A/f is a field due to Corollary 1.29).
If f /∈ A, let p ∈ A be a prime not dividing the leading coefficient of f , which is possible since
there are infinitely many prime ideals, and thus infinitely many primes. Then (f) ⊂ (f, p) ⊂ A[T ]
since p /∈ (f) and f̄ ∈ A/p[T ] is not a unit (use Lemma 1.25 and the fact that A/p[T ]× = (A/p)×

as A/p is a field).
(c) By Noether’s isomorphism theorem, A[T ]/(π, g) ∼= (A/π[T ])/ḡ. A/π is a field, so A/π[T ] is a

principal ideal domain. Since ḡ is irreducible, (ḡ) ⊂ A/π[T ] is maximal and the quotient rings are
fields due to Corollary 1.29. Thus (π, g) is maximal.
We claim that (π, g) is not principal. By way of contradiction, suppose (π, g) = (h) for some
h ∈ A[T ]. Then h | π and h | g. Since π is prime, either h = π or h = 1. The case h = 1 cannot
occur since (π, g) is maximal. In the case h = π, the image of g in A/π[T ] is 0, a contradiction.
So Exercise 8.11 implies ht((π, g)) ≥ 2. If ht((π, g)) ≥ 3, then there is some prime ideal (ρ, h)
of the same type with (ρ, h) ⊂ (π, g). But this contradicts the maximality of (ρ, h). Therefore
ht((π, g)) = 2.

(ii) Let φ : A→ A[u−1] be the localisation. Let 0 ̸= f = u−n∑∞
i=0 aiu

i ∈ A[u−1] be arbitrary. We choose
the minimal m ≥ 0 such that am ̸= 0. Then φ−1(un−mf) =

∑∞
i=0 ai+mu

i ∈ A is a unit according to
Proposition 1.47 since am ∈ k×. As ring maps map units to units, un−mf and therefore f are units in
A[u−1].
By construction in Proposition 2.34, A[u−1] ∼= A[T ]/(uT − 1) is a field, hence (uT − 1) is maximal by
Corollary 1.29.

Exercise 8.14 (03.2). Let k be an algebraically closed field and let

φ : k[x, y]→ k[u, v], x 7→ u, y 7→ uv.

(i) Use Exercise 8.13 to show that the maximal ideals of k[x, y] are precisely mλ,µ := (x− λ, y − µ) for all
λ, µ ∈ k.

(ii) Show that φ induces an isomorphism k[x, y][x−1]→ k[u, v][u−1].

(iii) For each (λ, µ) ∈ k2, calculate Spec(φ)−1(mλ,µ).

Solution.
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(i) Set A := k[x], which is a principal ideal. Since k is algebraically closed, the prime elements are
precisely x− λ ∈ A for all λ ∈ k. These are infinitely many, since no finite field is algebraically closed.
Furthermore for all λ ∈ k, the evaluation map A→ k, x 7→ λ is surjective with kernel (x− λ), therefore
A/(x− λ) ∼= k by the homomorphism theorem. Thus the irreducible elements in A/(x− λ)[y] ∼= k[y]
are precisely y − µ for all µ ∈ k. By Exercise 8.13, the maximal ideals in A[y] ∼= k[x, y] are precisely
(x− λ, y − µ) for all λ, µ ∈ k.

(ii) Let ψ : k[u, v] → k[x, y][x−1], u 7→ x, v 7→ x−1y. The ring map ψ is chosen in such a way that the
upper left triangle in the following diagram commutes:

k[x, y] k[x, y][x−1]

k[u, v] k[u, v][u−1]

ιx,y

φ ∃!χ

ιu,v

ψ
∃!χ′

ιx,y and ιu,v are the universal inclusion maps. ιu,v ◦ φ maps x 7→ u ∈ k[u, v][u−1]. So by the universal
property of localisations, this composition gives rise to a unique ring map χ such that the outer square
commutes. Observe that χ|k[x,y] = φ. Similarly, ψ maps u → x ∈ k[x, y][x−1], so ψ gives rise to a
unique ring map χ′ such that ψ factors through χ′.
We now show that χ and χ′ are inverses of each other. To do that, note that χ′ ◦χ◦ ιx,y = χ′ ◦ ιu,v ◦φ =
ψ ◦ φ = ιx,y, so ιx,y factors through χ′ ◦ χ. But by the universal property of localisations, ιx,y can only
factor trivially, so χ′ ◦ χ = id. Similarly, χ ◦ χ′ ◦ ιu,v = χ ◦ ψ = ιu,v. The last equality holds since χ
maps x−1 7→ u−1. By the universal property, χ ◦ χ′ = id.

(iii) Observation 2.68 and Example 2.14 say that

Spec(φ)−1(mλ,µ) = {q ∈ Spec(k[u, v]) | φ(mλ,µ) ⊆ q} ∼= Spec(k[u, v]/(φ(mλ,µ))).

Notice that always φ(k[u, v] \mλ,µ) ∩ q = ∅. Otherwise there would be some s /∈ mλ,µ with φ(s) ∈ q.
Hence m + (s) ⊆ φ−1(q), and by maximality, φ−1(q) = k[u, v]. But this would imply that φ(1) = 1 ∈ q,
a contradiction.
We have three cases to consider.

(a) If λ ̸= 0, then

k[u, v]/(φ(mλ,µ)) = k[u, v]/(u− λ, uv − µ) = k[u, v]/(u− λ, v − µ/λ) ∼= k.

In this case, Spec(k[u, v]/(φ(mλ,µ))) = {(0)}, corresponding to Spec(φ)−1(mλ,µ) = {(φ(mλ,µ))}.
(b) If λ = 0 and µ ̸= 0, then

k[u, v]/(φ(mλ,µ)) = k[u, v]/(u, uv − µ) = k[u, v]/(u, µ) ∼= k[v]/(µ) ∼= 0.

In this case, Spec(k[u, v]/(φ(mλ,µ))) = ∅, corresponding to Spec(φ)−1(mλ,µ) = ∅.
(c) If λ = µ = 0, then

k[u, v]/(φ(mλ,µ)) = k[u, v]/(u, uv) = k[u, v]/(u) ∼= k[v].

Since k[v] is a principal ideal domain, and since k is algebraically closed, we have Spec(k[v]) =
{(0), (v−λ) | λ ∈ k}. These correspond to Spec(k[u, v]/(φ(mλ,µ))) = {(0)/(u), (v−λ)/(u) | λ ∈ k},
which in turn correspond to Spec(φ)−1(mλ,µ) = {(u), (u, v − λ) | λ ∈ k}.

Exercise 8.15 (03.3). Let A be a ring of Krull dimension n := dim(A). Show that

n+ 1 ≤ dim(A[T ]) ≤ 2n+ 1.

Solution. There are two inequalities to show.
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(i) Let p0 ⊂ · · · ⊂ pn be a proper chain of prime ideals in A of maximal length. We show that

p0A[T ] ⊂ · · · ⊂ pnA[T ] ⊂ pA[T ] + (T )

is a proper chain of prime ideals in A[T ]. This implies n+ 1 ≤ dim(A[T ]).
The piA[T ] are indeed prime: Since pi is prime, by Lemma 2.11, A/pi is an integral domain, hence
(A/pi)[T ] is an integral domain. The canonical ring map A[T ] ↠ (A/pi)[T ] is apparently surjective with
kernel piA[T ]. Thus by the homomorphism theorem, A[T ]/piA[T ] ∼= (A/pi)[T ] is an integral domain,
and Lemma 2.11 implies that piA[T ] is prime.
pnA[T ] + (T ) is prime: By Noether’s isomorphism theorem, we obtain

A[T ]/(pnA[T ] + (T )) ∼= (A[T ]/(T ))/((pnA[T ] + (T ))/(T )) ∼= A/pn.

Since pn is prime, Lemma 2.11 implies that the above quotients are integral domains, so pnA[T ] + (T )
is prime.
The inclusions are proper: Observe that piA[T ] ∩ A = pi (this does not hold in general) since for
any

∑r
j=0 p0f0 ∈ piA[T ] with pj ∈ pi and fj ∈ A[T ], the absolute coefficient lies in pi. Hence

piA[T ] ⊂ pi+1A[T ] since pi ⊂ pi+1. Furthermore, T /∈ pnA[T ] since 1 /∈ pn (Lemma 1.25). Thus
pnA[T ] ⊂ pnA[T ] + (T ).

(ii) A general observation: Proper inclusion of ideals are stable under taking quotients or localisations.
Namely, for an arbitrary ring B, consider ideals a ⊂ b ⊂ c ⊆ B and a subset S ⊆ B. If b/a = c/a, then
c ⊆ b + a = b, a contradiction. If b[S−1] = c[S−1], then c ⊆ (bS) ⊆ b, a contradiction.
Now we claim that for consecutive prime ideals q1 ⊂ q2 in A[T ], if q1 ∩ A = q2 ∩ A =: p in A, then
q1 = pA[T ]. This can be seen by passing to the residue field κ(p).
By the previous observation, we obtain q1κ(p) ⊂ q2κ(p) ⊂ A[T ]κ(p) ∼= κ(p)[T ]. The ideals q1κ(p) are
prime because

A[T ]κ(p)/q1κ(p) = (Ap[T ]/pAp[T ])/(q1,p/pAp[T ]) ∼= Ap[T ]/q1,p ∼= (A[T ]/q1)p/q1

by Noether’s isomorphism theorem and Lemma 2.54. The right-hand side is an integral domain since it
is a subring of the field of fractions of the integral domain A[T ]/q1 (see Example 2.49). By Lemma 2.11,
q1κ(p) is prime, and similarly q2κ(p).
κ(p)[T ] is a polynomial ring over a field, hence it is a principal ideal domain with dim(κ(p)[T ]) = 1.
Then necessarily (0) = q1κ(p) ∼= (q1/pA[T ])p/pA[T ]. As we have seen in the previous part, pA[T ] is
prime, so (q1/pA[T ])p/pA[T ] is a localisation in the integral domain A[T ]/pA[T ]. Hence this localisation
is (0) if and only if q1/pA[T ] = (0), i. e. q1 ⊆ pA[T ]. If we would not have equality, then pA[T ] = q2
as q2 is the minimal prime above q1. But this would imply that q2κ(p) = (0), a contradiction. Thus
q1 = pA[T ], proving the claim.
As a conclusion, three consecutive prime ideals q1 ⊂ q2 ⊂ q3 ⊂ A[T ] such that q1 ∩A = q2 ∩A = q3 ∩A
are impossible.
Let q0 ⊂ · · · ⊂ qm be a proper chain of consecutive prime ideals in A[T ], e. g. as part of a maximally
long chain of prime ideals. Then the chain

q0 ∩A ⊆ · · · ⊆ qm ∩A

is a chain of prime ideals in A (Lemma 2.12), which can contain at most ⌈m+1
2 ⌉ distinct prime ideals.

In particular, m := dim(A[T ]) is finite and bounded by ⌈m+1
2 ⌉ ≤ n+ 1. This implies m ≤ 2n+ 1.

Exercise 8.16 (03.4). Let A be a ring, and let S ⊆ T ⊆ A be multiplicative subsets.

(i) Let ιS : A→ S−1A be the natural ring map. Show that ι−1
S ((S−1A)×) = Ssat.

(ii) Show that there exists a unique ring map ι : S−1A→ T−1A such that ι◦ ιS = ιT , where ιT : A→ T−1A
is the natural ring map.

(iii) Deduce that ι is an isomorphism if and only if T sat = Ssat.
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Solution.

(i) Let a ∈ ι−1
S ((S−1A)×), i. e. there exists some b

c ∈ S
−1A such that a

1 ·
b
c = 1. By definition, there exists

some s ∈ S such that sab = sc ∈ S ⊆ Ssat. This implies a ∈ Ssat.
Conversely, let s ∈ Ssat. Then there exists some a ∈ A such that as ∈ S. Otherwise Ssat \ {as |
a ∈ A} ⊂ Ssat, which contains S, would be saturated, contradicting the minimality of Ssat. Since
ιS(as) ∈ (S−1A)×, there is some b

c ∈ S
−1A such that as

1 ·
b
c = a

1 ·
sb
c = 1. Thus a ∈ ι−1

S ((S−1A)×).

(ii) Since S ⊆ T , we know that ιT (S) ⊆ (T−1A)×. Thus by the universal property of localisations, ιT factors
uniquely through ιS , meaning ι ◦ ιS = ιT for a unique ι : S−1A→ T−1A.

(iii) Assume that ι is an isomorphism. Then T sat = ι−1
T ((T−1A)×) = ι−1

S (ι−1((T−1A)×)) = ι−1
S ((S−1A)×) =

Ssat by (i).
Conversely, suppose that Ssat = T sat. Then ιS(T ) ⊆ ιS(T sat) = ιS(Ssat) ⊆ (S−1A)× by Remark 2.37.
The universal property of localisations implies that ιS factors uniquely through ιT , namely through
ι′ : T−1A→ S−1A with ι′ ◦ ιT = ιS .
Again by the universal property, ιS factors uniquely through ιS via idS−1A. But we also have ιS = ι′◦ι◦ιS ,
hence ι′ ◦ ι = idS−1A. Similarly ι ◦ ι′ = idT−1A, thus ι is an isomorphism.

8.4 Modules
Exercise 8.17 (04.1). Let A be a ring.

(i) Assume that fn ∈ A[[T ]] with n ≥ 0 is a sequence of elements such that fn ∈ (T )n for all n ≥ 0. Show
that there exists a unique element f ∈ A[[T ]] such that f −

∑n
k=0 fk ∈ (T )n+1 for all n ≥ 0.

(ii) Assume that A is noetherian. Show that A[[T ]] is noetherian.

Solution.

(i) Let fn =
∑∞
i=n ainT

i for all n ≥ 0 and f =
∑∞
i=0 biT

i. Then we have

f −
n∑
k=0

fk ≡
n∑
i=0

biT
i −

n∑
k=0

n∑
i=k

aikT
i =

n∑
i=0

(
bi −

i∑
k=0

aik

)
T i ≡ 0 mod (T )n+1.

Thus the only f satisfying the desired property is given by bi :=
∑i
k=0 aik for all i ≥ 0.

(ii) We imitate the proof of Hilbert’s basis theorem 3.30, but with coefficients of least degree.
Let a ⊆ A[[T ]] be any ideal. Consider the ideal

b := {a ∈ A | there exists aTn + · · · ∈ a} ⊆ A.

As A is noetherian, b = (a1, . . . , ar) is finitely generated. For each i = 1, . . . , r, pick fi = aiT
ni + · · · ∈ a

with ni minimal. Put n := max{n1, . . . , nr}. We claim that for every g ∈ a, there exists some g0 ∈ A[T ]
with deg(g0) < n such that g − g0 ∈ (f1, . . . , fr).
Set g0 as the image of g in A[[T ]]/(T )n. We proceed with g − g0 ∈ (T )n, so w. l. o. g., assume
g = bTm + · · · ∈ (T )m with m ≥ n. Since b ∈ b, we can write b = x1a1 + · · · + xrar with xi ∈ A.
We define gm :=

∑r
i=1 xiT

m−nifi ∈ (f1, . . . , fr), so that gm ∈ (T )m and g − gm ∈ (T )m+1. Now we
proceed with g − gm, and by induction, we obtain a sequence gm ∈ (f1, . . . , fn) for all m ≥ n with
gm ∈ (T )m. By (i), we can define g′ :=

∑∞
m=n gm ∈ (f1, . . . , fn). The gm are chosen in such a way that

g′ ≡ g mod (T )m for all m ≥ n, so g = g′.
Now consider the A-module M =

⊕n−1
i=0 AT

i ∼= A⊕n, which is finitely generated. By Corollary 3.25, M is
noetherian, so M ∩ a = (g1, . . . , gs) is finitely generated. By the above claim, a = (f1, . . . , fr, g1, . . . , gs)
is finitely generated.

Exercise 8.18 (04.2).

(i) Let A be a ring of power series in C[[z]] with a positive radius of convergence. Show that A is noetherian.
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(ii) Show that the ring of holomorphic functions C→ C is not noetherian.
Hint: One possible approach is to use the relation sin(2x) = 2 sin(x) cos(x).

Solution.

(i) Let (0) ̸= a ⊆ A be an ideal and f =
∑∞
i=n aiz

i ∈ a \ {0} with an ∈ C×. Then we can write f = zng
for a suitable g ∈ C[[z]]. Since g has the same coefficients as f , g has the same convergence radius as f
(recall from complex analysis that the convergence radius of f is 1/ lim supi→∞|ai|1/i), hence g ∈ A. By
Proposition 1.47, g ∈ C[[z]]×, therefore g−1 ∈ C[[z]] exists. We claim that g−1 has positive convergence
radius, so g−1 ∈ A, and thus g ∈ A×.
Let g =

∑∞
i=0 biz

i with b0 ̸= 0 and g−1 =
∑∞
i=0 ciz

i such that gg−1 = 1. W. l. o. g. we may assume
b0 = 1, after dividing g by b0. Thus we recursively obtain c0 = b0 and ci =

∑i−1
k=0 bkci−k for all

i ≥ 1. Since g converges uniformly and absolutely on any closed ball inside its convergence radius, g
as a complex function is continuous and vanishes at 0. Therefore we can find some ε > 0 such that∑∞
i=0|bizi| ≤ 1 for all |z| ≤ ε. This yields |ci| ≤ ε−i by induction: We have |c0| = 1 and

|ci| ≤
i−1∑
k=0
|bkci−k| ≤ ε−i

i−1∑
k=0
|bk|εk ≤ ε−i.

We obtain 1/ lim supi→∞|ci|1/i ≥ ε for the convergence radius of g−1.
Hence f = zng with g ∈ A× and (f) = (zn). This implies a =

⋃
f∈a\{0}(f) = (zk) for some suitable

k ≥ 0. In particular, a is finitely generated.

(ii) We claim that the infinite chain (sin(x)) ⊂ (sin(x2 )) ⊂ · · · ⊂ (sin(2−nx)) ⊂ · · · exists. We only
show (sin(x)) ⊂ (sin(x2 )), the other inclusions are analogous. Since sin(x) = 2 sin(x2 ) cos(x2 ), we have
(sin(x)) ⊆ (sin(x2 )). This inclusion is proper, as otherwise sin(x) | sin(x2 ) for all x ∈ C, and in particular
for x = π, 0 | 1, a contradiction.

Exercise 8.19 (Cayley-Hamilton theorem, 04.3).

(i) Let n ≥ 1, A = Z[aij | 1 ≤ i, j ≤ n] and M := (aij)ij ∈ Mn(A). Recall that char(M,X) ∈ A[X] is
the characteristic polynomial of M . Show that char(M,M) = 0.
Hint: You may use the Cayley-Hamilton theorem from linear algebra.

(ii) Let n ≥ 1, A be any ring and M ∈Mn(A). Show that char(M,M) = 0.

Solution.

(i) Consider the canonical embedding A ↪→ Quot(A) (A is an integral domain). Since Quot(A) is a field, by
Cayley-Hamilton 8.19, char(M,M) = 0. But this also holds in A since the embedding maps M 7→M .

(ii) There is always the map Z → A. By the universal property of polynomial rings, there is a map
B := Z[Xij | 1 ≤ i, j ≤ n] → A evaluating Xij 7→ aij . By (i), char(M,M) = 0 holds in B. The
evaluation maps 0 7→ 0, so char(M,M) = 0 holds in A too.

Exercise 8.20 (04.4). Let A be a principal ideal domain.

(i) Let a ∈ A \ {0} and π ∈ A prime. Set B := A/a. For any n ≥ 0, show that

dimA/π π
nB/πn+1B =

{
0, if νπ(a) ≤ n,
1, if νπ(a) ≥ n+ 1.

(ii) Assume that M = Ar ⊕A/a1⊕ · · ·⊕A/ak and N = As⊕A/b1⊕ · · ·⊕A/bl with a1, . . . , ak, b1, . . . , bl ∈
A \ {0} and a1 | · · · | an as well as b1 | · · · | bl. Show that if M ∼= N as A-modules, then r = s, k = l
and ai = bi up to units.

Solution.
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(i) If νπ(a) ≥ n + 1, then πn+1 | a, so (a) ⊆ (πn+1) ⊆ (πn). Then by Noether’s isomorphism theorem,
we have πnB/πn+1B ∼= πnA/πn+1A. As A is a principal ideal domain, (π) is maximal, so due to
Exercise 8.10 (notice that A is not a field since there are primes in A), this has dimension 1.
If νπ(a) ≤ n, then

(a, πn+1) = πνπ(a)(a/πνπ(a), πn+1−νπ(a)) = πνπ(a)A = (πνπ(a))

since a/πνπ(a) has no prime factor π. Hence πn ∈ (a, πn+1), and thus πnB ⊆ πn+1B = (a, πn+1)/a.
Therefore πnB/πn+1B = 0.

(ii) Pick any prime π ∈ A and set n := max{νπ(ak), νπ(bl)}. By the divisibility condition, we have
νπ(ai), νπ(bj) ≤ n for all 1 ≤ i ≤ k and 1 ≤ j ≤ l. Since A is a principal ideal domain, πA ⊂ A is
maximal. So by (i) and Exercise 8.10, we obtain

r = r dim(πnA/πn+1A) +
k∑
i=1

dim((πnA/ai)/(πn+1A/ai)) = dim(πnM/πn+1M)

= dim(πnN/πn+1N) = · · · = s.

Now we consider the quotient of M and N w. r. t. Ar = As, so w. l. o. g. we may assume r = s = 0.
Now pick any prime factor π ∈ A of ak, and set n := νπ(ak). By (i), we obtain, similarly to the above,

0 = dim(πnM/πn+1M) = dim(πnN/πn+1N), 0 < dim(πn−1M/πnM) = dim(πn−1N/πnN).

The first relation implies νπ(bl) ≤ n, the second implies νπ(bl) ≥ n. We can do this for every prime
factor of ak and bl, therefore both have the same prime factors and ak = bl up to units. Now we
consider the quotient of M and N w. r. t. A/ak = A/bl and continue inductively.
If A/a1 ⊕ · · · ⊕ A/am ∼= 0 with m ≤ k were left, then A/ai = 0 for all 1 ≤ i ≤ m. Hence they are
negligible, and we can assume k = l.

Exercise 8.21 (05.1). Let A be a ring, and let a1, . . . , an ⊆ A be ideals such that
⋂n
i=1 ai = (0). Assume that

each ring A/ai is noetherian. Show that A is noetherian.

Solution. We observe the following: If A/ai is noetherian as a ring, i. e. as an A/ai-module, then it is also
noetherian as an A-module. Say ã := (ā1, . . . , ān) ⊆ A/ai is any ideal. Then each element of ã is of the form
x̄1ā1 + · · ·+ x̄nān = x1ā1 + · · ·+ xnān, so ã is finitely generated as an A-submodule.

We further claim that if M and N are noetherian A-modules, then so is M ×N . This is because N ∼= 0×N
and M ∼= (M × N)/(0 × N) are noetherian submodules and quotient modules, resp. By Proposition 3.24,
M ×N is noetherian.

Back to the actual task. By induction B :=
∏n
i=1 A/ai is a noetherian A-module. Consider the A-linear

map ϕ : A→ B, 1 7→ (1̄, . . . , 1̄). By the homomorphism theorem, we obtain A ∼= A/
⋂n
i=1 ai

∼= im(ϕ), which is
a submodule of B. Therefore A is noetherian due to Proposition 3.24.

Exercise 8.22 (05.2). Consider the matrix

S :=
(
−36 14 −24
18 6 12

)
∈M2×3(Z).

Determine its elementary divisors and the kernel/cokernel of the map S : Z3 → Z2 (up to isomorphism).

Solution. We have

S ∼
(
−72 2 −48
18 6 12

)
∼
(
−72 2 −48
234 0 156

)
∼
(

2 0 0
0 234 156

)
∼
(

2 0 0
0 −78 156

)
∼
(

2 0 0
0 78 0

)
,

hence the elementary divisors of S are 2 and 78. Using Lemma 3.42, we have

ker(S) ∼=
〈0

0
1

〉 ∼= Z and coker(S) ∼= Z2/

〈(
2
0

)
,

(
0
78

)〉
∼= Z/2× Z/78.
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8.5 Basics in Homological Algebra
Exercise 8.23 (B05.3). Let A be a ring and a ⊆ A an ideal. Let M and Ni for all i ∈ I be A-modules for
some set I. Show that there are the following unique isomorphisms:

(i)
⊕

i∈I(Ni ⊗AM)→ (
⊕

i∈I Ni)⊗AM , given by (. . . , 0, ni ⊗m, 0, . . . ) 7→ (. . . , 0, ni, 0, . . . )⊗m.

(ii) A/a⊗AM →M/aM , given by (a+ a)⊗m 7→ am+ aM .

Solution.

(i) By the universal property of tensor products, the A-bilinear map(⊕
i∈I

Ni

)
×M →

⊕
i∈I

(Ni ⊗AM), ((ni)i,m) 7→ (ni ⊗m)

factors through the unique A-linear map

Ψ:
(⊕
i∈I

Ni

)
⊗AM →

⊕
i∈I

(Ni ⊗AM), (ni)i ⊗m 7→ (ni ⊗m)i.

Conversely, for each i ∈ I by the universal property, the A-bilinear map

Ni ×M →

(⊕
i∈I

Ni

)
⊗AM, (ni,m) 7→ (. . . , 0, ni, 0, . . . )⊗m

factors through the unique A-linear map

Φi : Ni ⊗AM →
(⊕
i∈I

Ni

)
⊗AM, ni ⊗m 7→ (. . . , 0, ni, 0, . . . )⊗m.

By the universal property of direct sums (the coproduct in the category of A-modules), there is a
unique A-linear map

Φ:
⊕
i∈I

(Ni ⊗AM)→
(⊕
i∈I

Ni

)
⊗AM, ni ⊗m 7→ (. . . , 0, ni, 0, . . . )⊗m

such that each Φi factors through Φ (via Φi = Φ ◦ ιi with the canonical inclusion ιi).
We easily check that, by bilinearity of tensor products, Φ ◦Ψ and Ψ ◦ Φ are both the identity map on
elementary tensors, and thus on the whole tensor product. Hence Φ is a unique A-linear isomorphism.

(ii) We have the following chain of isomorphisms:

HomA(A/a⊗AM,P ) ∼= BihomA(A/a,M ;P ) ∼= HomA(A/a,HomA(M,P )) ∼= HomA/a(M,P )
∼= HomA(M/aM,P ),

given by

f 7→ [(ā,m) 7→ f(ā⊗m)] 7→ [ā 7→ f(ā⊗−)] 7→ [ām 7→ f(ā⊗m)] 7→ [am̄ 7→ f(ā⊗m)].

The first isomorphism follows from the universal property of tensor products, the second one is
Remark 4.2. Therefore M/aM fulfils the same universal property as A/a ⊗A M , and since the
tensor product is unique up to unique isomorphism, they are isomorphic via the unique isomorphism
ā⊗m 7→ am̄.

Exercise 8.24 (B05.4). Let A be a ring and M and N be A-modules. A bilinear map (−,−) : M ×M → N
is called symmetric if (m1,m2) = (m2,m1) for all m1,m2 ∈ M . It is called alternating if (m,m) = 0 for all
m ∈M .
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(i) Construct an A-module Sym2
A(M) and a symmetric bilinear map ι : M × M → Sym2

A(M) with
the following universal property: For every A-module N and for every symmetric bilinear map
(−,−) : M ×M → N , there exists a unique A-linear map Φ: Sym2

A(M)→ N such that (−,−) = Φ ◦ ι.
Construct similarly an A-module Λ2

A(M) with a universal alternating bilinear map γ : M×M → Λ2
A(M).

(ii) Show that Sym2
A(An) and Λ2

A(An) are free A-modules of ranks 1
2n(n+ 1) and 1

2n(n− 1), resp. (rank is
the cardinality of the free generating set of these A-modules).

Solution.

(i) We define
Sym2

A(M) := M ⊗AM/⟨m1 ⊗m2 −m2 ⊗m1 | m1,m2 ∈M⟩.

Furthermore, let
ι : M ×M →M ⊗AM → Sym2

A(M)

be the composition of the universal bilinear map before the canonical A-linear projection. Then ι is
symmetric as ι(m1,m2) = m1 ⊗m2 = m2 ⊗m1 = ι(m2,m1) for all m1,m2 ∈M .
This fulfils the proposed universal property: By the universal property of tensor products, (−,−)
factors through a unique A-linear map Ψ: M ⊗A M → N . Since (−,−) is symmetric, we have
Ψ(m1 ⊗m2 −m2 ⊗m1) = (m1,m2)− (m2,m1) = 0 for all m1,m2 ∈M . This shows that ⟨m1 ⊗m2 −
m2 ⊗m1⟩ ⊆ ker(Ψ), hence by the universal property of quotients, Ψ factors through a unique A-linear
map Φ: Sym2

A(M)→ N . In total, (−,−) factors through the unique Φ.
The case for alternating bilinear maps is analogous. We define

Λ2
A(M) := M ⊗AM/⟨m⊗m | m ∈M⟩ and γ : M ×M →M ⊗AM → Λ2

A(M)

in the natural way. Notice that γ is alternating as γ(m,m) = m⊗m = 0 for all m ∈M .
This fulfils the universal property: (−,−) factors through a unique A-linear map Ψ: M⊗AM → N with
Ψ(m⊗m) = (m,m) = 0 for all m ∈M . Thus Ψ factors through a unique A-linear map Φ: Λ2

A(M)→ N .

(ii) The idea is to look at the matrix depiction which every bilinear map admits. For symmetric (−,−),
the matrix is symmetric and thus is fully defined by its upper triangular structure (including the
principal diagonal). For alternating (−,−), notice that they are skew-symmetric (for all m1,m2 ∈M
we have 0 = (m1 + m2,m1 + m2) = (m1,m2) + (m2,m1)) and definite ((m,m) = 0 for all m ∈ M).
The corresponding matrix is thus fully defined by its proper upper triangular structure (with principal
diagonal 0).
We first consider Sym2

A(An). The symmetric A-bilinear map

An ×An → An(n+1)/2, (ei, ej) 7→
{
eij , if i ≤ j,
eji, if i > j,

factors through the unique A-linear map

Φ: Sym2
A(An)→ An(n+1)/2, ei ⊗ ej 7→

{
eij , if i ≤ j,
eji, if i > j,

by the universal property in (i). Moreover, we define the A-linear map

Ψ: An(n+1)/2 → Sym2
A(An), eij 7→ ei ⊗ ej for 1 ≤ i ≤ j ≤ n.

Now we have Φ(Ψ(eij)) = eij and

Ψ(Φ(ei ⊗ ej)) =
{
ei ⊗ ej , if i ≤ j,
ej ⊗ ei = ei ⊗ ej , if i > j.

Thus Φ and Ψ are inverses on generators and thus on the whole A-modules. Hence Φ is an isomorphism,
and Sym2

A(An) ∼= An(n+1)/2.
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The case Λ2
A(An) is very similar. We consider the alternating A-bilinear map

An ×An → An(n−1)/2, (ei, ej) 7→


eij , if i < j,

−eji, if i > j,

0, if i = j.

Notice that (ei + ej , ei + ej) = (ei + ei) + (ei, ej) + (ej , ei) + (ej , ej) = 0 for all 1 ≤ i, j ≤ n. This map
factors through the unique A-linear map

Φ: Λ2
A(An)→ An(n−1)/2, ei ⊗ ej 7→


eij , if i < j,

−eji, if i > j,

0, if i = j,

by the universal property in (i). Moreover, we define the A-linear map

Ψ: An(n−1)/2 → Λ2
A(An), eij 7→ ei ⊗ ej for 1 ≤ i < j ≤ n.

Now we have Φ(Ψ(eij)) = eij and

Ψ(Φ(ei ⊗ ej)) =


ei ⊗ ej , if i < j,

−ej ⊗ ei = ei ⊗ ej , if i > j,

0, if i = j.

Thus Φ is an isomorphism, and Λ2
A(An) ∼= An(n−1)/2.

Exercise 8.25 (06.1). Let A be a ring, f ∈ A regular, a = (f) and b ⊆ A an ideal. Show that the natural
map a⊗A b→ ab, a⊗ b 7→ ab is an isomorphism.

Solution. Let ϕ be the map from the problem statement. Then ϕ is surjective, since ab = {fb | b ∈ b} and
ϕ(f ⊗ b) = fb. Furthermore, ϕ is injective, since a⊗A b = {f ⊗ b | b ∈ b} by bilinearity, and the multiplication
map ϕ(f ⊗−) : b→ ab, b 7→ fb is injective because f is regular and Remark 1.18.

Exercise 8.26 (06.2). Let A be a ring, and let M and Ni for i ∈ I be A-modules with any set I.

(i) Assume that M is finitely generated (resp. finitely presented). Show that the natural map

M ⊗A

(∏
i∈I

Ni

)
→
∏
i∈I

(M ⊗A Ni), m⊗ (ni)i 7→ (m⊗ ni)i

is surjective (resp. bijective).

(ii) Take A = Z[Xi | i ≥ 0] and J = (Xi | i ≥ 0). Show that the natural map A/J ⊗A A[[T ]]→ A/J [[T ]] is
not surjective.
Remark: Notice that A[[T ]] =

∏
i≥0 AT

i.

We need the following statement for this problem.

Proposition 8.27. Direct products are exact: Assume that for all i ∈ I,

Mi Ni Pi
fi gi

is an exact sequence of A-modules for all i ∈ I. Then

∏
i∈IMi

∏
i∈I Ni

∏
i∈I

(fi)i (gi)i

is an exact sequence.
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Proof. Notice that by the universal property of direct products, the unique map (fi)i :
∏
i∈IMi →

∏
i∈I Ni is

given by (mi)i 7→ (fi(mi))i, and similarly (gi)i.
Observe that by construction, im((fi)i) =

∏
i∈I im(fi) and ker((gi)i) =

∏
i∈I ker(gi). Thus through the

exactness at Ni, we have
∏
i∈I im(fi) =

∏
i∈I ker(gi). This proves the exactness at

∏
i∈I Ni.

Solution.

(i) Let M be finitely generated, i. e. A⊕n ↠ M → 0 is exact for some n ∈ N. Consider the following
diagram:

A⊕n ⊗A (
∏
i∈I Ni) M ⊗A (

∏
i∈I Ni) 0

∏
i∈I(A⊕n ⊗A Ni)

∏
i∈I(M ⊗A Ni) 0

The rows are exact since tensor products and direct products are right-exact. The vertical arrows are
given by the universal property of direct products, which are unique such that the diagram

a⊗ (ni)i m⊗ (ni)i

(a⊗ ni)i (m⊗ ni)i

commutes. By Proposition 4.25, we have

A⊕n ⊗A

(∏
i∈I

Ni

)
∼=
(
A⊗A

(∏
i∈I

Ni

))⊕n

∼=
(∏
i∈I

Ni

)⊕n

,∏
i∈I

(A⊕n ⊗A Ni) ∼=
∏
i∈I

(A⊗A Ni)⊕n ∼=
∏
i∈I

N⊕n
i .

Recall that direct sums and finite direct products are isomorphic, and that direct products commute.
Hence the two right-hand sides are isomorphic, and the left vertical arrow in the commutative diagram
is actually an isomorphism. This map is in particular surjective. Since the square commutes, the dashed
arrow must be surjective as well.
Let M be finitely presented, i. e. A⊕m → A⊕n →M → 0 is exact for some m,n ∈ N. Similarly to the
above, we obtain the commutative diagram

A⊕m ⊗A (
∏
i∈I Ni) A⊕n ⊗A (

∏
i∈I Ni) M ⊗A (

∏
i∈I Ni) 0 0

∏
i∩I(A⊕m ⊗A Ni)

∏
i∈I(A⊕n ⊗A Ni)

∏
i∈I(M ⊗A Ni) 0 0

∼= ∼=

with exact rows. Here, we extended the diagram to the right with one term of 0s in each row. Since
the outer four vertical arrows are isomorphisms, by the five lemma exercise 8.35, the dashed arrow is
an isomorphism as well.

(ii) We claim that 1̄⊗
∑∞
i=0 XiT

i ∈ A/J ⊗A A[[T ]] is not 0. Suppose that it is 0. By Exercise 8.23, we have
A/J⊗AA[[T ]] ∼= A[[T ]]/JA[[T ]], and this isomorphism maps 1̄⊗

∑∞
i=0 XiT

i 7→
∑∞
i=0 XiT

i+JA[[T ]], which
must be 0 as well. This means

∑∞
i=0 XiT

i ∈ JA[[T ]], i. e.
∑∞
i=0 XiT

i =
∑n
i=1 Xki

mi with ki ≥ 0 and
mi ∈ A[[T ]], since we can write every element from J as a finite A-linear combination of indeterminants.
Then Xi ∈ (Xk1 , . . . , Xkn

) ⊆ A for each i ≥ 0, which is impossible as n is finite.
We observe that under the map from the problem statement, we have 1̄⊗

∑∞
i=0 XiT

i 7→
∑∞
i=0 X̄iT

i = 0,
so the kernel of this map is non-trivial, and hence this map is not injective.

Exercise 8.28 (06.3). Let k be a field, K/k an algebraic field extension, and k̄ the algebraic closure of k.

(i) If V ↪→W is a k-linear injection of k-vector spaces, show that V ⊗k k̄ →W ⊗k k̄ is a k̄-linear injection.

(ii) Show that K/k is separable if and only if the ring K ⊗k k̄ is reduced.
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Solution.

(i) k̄ is a k-vector space, and thus flat by Example 4.67. Proposition 4.71 gives the statement.

(ii) Let K/k be separable. Suppose that K ⊗k k̄ is not reduced, i. e. there exists a nilpotent element∑r
i=1 ai ⊗ bi ∈ K ⊗k k̄. Define k′ := k(a1, . . . , ar) ⊆ K. Then k′/k is algebraic and hence finite.

Moreover, k′/k is separable, so by Example 4.46, k′ ⊗k k̄ ∼=
∏[k′:k]
i=1 k̄ is reduced. This contradicts∑r

i=1 ai ⊗ bi ∈ k′ ⊗k k̄ ⊆ K ⊗k k̄ (for the inclusion, see (i)).
Conversely, let K ⊗k k̄ be reduced. Suppose that there is some inseparable α ∈ K. Since K/k is
algebraic, there exists f(T ) := minK/k(α, T ) =

∏r
i=1(T − ai)di with ai ∈ k̄, ai ̸= aj for all i ̸= j and

di ≥ 2 for at least one i, say d1 ≥ 2. By a similar reasoning to Example 4.46, we obtain

k(α)⊗k k̄ ∼= k[T ]/(f(T ))⊗k k̄ ∼= k̄[T ]/(f(T )) ∼=
r∏
i=1

k̄[T ]/(T − ai)di .

Since d1 ≥ 2, there is a nilpotent element in the right-hand side, namely (T − ai, 0, . . . , 0). Thus
k(α)⊗k k̄ ⊆ K ⊗k k̄ (we used (i) again) are both not reduced, a contradiction.

Exercise 8.29 (06.4). Let A ̸= 0 be a ring, and let I be an invertible A-module, i. e. there exists an
A-module J such that I ⊗A J ∼= A. Let φ : M → N be an A-linear map.

(i) Show that φ is zero (resp. injective, resp. surjective) if and only if φ⊗ idI : M ⊗A I → N ⊗A I is so.

(ii) Show that I is finitely generated.

Solution.

(i) On surjectivity: Since tensoring is right-exact, if φ is surjective, then φ⊗ idI is surjective as well. If
φ⊗ idI is surjective, then φ⊗ idI ⊗ idJ ∼= φ is surjective because M ⊗A I ⊗A J ∼= M and similar for N
by assumption.
On zero maps: Similar to the above, φ ∼= φ⊗ idI ⊗ idJ = 0 if and only if φ⊗ idI = 0.
On injectivity: This is more difficult. Consider the canonical inclusion ι : ker(φ) ↪→M . Then φ ◦ ι = 0.
By functoriality of the tensor product (Observation 4.9), we have (φ⊗ idI) ◦ (ι⊗ idI) = 0. Suppose that
φ⊗ idI is injective. Then ι⊗ idI must be zero. Tensoring with J yields that 0 = ι⊗ idI ⊗ idJ ∼= ι. But
ι is injective, so ker(φ) = 0. The converse is analogous by considering ι : ker(φ⊗ idI) ↪→M ⊗A idI .

(ii) By assumption, an isomorphism φ : I ⊗A J → A exists. Let φ−1(1) =
∑n
i=1 ai⊗ bi ∈ I ⊗A J . We define

the A-linear map ψ : A⊕n ⊗A J → I ⊗A J , ei ⊗ j 7→ ai ⊗ j. Then φ ◦ ψ : A⊕n ⊗A J → A is surjective
since 1 generates A and (φ ◦ψ)(

∑n
i=1 ei ⊗ bi) = 1. φ is an isomorphism, hence ψ is surjective. By (i), a

surjection A⊕n ↠ I exists.

Exercise 8.30 (07.1). Let A→ B be a ring map, let M be an A-module, and let N be a B-module.

(i) Show that the map

Φ: HomA(M,N)→ HomB(B ⊗AM,N), φ 7→ (b⊗m 7→ bφ(m))

is a well-defined isomorphism.

(ii) Show that the map

Φ: M ⊗A N → (M ⊗A B)⊗B N, m⊗ n 7→ (m⊗ 1)⊗ n

is a well-defined isomorphism.

(iii) Deduce that
S−1M1 ⊗A S−1M2 ∼= S−1M1 ⊗S−1A S

−1M2

for two A-modules M1 and M2 and a multiplicative subset S ⊆ A.

Solution.
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(i) Φ is well-defined: Obviously, B ×M → N , (b,m) 7→ bφ(m) is A-bilinear, so by the universal property
of tensor products, Φ(φ) is A-linear. Moreover, Φ(φ)(λb ⊗ m) = λbφ(m) = λΦ(φ)(b ⊗ m) for all
elementary tensors b⊗m ∈ B ⊗AM and λ ∈ B. Thus Φ(φ) is B-linear.
Φ is A-linear: We have

Φ(λφ+ ψ)(b⊗m) = b(λφ+ ψ)(m) = λbφ(m) + bψ(m) = λΦ(φ)(b⊗m) + Φ(ψ)(b⊗m)

for all λ ∈ A and φ,ψ ∈ HomA(M,N), where b⊗m ∈ B ⊗AM .
Φ is injective: Let φ ∈ ker(Φ). Then bφ(m) = 0 for all b ∈ B and m ∈M , and in particular for b = 1.
Thus φ = 0.
Φ is surjective: Let ψ ∈ HomB(B⊗AM,N). We define φ : M → N , φ(m) := ψ(1⊗m), which is A-linear.
Then Φ(φ)(b⊗m) = bφ(m) = bψ(1⊗m) = ψ(b⊗m) for all elementary tensors b⊗m ∈ B⊗AM . Thus
Φ(φ) = ψ.

(ii) Φ is well-defined: By the properties of tensor products, M×N → (M⊗AB)⊗BN , (m,n) 7→ (m⊗1)⊗n
is A-bilinear. Therefore by the universal property of tensor products, Φ is A-linear.
We define the inverse

Ψ: (M ⊗A B)⊗B N →M ⊗A N, (m⊗ b)⊗ n 7→ m⊗ bn.

Ψ is well-defined: For each n ∈ N , Ψn : M⊗AB →M⊗AN is an A-linear map by the universal property
of tensor products since M ×B →M ⊗AN , (m, b) 7→ m⊗ bn is A-bilinear. Then Ψ̃ : (M ⊗AB)×N →
M ⊗A N , (m⊗ b, n) 7→ Ψn(m⊗ b) is A-linear in the first variable by what was said before. Ψ̃ is also
A-linear in the second variable since

Ψ̃(m⊗ b, λn+ n′) = Ψλn+n′(m⊗ b) = m⊗ b(λn+ n′) = λ(m⊗ bn) +m⊗ bn′

= λΨn(m⊗ b) + Ψn′(m⊗ b) = λΨ̃(m⊗ b, n) + Ψ̃(m⊗ b, n′)

for all λ ∈ A, n, n′ ∈ N and m⊗ b ∈M ⊗A B. Thus Ψ̃ is A-bilinear and by the universal property of
tensor products, Ψ exists and is A-linear.
Now we check that

Ψ(Φ(m⊗ b)) = m⊗ b and Φ(Ψ((m⊗ b)⊗ n)) = (m⊗ 1)⊗ bn = (m⊗ b)⊗ n,

so Φ and Ψ are inverses of each other.

(iii) By (ii) and Corollary 4.55 (iv), we have

S−1M1 ⊗A S−1M2 ∼= (S−1M1 ⊗A S−1A)⊗S−1A S
−1M2 ∼= S−1(M1 ⊗A A)⊗S−1A S

−1M2
∼= S−1M1 ⊗S−1A S

−1M2.

Exercise 8.31 (07.2). Let A be a ring. We define the support of an A-module M as

supp(M) := {p ∈ Spec(A) |Mp ̸= 0}.

(i) Assume that M is finitely generated. Show that supp(M) = {p ∈ Spec(A) |M ⊗A κ(p) ̸= 0}.

(ii) Assume that M and N are finitely generated A-modules. Show that supp(M ⊗A N) = supp(M) ∩
supp(N).

Solution.

(i) We have to show that Mp = 0 if and only if M ⊗A κ(p) = 0 for all p ∈ Spec(A). By Remark 4.38, we
can write

M ⊗A κ(p) = M ⊗A Ap/pAp
∼= M ⊗A Ap ⊗A A/p ∼= Mp ⊗A A/p ∼= Mp/pMp.

If Mp = 0, then M ⊗A κ(p) = 0.
Conversely, suppose that M ⊗A κ(p) ∼= Mp/pMp = 0. Since (Ap, pAp) is local, we have Mp/pApMp =
Mp/pMp = 0. Nakayama’s lemma 4.63 implies that Mp = 0.
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(ii) We have to show that (M ⊗A N)p = 0 if and only if Mp = 0 or Np = 0 for all p ∈ Spec(A). By
Corollary 4.55, we have (M ⊗A N)p ∼= Mp ⊗A Np. Thus if Mp = 0 or Np = 0, then (M ⊗A N)p = 0.
Conversely, suppose that (M ⊗A N)p = 0. By (i) and Exercise 8.30, this is equivalent to

0 = M ⊗A (N ⊗A κ(p)) ∼= (M ⊗A κ(p))⊗κ(p) (N ⊗A κ(p)).

This is a tensor product of κ(p)-vector spaces.
We claim the following: Let V and W be k-vector spaces. If V ⊗k W = 0, then V = 0 or W = 0.
Suppose that 0 ̸= v ∈ V and 0 ̸= w ∈ W exist. Pick bases v ∈ {vi | i ∈ I} ⊆ V and w ∈ {wj | j ∈
J} ⊆ W . From linear algebra, we know that v ⊗ w is a basis vector of V ⊗k W (a basis is given by
{vi ⊗ wj | i ∈ I, j ∈ J}). In particular, 0 ̸= v ⊗ w ∈ V ⊗k W . This shows the claim.
It follows that M ⊗A κ(p) = 0 or N⊗Aκ(p) = 0, and by (i), Mp = 0 or Np = 0.

Exercise 8.32 (07.3). Let A be a ring, let S ⊆ A be a multiplicative subset, and let M and N be A-modules.

(i) Assume that M is a finitely presented A-module. Show that the map

S−1 HomA(M,N)→ HomS−1A(S−1M,S−1N), φ

s
7→
(
m

t
7→ φ(m)

st

)
is a well-defined isomorphism.

(ii) Construct a counterexample to (i) if M is only assumed to be finitely generated.

The solution uses the following.

Proposition 8.33. The contravariant Hom functor is left-exact: Let

M N P 0f g

be an exact sequence of A-modules. Then for all A-modules Q, the sequence

0 HomA(P,Q) HomA(N,Q) HomA(M,Q)Hom(g,Q) Hom(f,Q)

is exact. Here, HomA(M,Q) is the space of all A-linear maps M → Q, which naturally form an A-module
via (u + v)(x) = u(x) + v(x) and (au)(x) = au(x) for all x ∈ M . The map Hom(f,Q) : HomA(N,Q) →
HomA(M,Q) is pre-composition, i. e. Hom(f,Q)(u) = u ◦ f : M → Q.

Proof.

• Exactness in HomA(P,Q): Let u ∈ ker(Hom(g,Q)), i. e. u ◦ g = 0. Since g is surjective by exactness in P ,
we must have u = 0. Hence Hom(g,Q) is injective.

• Exactness in HomA(N,Q): Let v ∈ im(HomA(g,Q)), i. e. there exists some u ∈ HomA(P,Q), such that
v = u ◦ g. Then Hom(f,Q)(v) = v ◦ f = u ◦ g ◦ f . By exactness in N , we know g ◦ f = 0, hence v ◦ f = 0,
meaning v ∈ ker(Hom(f,Q)).
Conversely, let v ∈ ker(HomA(f,Q)), i. e. v ◦ f = 0. By exactness in N , we have g ◦ f = 0. By the
universal property of cokernels, there exists a unique A-linear map u ∈ HomA(P,Q) such that

Q

M N P 0f

0

0

g

v
∃!u

commutes. In particular, v = u ◦ g, thus v ∈ im(Hom(g,Q)).

Solution.
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(i) Since M is finitely presented, let A⊕m → A⊕n → M → 0 be exact for some m,n ≥ 0. By Proposi-
tion 8.33 and exactness of localisations (Proposition 4.51), the sequence

0 S−1 HomA(M,N) S−1 HomA(A⊕n, N) S−1 HomA(A⊕m, N)

is exact. Similarly,

0 HomS−1A(S−1M,S−1N) HomS−1A(S−1A⊕n, S−1N) HomS−1A(S−1A⊕m, S−1N)

is exact. Furthermore, by the universal property of localisations of modules 4.55, the vertical arrows in
the following diagram exist:

0 S−1 HomA(M,N) S−1 HomA(A⊕n, N) S−1 HomA(A⊕m, N)

0 HomS−1A(S−1M,S−1N) HomS−1A(S−1A⊕n, S−1N) HomS−1A(S−1A⊕m, S−1N)

(Namely, by functoriality of S−1, every f ∈ HomA(M,N) induces S−1f ∈ HomS−1A(S−1M,S−1N).
With the universal map HomA(M,N)→ S−1 HomA(M,N), we obtain the vertical arrow.) Each square
in the above diagram commutes, for example the left square with f : A⊕n →M :

φ/s φ ◦ f/s

(m/t 7→ φ(m)/(st)) (v/t 7→ (φ ◦ f)(v)/(st))

We check that the two maps

S−1 HomA(A⊕n, N) ∼= HomS−1A(S−1A⊕n, S−1N), φ

s
7→
(
v

t
7→ φ(v)

st

)
,
(
v 7→ ψ

(v
1

))
7→ψ

are mutually inverse. A similar statement holds for m instead of n. Extending each row of the big
diagram to the right by 0s, there are four vertical isomorphisms. The five lemma 8.35 implies that the
dashed vertical arrow is an isomorphism.

(ii) Let A = k[T,X1, X2, . . . ] and S = {T}. Consider M = A/(X1, X2, . . . ) and N = A/(XiT
i | i ≥ 1).

Let φ ∈ HomA(M,N), and let f̄ := φ(1̄) for some f ∈ A. Then 0 = φ(X̄i) = Xiφ(1̄) ∈ N for all i ≥ 1.
It follows that T i | f for all i ≥ 1. Because the degree of f in T cannot be ∞, we must have f = 0,
hence φ = 0. Thus S−1 HomA(M,N) = S−10 = 0 is trivial.
On the other hand, S−1M ∼= S−1k[T ] ∼= k[T, T−1] ∼= S−1N . This means that HomS−1A(S−1M,S−1N)
contains some non-trivial map. Thus the two Hom-modules cannot be isomorphic.
Alternative: Let A = k[Xi, Ti | i ≥ 1] and S = {T1, T2, . . .}. Consider M = A/(X1, X2, . . . ) and
N = A/(XiTi | i ≥ 1).
Let φ ∈ HomA(M,N), and let f̄ = φ(1̄). Then 0 = φ(X̄i) = Xif̄ , hence Ti | f for all i ≥ 1. By the
same reasoning as above, it follows that f = 0 and φ = 0, thus HomA(M,N) = 0.
We claim that S−1M ∼= S−1N ≠ 0. S−1M ̸= 0 is clear since no element of S annihilates an
element of M . Consider f : A → S−1N , 1 7→ 1̄. Observe that f(Xi) = X̄i = X̄iT̄i/Ti = 0, so
(X1, X2, . . . ) ⊆ ker(f), and by the universal property of quotients, f̄ : M → S−1N exists. By the
universal property of localisations of modules 4.55, we obtain a map S−1M → S−1N . Similarly, we
obtain a map S−1N → S−1M . They are both inverses to each other since they map 1̄ 7→ 1̄.

Exercise 8.34 (07.4). Let A be a principal ideal domain, and let 0 ̸= f ∈ A \A×. Show that the A[T ]-module
(f, T ) ⊆ A[T ] is not flat.

Solution. Consider the inclusion (f, T ) ↪→ A[T ] of A[T ]-modules. We want to show that (f, T )⊗A[T ] (f, T )→
A[T ]⊗A[T ] (f, T ) is not injective. Observe that f ⊗ T − T ⊗ f 7→ 1⊗ fT − 1⊗ fT = 0. It remains to show that
the kernel element is non-zero, so that the kernel of the map in question is not trivial.
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Suppose that f ⊗ T − T ⊗ f = 0. We consider the following commutative diagram with, under this
assumption, exact rows:

0 A[T ] A[T ]⊕2 (f, T ) 0

(f, T ) (f, T )⊕2 (f, T )⊗A[T ] (f, T )

(
T

−f
)

( f T )

(
T

−f
)

ϕ

ψ

Here, ψ(( ab )) = f ⊗ a+ T ⊗ b and ψ(a⊗ b) = ab. By assumption, (T,−f) ∈ ker(ϕ), so there exists a preimage
x ∈ (f, T ) of (T,−f) by exactness of (f, T )⊕2. Lifting up to A[T ], the only preimage of (T,−f) ∈ A[T ]⊕2 is
1 ∈ A[T ] by injectivity of

(
T

−f
)
. Since the left square commutes, the inclusion (f, T ) ↪→ A[T ] necessarily maps

x 7→ 1. But this implies 1 ∈ (f, T ), contradicting that (f, T ) contains no units.

Exercise 8.35 (five lemma, 08.4). Let A be a ring, and let

M1 M2 M3 M4 M5

N1 N2 N3 N4 N5

f1

α1

f2

α2

f3

α3

f4

α4 α5

g1 g2 g3 g4

be a commutative diagram of A-modules with exact rows and isomorphisms α2 and α4.

(i) Assume that α1 is surjective. Show that α3 is injective.

(ii) Assume that α5 is injective. Show that α3 is surjective.

Remark (from me): The first statement only uses that α2 and α4 are injective, and the second statement
only uses that α2 and α4 are surjective.

Solution.
(i) Let a ∈ ker(α3). Since the inner right square commutes and g3(α3(a)) = g3(0) = 0, we also have

α4(f3(a)) = 0. α4 is an isomorphism, so f3(a) = 0, i. e. a ∈ ker(f3). By exactness in M3, there
exists a b ∈M2 such that f2(b) = a. Since the inner left square commutes, we must have g2(α2(b)) =
α3(f2(b)) = α3(a) = 0. Thus α2(b) ∈ ker(g2). By exactness in N2, there is a c ∈ N1 such that
g1(c) = α2(b). By assumption, α1 is surjective, so there exists some d ∈M1 such that α1(d) = c. Since
the outer left square commutes, we have α2(f1(d)) = g1(α1(d)) = α2(b). But α2 is an isomorphism, so
f1(d) = b, i. e. b ∈ im(f1). By exactness in M2, we have b ∈ ker(f1), i. e. f2(b) = a = 0. This shows
that α3 is injective.

(ii) Let a ∈ N3. Since α4 is an isomorphism, there is some b ∈M4 such that α4(b) = g3(a). Since the outer
right square commutes, we have g4(α4(b)) = α5(f4(b)). By exactness in N4, we have g4(g3(a)) = 0
Plugging everything in yields α5(f4(b)) = 0. By assumption, α5 is injective, so f4(b) = 0, i. e. b ∈ ker(f4).
By exactness in M4, there exists a c ∈M3 such that f3(c) = b. Since the inner right square commutes,
we have g3(α3(c)) = α4(f3(c)) = α4(b) = g3(a), i. e. g3(a − α3(c)) = 0. Thus a − α3(c) ∈ ker(g3).
By exactness in N3, there is a d ∈ N2 such that g2(d) = a − α3(c). Since α2 is an isomorphism,
there exists some e ∈ M2 such that α2(e) = d. Since the inner left square commutes, we must have
α3(f2(e)) = g2(α2(e)) = a− α3(c), i. e. α3(f2(e) + c) = a. This shows that α3 is injective.

Exercise 8.36 (09.4). Let A be a ring, and let M be a finitely presented A-module. Let n ≥ 1, and let
f : An →M be an A-linear surjection. Show that K := ker(f) is finitely generated.

Hint: Let 0→ Q→ Am → 0 be a short exact sequence of A-modules with Q finitely generated. Construct
a commutative diagram

0 Q Am M 0

0 K An M 0

idm

f

and use the snake lemma 4.83.
Before we solve this, a quick useful statement.
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Lemma 8.37. Let M be an A-module, and let N ⊆ M be a submodule. If M/N and N are finitely
generated, then so is M .

Proof. The proof is similar to Proposition 3.24. Suppose that M/N = (x̄1, . . . , x̄n) and that N = (y1, . . . , ym).
We claim that M = (x1, . . . , xn, y1, . . . , ym).

Let z ∈ M . Then z̄ =
∑n
i=1 aix̄i for some ai ∈ A. Set z′ := z −

∑n
i=1 aixi, which is in N since z̄′ = 0 in

M/N . Then z′ =
∑m
j=1 bjyj for some bj ∈ A, and thus z =

∑n
i=1 aixi +

∑m
j=1 bjyj .

Solution. We carefully construct the diagram from the hint with short exact rows.
Let Ak → Am → M → 0 be a finite presentation of M . By exactness in Am, ker(Am → M) is finitely

generated. So we can pick any A-module Q ∼= ker(Am → M) to obtain the short exact sequence 0 → Q →
Am →M → 0. Furthermore, the bottom row 0→ K → An →M → 0 is also short exact.

We construct the map Am → An. Since Am is free, the map is well-defined by the images of the basis
elements b ∈ Am. For each image of b under Am → M , pick any lift to An under f (f is surjective). Then
Am → An maps b to this lift. By this construction, the right square commutes.

We construct the map Q→ K. As the right square commutes, Am → An induces a map on kernels: Let
a ∈ ker(Am →M) and let b ∈ An be the image of a. Since the right square commutes and a 7→ 0 7→ 0 via M ,
we must have a 7→ b 7→ 0 via An. Hence b ∈ ker(An →M).

So let a ∈ Q, let b ∈ Am be the image of a, and let c ∈ An be the image of b. By exactness in Am, we have
b ∈ ker(Am → M), thus c ∈ ker(An → M). By exactness in An, we also have c ∈ im(K → An). Therefore,
Q→ K maps a to the unique preimage of c in K (K → An is injective). Note that through this construction,
Q→ K is a well-defined A-linear map and the left square commutes.

Now by the snake lemma 4.83, we obtain the following dashed exact sequence:

ker(idM ) = 0

0 Q Am M 0

0 K An M 0

coker(Q→ K) coker(Am → An) coker(idM ) = 0

idM

f

coker(Am → An) is a quotient module of the finitely generated Am, so it is finitely generated as well.
The dashed exact sequence implies that coker(Q → K) ∼= coker(Am → An), hence coker(Q → K) is finitely
generated. Q is finitely generated, and as the restriction Q→ im(Q→ K) is surjective, im(Q→ K) is finitely
generated too. By Lemma 8.37, K must be finitely generated.

Exercise 8.38 (10.4). Let A be a local ring, and let M be a finitely presented flat A-module. Show that M is
free.

Hint: Let m ⊂ A be the maximal ideal. Use Exercise 8.36 to construct a short exact sequence 0→ K →
An →M → 0 with K finitely generated and (A/m)n →M/mM an isomorphism. Now use flatness of M and
the snake lemma 4.83 to check that 0→ K/mK → (A/m)n →M/mM → 0 is again short exact.

For this exercise, we need a few more versions of Nakayama’s lemma Corollary 4.63.

Corollary 8.39 (Nakayama’s lemma). Let (A,m) be a local ring, and let M be a finitely generated A-
module.

(i) Let N ⊆M be a submodule. If M = mM +N , then M = N .

(ii) Let {x1, . . . , xn} ⊆M be a subset such that {x̄1, . . . , x̄n} is a basis of the A/m-vector space M/mM .
Then {x1, . . . , xn} generates M .

Proof. (From [AtMac, Cor. 2.7, Prop. 2.8].)

(i) Observe that m(M/N) = (mM)/N = (mM +N)/N = M/N . Now apply Nakayama’s lemma 4.63 on
(M/N)/(m(M/N)) to obtain M/N = 0, i. e. M = N .
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(ii) Let N := (x1, . . . , xn) ⊆ M . Then the composition N → M → M/mM is surjective, hence M =
N + mM . By (i), we have M = N = (x1, . . . , xn).

Solution. By Corollary 8.39, we may pick any A/m-basis of M/mM and lift that to a generating set of M .
Doing so, we obtain an A-linear surjection A⊕n ↠M such that (A/m)⊕n ∼= M/mM . By Exercise 8.36, there
is a short exact sequence 0→ K → A⊕n →M → 0 with K finitely generated. Tensoring this sequence with m
yields the exact sequence m⊗A K → m⊗A A⊕n → m⊗AM → 0.

Thus we obtain the following commutative diagram with two exact middle rows:

0

m⊗A K m⊗A A⊕n m⊗AM 0

0 K A⊕n M 0

K/mK (A/m)⊕n M/mM 0

Here, the vertical maps are described by m⊗A K → K, m⊗ k 7→ mk, and similarly for A⊕n and M . Hence
the image of the vertical maps are precisely mK, mA⊕n and mM , resp., thus the cokernels in the dashed row.
Furthermore, since M is flat, tensoring m ↪→ A with M yields that m⊗AM ↪→M is injective, i. e. its kernel
is 0. By the snake lemma 4.83, we obtain the short exact sequence

0→ K/mK → A⊕n/m⊕n ∼= (A/m)⊕n →M/mM → 0.

This implies K/mK = 0 since (A/m)⊕n → M/mM is an isomorphism. By Nakayama’s lemma 4.63, K = 0
(notice that K is finitely generated). So the exact sequence becomes 0→ 0→ A⊕n →M → 0, and M ∼= A⊕n

is free.
Remark 8.40. Note that in general, a⊗AM ∼= aM only for flat A-modules M . Consider for example A = Z/4
and a = M = (2). Then aM = (4) = 0. On the other hand, a⊗AM = (2)⊗A (2) ̸= 0 since (2)× (2)→ Z/4,
(2a, 2b) 7→ 2ab is A-bilinear and non-zero, hence (2)⊗A (2)→ Z/4 is non-zero.

8.6 Integral Dependence
Exercise 8.41 (08.1). Let A be a ring, and let a ⊆ A be an ideal. Show that A/a is a finitely presented
A-algebra if and only if a is a finitely generated ideal.

Solution. If a is finitely generated, say a = (f1, . . . , fm) as an A-module, then A/a = A/(f1, . . . , fm) is finitely
presented.

Conversely, assume that A/a ∼= A[T1, . . . , Tn]/(f1, . . . , fm) is finitely presented. Write B := A[T1, . . . , Tn].
Then we have the following commutative diagram of B-modules with short exact rows:

0 (f1, . . . , fm) B B/(f1, . . . , fm) 0

0 a A A/a 0
α β γ∼=

Here, the vertical arrows are given by the evaluation Ti 7→ 0 for all i = 1, . . . , n. The terms in the bottom row
can be viewed as B-modules via (

∑
(i1,...,in)∈Nn

0
a(i1,...,in)T

i1
1 · · ·T inn )x = a(0,...,0)x for all module elements x.

Note that α is well-defined since γ(f̄i) = 0, and thus α(fi) ∈ a.
γ is injective and β is surjective, thus ker(γ) = 0 and coker(β) = 0. By the snake lemma 4.83, we must

have coker(α) = 0, i. e. α is surjective. We obtain an B-linear surjection B⊕m ↠ (f1, . . . , fm)→ a. Tensoring
with A yields the B-linear surjection A⊕m ∼= B⊕m ⊗B A ↠ a ⊗B A, which induces an A-linear surjection
A⊕m ↠ a⊗A A ∼= a. Thus a is a finitely generated A-module or ideal.

Exercise 8.42 (08.2). Let k be a field. Show that the ring extensions k[X + Y ] → k[X,Y ]/(XY ) and
k[X2 − 1]→ K[X] are integral.
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Solution. According to Corollary 5.8, integrality is stable under addition and multiplication, so it suffices to
show that the generators are integral.

For the first map, consider f(T ) := T 2 − (X + Y )T ∈ k[X + Y ][T ], which is monic. Then f(X̄) =
X̄2 − X̄2 − X̄Ȳ = 0 = · · · = f(Ȳ ).

For the second map, consider f(T ) := T 2 − 1 − (X2 − 1) ∈ k[X2 − 1][T ], which is monic. Then f(X) =
X2 − 1− (X2 − 1) = 0.

Exercise 8.43 (08.3). Let A → B be a finite ring map, i. e. B is an A-algebra such that it is finite as an
A-module. Show that the induced map Spec(B)→ Spec(A) on spectra has finite fibres.

Remark: The ring map Z→ Q shows that the converse is not true (Spec(Q) = {(0)} but Q = ( 1
n | n ∈ Z>0)

as a Z-module).

Solution. Let p ∈ Spec(A) be arbitrary. Combine Observation 2.68 and Remark 4.45 to get Spec(ϕ)−1(p) ∼=
Spec(B ⊗A κ(p)).

Since B is a finitely generated A-module, we have A⊕n ↠ B as A-modules for some n ≥ 0. Since tensoring
is right-exact, we obtain A⊕n ⊗A κ(p) ↠ B ⊗A κ(p). If we consider the tensor products as a scalar extension to
the field κ(p), then B ⊗A κ(p) is a ring as well as a finite-dimensional κ(p)-vector space (with dimension at
most n). We have seen in the proof of Exercise 8.7 that B ⊗A κ(p) has at most n different prime ideals. Thus
Spec(B ⊗A κ(p)) and Spec(ϕ)−1(p) are finite.

Exercise 8.44 (09.1). Assume that d ∈ Z is not a square. Determine all x, y, z ∈ Z with gcd(x, y, z) = 1 and
x2 − dy2 = z2.

Hint: Follow the arguments in sec. 5.4, and consider lines through the point (−1, 0) ∈ Q2.

Solution.

(i) Let X(Q) := {(a, b) ∈ Q2 | a2 − db2 = 1} be the unit conic section parametrised by d, and let
P := (−1, 0) ∈ X(Q). We call a solution (x, y, z) ∈ Z3 with gcd(x, y, z) = 1 and z > 0 of x2 − dy2 = z2

primitive.
Each primitive solution (x, y, z) gives exactly two solutions, namely (x, y, z) and (−x,−y,−z) (note
that z ̸= 0 always holds, as otherwise either y = 1 and d would be a square, or x = y = 0 and
gcd(x, y, z) = gcd(0, 0, 0) is not defined).

(ii) Then we have a bijection between primitive solutions and X(Q).
We will construct mutually inverse maps: The first map is (x, y, z) 7→ (xz ,

y
z ) ∈ X(Q), simply by dividing

the defining relation x2 − dy2 = z2 through z2.
The inverse is constructed as follows: Let (a, b) ∈ X(Q). Then we can write a = x

z and b = y
z with

gcd(x, y, z) = 1 and z > 0, Now map (a, b) 7→ (x, y, z), where (x, y, z) is indeed a primitive solution.

(iii) Next we have a bijection Q→ X(Q) \ {P}.
For each q ∈ Q, we construct a line Lq through P with slope q, i. e. the solutions of qa+q = b. We claim
that Lq intersects X(Q) in another point except P . To show this, we solve the system of equations
a2 − db2 = 1 and qa+ q = b. Substituting b into the first equation yields

0 = a2 − d(qa+ q)2 − 1 = (1− dq2)a2 − 2dq2a− (1 + dq2).

Note that d ∈ Z is not a square, so dq2 /∈ Z>0 and, in particular, dq2 ̸= 1, i. e. we may safely divide by
1− dq2. Since P ∈ Lq ∩X(Q), we know that one solution of this equation is a = −1. Vieta’s formulas
give the unique other solution

a = 1 + dq2

1− dq2 =⇒ b = q
1 + dq2

1− dq2 + q = q + dq3 + q − dq3

1− dq2 = 2q
1− dq2 .

This point (a, b) is indeed rational, and hence (a, b) ∈ X(Q) \ {P}.
Conversely, every point (a, b) ∈ X(Q) \ {P} defines a line through P and (a, b). This line has slope

q = b

1 + a
,
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which is indeed rational. Note that a ̸= −1 since (a, b) ̸= P , and P ∈ X(Q) is the only point with
a-coordinate −1 (if (−1)2 − db2 = 1, then b = 0 since d ̸= 0). One can easily verify that the maps

q 7→
(

1 + dq2

1− dq2 ,
2q

1− dq2

)
,

b

1 + a
7→(a, b)

are mutual inverses.

(iv) Now we combine everything. Observe that P ∈ X(Q) corresponds to the primitive solution (−1, 0, 1).
Writing q = u

v ∈ Q with u, v ∈ Z, gcd(u, v) = 1 and v > 0, we have the following bijection between Q
and primitive solutions except (−1, 0, 1):

q 7→
(

1 + dq2

1− dq2 ,
2q

1− dq2

)
=
(
v2 + du2

v2 − du2 ,
2uv

v2 − du2

)
7→
(
v2 + du2

g
,

2uv
g
,
v2 − du2

g

)
,

where g := ± gcd(v2 + du2, 2uv, v2 − du2). The sign of g is chosen in such a way that (v2 − du2)/g > 0.
In fact, (−1, 0, 1) is also of this form with u = 1 and v = 0.
Let us inspect g a bit further. Let p ∈ Z be a prime factor of g, i. e. p | 2uv, v2 ± du2. We exhaust the
fact that p | 2uv.

• We have p = 2 if and only if v2 ≡ du2 mod 2. As gcd(u, v) = 1, this is equivalent to v2 ≡ d
mod 2, i. e. v and d are both even/odd.

• Suppose that p | u. Then p | v2, which is impossible since gcd(u, v) = 1.
• We have p | v if and only if p | du2. As gcd(u, v) = 1, this is equivalent to p | d.

To summarise, the (not necessarily primitive) solutions are
(
v2 + du2

±2g ,
uv

±g
,
v2 − du2

±2g

)
, if v and d are odd,(

v2 + du2

±g
,

2uv
±g

,
v2 − du2

±g

)
, otherwise,

with u ∈ Z, v ∈ Z≥0, gcd(u, v) = 1 and g := gcd(v, d).

Exercise 8.45 (09.2). Let k be an algebraically closed field, and let f(X) ∈ k[X] be a polynomial. Determine
the set Spec(k[X,Y ]/(Y 2 − f(X))) and the cardinality of all fibres of the map

Spec(ϕ) : Spec(k[X,Y ]/(Y 2 − f(X)))→ Spec(k[X])

that is induced by the k-algebra homomorphism ϕ : k[X]→ k[X,Y ]/(Y 2 − f(X)), X 7→ X.

Solution. We first examine when Y 2 − f factors. Suppose that Y 2 − f(X) = pq with 0 ̸= p, q ∈ k[X,Y ]
Considering the degree in terms of Y , we have 2 = degY (Y 2 − f) = degY (p) + degY (q). Thus we distinguish
two cases:

(i) Assume that w. l. o. g. p = g(X) and q = Y 2h2(X) + Y h1(X) + h0(X) with g, h1, h2, h3 ∈ k[X].
Comparing the coefficient of Y 2, we obtain gh2 = 1, so g ∈ k[X]× = k×. This shows that Y 2 − f is
irreducible and thus a prime element in k[X,Y ] (recall that due to Gauss’s lemma, k[X,Y ] is a unique
factorisation domain).

(ii) Assume that p = g1(X)Y + g0(X) and q = h1(X)Y + h0(X) with g1, g2, h1, h2 ∈ k[X]. Comparing
the coefficient of Y 2 again, we obtain g1h1 = 1, so g1, h1 ∈ k×, and we may assume w. l. o. g. that
g1 = h1 = 1. Furthermore, comparing the coefficient of Y , we must have g0h1 + g1h0 = g0 + h0 = 0.
Hence p = Y + g0(X) and q = Y − g0(X), i. e. f is a square in k[X].

Back to our main problem. Recall that since k is algebraically closed

Spec(k[X,Y ]) = {(0)} ⊔ {(h) | h ∈ k[X,Y ] irreducible} ⊔ {(X − x, Y − y) | x, y ∈ k}
Spec(k[X]) = {(0)} ⊔ {(X − x) | x ∈ k}

(cf. Example 2.59), and that Spec(k[X,Y ]/(Y 2 − f(X))) consist of all prime ideals of k[X,Y ] containing
Y 2 − f(X) (Example 2.14). The ideal (0) is obviously out of question.
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(i) Assume that Y 2 − f(X) is prime. Thus the only prime ideal in k[X,Y ] of the form (h) that contains
Y 2 − f(X) is (Y 2 − f(X)).
For prime ideals of the form (X − x, Y − y), suppose that Y 2 − f(X) ∈ (X − x, Y − y). Then (x, y)
must be a solution of Y 2 − f(X), i. e. y = ±

√
f(x) (the square root exists since k is algebraically

closed). This condition is sufficient because Y 2 − f(X) = (Y +
√
f(x))(Y −

√
f(x)) + (f(x)− f(X))

and X − x | f(x)− f(X). Therefore we obtain

Spec(k[X,Y ]/(Y 2 − f(X))) = {(Y 2 − f(X))} ⊔ {(X − x, Y ±
√
f(x)) | x ∈ k}.

(ii) Assume that Y 2−f(X) = (Y +g(X))(Y −g(X)) for some g ∈ k[X]. Note that Y ±g(X) are irreducible
in k[X,Y ], so the only prime ideals of the form (h) that contain Y 2 − f(X) are (Y ± g(X)). For prime
ideals of the form (X − x, Y − y), we have the same argument as before. Thus

Spec(k[X,Y ]/(Y 2 − f(X))) = {(Y ± g(X))} ⊔ {(X − x, Y ±
√
f(x)) | x ∈ k}.

For the fibres, observe that ϕ is injective, so we may interpret ϕ as k[X] ⊆ k[X,Y ]/(Y 2 − f(X)). We use
Observation 2.68.

(i) For (0) ∈ Spec(k[X]), we have

ϕ(k[X] \ (0)) ∩ (Y 2 − f(X)) = ∅, ϕ(k[X] \ (0)) ∩ (X − x, Y ±
√
f(x)) = (X − x) · k[X] ̸= ∅.

For (X − x) ∈ Spec(k[X]), we have

ϕ((X − x)) ⊈ (Y 2 − f(X)), ϕ((X − x)) ⊆ (X − x, Y ±
√
f(x)),

ϕ(k[X] \ (X − x)) ∩ (X − x, Y ±
√
f(x)) = ∅

Therefore

Spec(ϕ)−1((0)) = {(Y 2 − f(X))}, Spec(ϕ)−1((X − x)) = {(X − x, Y ±
√
f(x))}

with cardinalities 1 and 2, resp.

(ii) This case is similar to the above. What changes is that

ϕ(k[X] \ (0)) ∩ (Y ± g(X)) = ∅, ϕ((X − x)) ⊈ (Y ± g(X)).

Therefore

Spec(ϕ)−1((0)) = {(Y ± g(X))}, Spec(ϕ)−1((X − x)) = {(X − x, Y ±
√
f(x))}

with cardinalities 2 and 2, resp.

Exercise 8.46 (09.3). Let m,n ≥ 1, and let ζm = e2πi/m ∈ C be a primitive mth root of unity. Set
G := ⟨ζm⟩ ⊆ C×. We let G act on A := C[T1, . . . , Tn] via (g, f(T1, . . . , Tn)) 7→ g · f := f(gT1, . . . , gTn).

(i) Determine the ring of invariants AG := {f ∈ A | g · f = f for all g ∈ G}.

(ii) Set m = n = 2. Find a presentation AG ∼= C[X1, . . . , Xk]/(h1, . . . , hl).

Solution.

(i) Observe that this group action is C-linear, i. e. g(f + h) = gf + gh and g(af) = cg(f) for all f, h ∈ A
and c ∈ C. So it suffices to consider monic monomials T e1

1 · · ·T en
n for ei ∈ Z≥0.

Let T e1
1 · · ·T en

n ∈ AG. Then for all g = ζkm ∈ AG with 0 ≤ k < m, we have g · (T e1
1 · · ·T en

n ) =
ge1+···+enT e1

1 · · ·T en
n = T e1

1 · · ·T en
n if and only if ge1+···+en = ζ

k(e1+···+en)
m = 1, that is m | k(e1+· · ·+en).

A sufficient and necessary condition is m | (e1 + · · ·+en). Hence AG = C[T e1
1 · · ·T en

n | e1 + · · ·+en = m].
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(ii) In this case, AG = C[T 2
1 , T1T2, T

2
2 ]. Define the C-algebra map

ϕ : C[X1, X2, X3] ↠ AG, X1 7→ T 2
1 , X2 7→ T1T2, X3 7→ T 2

2 .

We claim that ker(ϕ) = (X1X3 −X2
2 ). On the one hand, ϕ(X1X3 −X2

2 ) = T 2
1 T

2
2 − (T1T2)2 = 0. On

the other hand, let f ∈ ker(ϕ). Consider f̄ ∈ ker(ϕ̄) ⊆ A/(X1X3 −X2
2 ), where ϕ̄ is the induced map by

the universal property of quotients. We can write f̄ = h1X2 + h2 for h1, h2 ∈ C[X1, X3], which yields
ϕ̄(f̄) = ϕ̄(h1)T1T2 + ϕ̄(h2) = 0. Observe that each monomial in ϕ̄(h1), ϕ̄(h2) ∈ C[T 2

1 , T
2
2 ] has even total

degree, so the monomials in ϕ̄(h1)T1T2 and ϕ̄(h2) do not kill each other. Hence ϕ̄(h1) = ϕ̄(h2) = 0,
thus h1 = h2 = 0 and f̄ = 0. Finally, ker(ϕ̄) = ker(ϕ)/(X1X3 −X2

2 ) = 0 shows the claim.
In conclusion, we have AG ∼= C[X1, X2, X3]/(X1X3 −X2

2 ) by the homomorphism theorem.
Alternative: Another way to see that ker(ϕ) ⊆ (X1X3 − X2

2 ). We have a chain of prime ide-
als (0) ⊂ (T 2

1 , T1T2) ⊂ (T 2
1 , T1T2, T

2
2 ) (notice that the quotients by these ideals are the integral

domains AG, C[T 2
2 ] and C, resp.). Thus dim(C[X1, X2, X3]/ ker(ϕ)) = dim(AG) ≥ 2. By Theo-

rem 6.33, we know that dim(C[X1, X2, X3]) = 3, and Krull’s principal ideal theorem 6.57 implies that
dim(C[X1, X2, X3]/(X1X3 −X2

2 )) = 2 already. Would the kernel be bigger than (X1X3 −X2
2 ), then

the Krull dimension of the quotient ring would decrease. Hence ker(ϕ) = (X1X3 −X2
2 ).

8.7 Basics in Algebraic Geometry
Exercise 8.47 (10.1). Let k be a field, and let f : A→ B be a k-algebra map with B finitely generated. Let
m ⊂ B be a maximal ideal. Show that f−1(m) ⊂ A is a maximal ideal.

Solution. Write p := f−1(m) ⊂ A, which is prime. By Hilbert’s Nullstellensatz 6.8, B/m is a finite field
extension over k. f induces a ring map A/p→ B/m. As B/m is a field, this map must be injective, hence A/p
is finite over k as well (think of B/m as a finite-dimensional k-vector space). Since A/p is an integral domain,
by Exercise 8.7, A/p is a field. Therefore p is maximal.

Exercise 8.48 (10.2). Let Z ⊆ kn be an algebraic subset with n ≥ 0. Show that I(Z) is a prime ideal if and
only if Z is irreducible.

Solution. Suppose that Z is irreducible. Let fg ∈ I(Z). By Remark 6.21, we obtain Z ⊆ Z(I(Z)) ⊆ Z(fg).
From Observation 6.15 we know that Z(fg) = Z(f) ∪ Z(g), implying Z = (Z(f) ∩ Z) ∪ (Z(g) ∩ Z). By
irreducibility, Z ⊆ Z(f) or Z ⊆ Z(g). Again by Remark 6.21, f ∈ I(Z(f)) ⊆ I(Z) or g ∈ I(Z(g)) ⊆ I(Z), so
I(Z) is prime.

Conversely, suppose that Z is not irreducible, say Z = Z(a1) ∪ Z(a2) = Z(a1a2) with Z(a1), Z(a2) ̸= Z and
ideals a1 and a2 (we used Observation 6.15 here). Note that a1, a2 ̸= I(Z), as otherwise Z(ai) = Z(I(Z)) = Z
for some i ∈ {1, 2} by Hilbert’s Nullstellensatz 6.23. Therefore we can pick fi ∈ ai \ I(Z) for i = 1, 2, which
implies f1f2 ∈ a1a2 ⊆

√
a1a2 = I(Z) by Hilbert’s Nullstellensatz 6.23.

Exercise 8.49 (10.3). By Remark 6.27, a ring is Jacobson if each prime ideal is the intersection of all maximal
ideals containing it.

(i) Show that a ring A is Jacobson if and only if for all prime ideals p ⊂ A and for all a /∈ p, there exists a
maximal ideal m ⊂ A such that a /∈ m and p ⊆ m.

(ii) Let f : A → B be an injective integral ring map, and assume that B is Jacobson. Show that A is
Jacobson. Deduce from the given proof for Theorem 6.25 that for each field k and n ≥ 0, the ring
k[X1, . . . , Xn] is Jacobson.

Solution.

(i) By Remark 6.27, A is Jacobson if and only if p =
⋂

p⊆m m for all prime ideals p. This is set-theoretically
equivalent to the following condition: If a /∈ p, then there must be one m among the maximal ideals in
the intersection such that a /∈ m.

(ii) f induces a surjection Spec(f) : Spec(B) ↠ Spec(A) by Corollary 5.15. Let p ∈ Spec(A) be arbitrary.
Then there exists some q ∈ Spec(B) with f−1(q) = p. By the definition of Jacobson rings, q =

⋂
q⊆m m,

so p =
⋂

q⊆m f
−1(m). By Corollary 5.13, each f−1(m) must be maximal as well. Since Spec(f) is
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surjective, each maximal ideal in A containing p appears in the intersection p =
⋂

q⊆m f
−1(m). Therefore

p =
⋂

q⊆m f
−1(m) =

⋂
p⊆n∈MaxSpec(A) n, and we are done.

By definition, k/k is an algebraic field extension, so k ↪→ k is integral. Hence k[X1, . . . , Xn] ↪→
k[X1, . . . , Xn] is integral as well: From Corollary 5.8, we know that integrality is closed under addition
and multiplication. k is integral over k ⊆ k[X1, . . . , Xn], and each Xi is obviously integral over
k[X1, . . . , Xn]. Now we know from Theorem 6.25 that k[X1, . . . , Xn] is Jacobson. Apply the above
result, and we win.

Exercise 8.50 (11.1). Let k be a field, and let A and B be two finitely generated k-algebras. Show that
dim(A⊗k B) = dim(A) + dim(B).

Solution. Noether normalisation 6.5 and Corollary 6.34 give finite injective ring maps k[X1, . . . , Xdim(A)] ↪→ A
and k[Y1, . . . , Ydim(B)] ↪→ B, which are also k-linear. We want to show that k[Xi, Yj ] ↪→ A⊗kB is again a finite
injective ring map. Then dim(A) + dim(B) = dim(k[Xi, Yj ]) = dim(A⊗k B) by Corollary 6.34, as desired.

k[Xi] and B are k-vector spaces, so they are free and hence flat. This gives the injections k[Xi, Yj ] ∼=
k[Xi]⊗k k[Yj ] ↪→ k[Xi]⊗k B (we used Remark 4.38 here) and k[Xi]⊗k B ↪→ A⊗k B. So their composition is
again an injection.

For finiteness, we are given k-linear surjections k[Xi]⊕s ↠ A and k[Yj ]⊕t ↠ B. Since tensoring is right-exact,
we obtain the surjections k[Xi, Yj ]⊕st ∼= k[Xi]⊕s ⊗k k[Yj ]⊕t ↠ k[Xi]⊕s ⊗k B (we used Proposition 4.25 here)
and k[Xi]⊕s ⊗k B ↠ A⊗k B. Their composition is again a surjection, so A⊗k B is a finite k[Xi, Yj ]-module.

Alternative: Actually for Corollary 6.34, integrality of k[Xi, Yj ] ↪→ A⊗k B suffices.
We generalise Proposition 5.10: Let A → B be an integral map of R-algebras, and let C be R-algebra.

Then C ⊗R A→ C ⊗k B is again integral. The proof is identical to the one given in Proposition 5.10, but we
spare the step ‘C ⊗A A ∼= C’.

This shows that k[Xi, Yj ] ↪→ k[Xi]⊗k B and k[Xi]⊗k B ↪→ A⊗k B are integral. By Corollary 5.9, their
composition is also integral.

Exercise 8.51 (11.2). Let k be a field, and consider the k-algebra map

φ : k[x, y]/(y2 − x3)→ k[t], x 7→ t2, y 7→ t3.

Show that φ is finite, induces a bijection on spectra and is not an isomorphism.

Solution. Henceforth A := k[x, y]/(y2 − x3).
φ is finite: Observe that t2, t3, · · · ∈ im(φ). Hence k[t] = im(φ)[t], and according to Proposition 5.7, it

suffices to show that t is integral over A. This is indeed the case, e. g. via T 2 − x ∈ A[T ].
φ is not an isomorphism: We show that φ fails to be surjective, namely, φ does not target t. Suppose that

there exists some f ∈ A such that φ(f) = t. Since we can write f = g(x) + yh(x) for suitable g(x), h(x) ∈ k[x],
we obtain φ(f) = φ(g) + t3φ(h). Observe that all terms of φ(g) and φ(h) have even degree, so the terms of φ(g)
and of t3φ(h) do not cancel each other. In order for φ(f) = t to hold, we must have φ(g) = 0 and t3φ(h) = t,
which is impossible.

φ induces a bijection on spectra: We show that φ is injective. Suppose that f̄ = g(x) + yh(x) ∈ ker(φ) as
above. With the same arguments, we conclude that φ(g) = 0 = φ(h), hence g = 0 = h, hence f̄ = 0.

The above should give a hint that t is the sole obstacle to make φ into an isomorphism. Observe that if we
could invert x, then y/x 7→ t3/t2 = t. So let us do exactly that. Localising the injection A ↪→ k[t] of A-modules
at x ∈ A, we obtain the injection φ̃ : k[x, x−1, y]/(y2 − x3) = A[x−1] ↪→ k[t, t−2] of A[x−1]-modules. Now, φ̃ is
surjective since φ̃(y/x) = t and φ̃(x−1) = t−2, which are the k-algebra generators of the codomain of φ̃.

φ̃ is thus an isomorphism and induces a bijection Spec(φ̃) : Spec(k[t, t−2])→ Spec(A[x−1]). Reconstructing
Spec(φ), we know that

Spec(k[t]) = Spec(k[t, t−2]) ⊔ Spec(k[t]/(t2)), Spec(A) = Spec(A[x−1]) ⊔ Spec(A/(x)).

Since k[t] is a unique factorisation domain, we have Spec(k[t]/(t2)) = {(t)}. Furthermore,

Spec(A/(x)) = {p ∈ Spec(k[x, y]) | (x) + (y2 − x3) = (x, y2) ⊆ p} = {(x, y)}.

Indeed, (x, y) ⊂ A is prime since A/(x, y) ∼= k, but (x, y2) ⊂ A is not since A/(x, y2) ∼= k[y]/(y2) is not an
integral domain. Finally, we just have to check that Spec(φ)((t)) = φ−1((t)) = (x, y). But this is true since
φ(x) = t2, φ(y) = t3 and φ(1) = 1. Hence φ̄ : A/(x)→ k[t]/(t2) induces a bijection Spec(φ̄), so Spec(φ) is in
total bijective.
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Exercise 8.52 (11.3). In this exercise, we denote by MinSpec(A) the set of minimal prime ideals of a ring A.

(i) Let A1, . . . , An be rings, and let B be their product. Show that

MinSpec(B) ∼=
n∐
i=1

MinSpec(Ai).

(ii) Let f : A→ B be an injective integral ring map. Show the inclusion

MinSpec(A) ⊆ Spec(f)(MinSpec(B)),

and give an example where the inclusion is strict.

Solution.

(i) We first determine Spec(B). Let q ∈ Spec(B), and denote by ei := (0, . . . , 0, 1, 0, . . . , 0) ∈ B the ith
unit vector. Since B = (e1, . . . , en) and q ̸= B, there must be some 1 ≤ i ≤ n such that ei /∈ q. Then
eiej = 0 ∈ q for all j ̸= i, so ej ∈ q for all j ̸= i, hence (ej | j ̸= i) ⊆ B. Now consider a, b ∈ Ai, and
let πi : B ↠ Ai be the canonical projection. Then abei ∈ q (this is abuse of notation; what we mean
is (0, . . . , ab, . . . , 0)) if and only if aei ∈ q or bei ∈ q if and only if a ∈ π(q) or b ∈ π(q) if and only if
ab ∈ π(q). This shows that π(q) =: pi is a prime ideal in Ai. We obtain q = A1 × · · · × pi × · · · ×An,
which is indeed a prime ideal.
This readily implies that q ∈ MinSpec(B) with πi(q) ̸= Ai if and only if πi(q) ∈ MinSpec(Ai). Thus
the to be proven statement follows.

(ii) We know from Corollary 5.15 that Spec(f) is surjective. Hence for each p ∈ MinSpec(A), there is some
q ∈ Spec(B) such that Spec(f)(q) = p. Moreover, there exists some q′ ∈ MinSpec(B) such that q′ ⊆ q
(this follows from applying the proof of Exercise 8.12 to the set of all prime ideals below q). Then
Spec(f)(q′) ⊆ p, but by minimality of p, we have equality.
Remark: In fact, we have q′ = q by Corollary 5.14.
For the example, consider A = Z and B = Z × Z/2. The canonical map f : A → B, 1 7→ (1, 1) is
injective since π1 ◦ f = idZ, where π1 : B → Z is the canonical projection in the first component.
Moreover, the generators (1, 0) and (0, 1) of B are integral over f(A)[T ] via the monic polynomial
T 2 − T ∈ f(A)[T ]. Thus by Corollary 5.8, f itself is integral.
We have MinSpec(A) = {(0)}, but Z× (0) ∈ MinSpec(B) and f−1(Z× (0)) = (2).

Exercise 8.53 (11.4). Let k be an algebraically closed field, and let Z = Z(xz, yz, xw, yw) ⊆ k4 be the vanishing
set of (xz, yz, xw, yw) ⊆ k[x, y, z, w]. Determine the irreducible components of Z and their intersections.

Hint: Construct an injective ring map k[x, y, z, w]/(xz, yz, xw, yw) ↪→ k[r, s]× k[u, v] and use Exercise 8.52
to determine the irreducible components.

Solution. Let f be the map in the hint, and let A := k[x, y, z, w]/(xz, yz, xw, yw) and B := k[r, s] × k[u, v].
We define f : x 7→ (r, 0), y 7→ (s, 0), z 7→ (0, u), w 7→ (0, v) with f(a) = (a, a) for all a ∈ k. This is injective
since A ∼= k ⊕

⊕
i+j≥1 kx

iyj ⊕
⊕

n+m≥1 kz
nwm as a k-module and thus ker(f) = 0. f is also integral since

(1, 0), (0, 1) ∈ B are integral over f(A) via T 2 − T .
By the proof of Corollary 6.51, the irreducible components of Z correspond to the minimal prime ideals

in A, given through Z(p) 7→p. Exercise 8.52 implies that

MinSpec(B) = {k[r, s]× (0), (0)× k[u, v]},
MinSpec(A) ⊆ {f−1(k[r, s]× (0)) = (x, y), f−1((0)× k[u, v]) = (z, w)}.

Now we see that (x, y) and (z, w) are indeed minimal in A: Let p̄ ∈ Spec(A), i. e. (xz, yz, xw, yw) ⊆ p. If x /∈ p,
then xz, xw ∈ p implies z, w ∈ p, so (z, w) ⊆ p; same spiel for y /∈ p, z /∈ p or w /∈ p (in the two latter cases, we
have (x, y) ⊆ p).

Thus the irreducible components of Z are Z(x, y) and Z(z, w). Their intersection is Z(x, y) ∩ Z(z, w) =
Z(x, y, z, w) by Observation 6.15.

Alternative: We could circumvent the construction of f and the usage of the Exercise 8.52 by arguing more
directly.
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As above, the irreducible components correspond to the minimal prime ideals in A, i. e. the minimal prime
ideals p ⊂ k[x, y, z, w] such that (xz, yz, xw, yw) ⊆ p. Also as above, we have (x, y) ⊆ p or (z, w) ⊆ p. Now
(x, y) and (z, w) are prime ideals since k[x, y, z, w]/(x, y) ∼= k[z, w] and k[x, y, z, w]/(z, w) ∼= k[x, y] are integral
domains. Thus we must have either p = (x, y) or p = (z, w).

Here a criterion for irreducible components, which makes determining decompositions very easy.

Proposition 8.54. Let Z = Z(p1)∪ · · · ∪Z(pr) be an algebraic subset with prime ideals pi ⊂ k[X1, . . . , Xn]
and pi ⊈ pj for all i ̸= j. Then this is precisely the decomposition into irreducible components.

Proof. Let q := p1 ∩ · · · ∩ pr. Then Z = Z(q) by Observation 6.15, and by Hilbert’s Nullstellensatz 6.23,√
q = I(Z(q)) =

⋂r
i=1 I(Z(pi)) =

⋂r
i=1 pi = q since prime ideals are radical.

Let p be a minimal prime ideal above q. We claim that there is some i such that p = pi. Suppose that we
have pi ⊈ p for all i, meaning for each i, there exists ri ∈ pi \ p. Then r1 · · · rs ∈ q \ p, contradicting q ⊆ p.
Hence pi ⊆ p for some i, and by minimality, pi = p.

Thus each minimal prime ideal above q appears as one of the pi. If there would be a pi which is not minimal,
then there exists a minimal pj with pj ⊂ pi, a contradiction to our assumption. Hence as in Corollary 6.51, there
is a bijection between minimal prime ideals p1, . . . , pr above the radical ideal q and the irreducible components
Z(p1), . . . , Z(pr) of Z = Z(I(Z)) = Z(q).

This solves the previous problem immediately, namely Z(xz, yz, xw, yw) = Z((x, y)(z, w)) = Z(x, y) ∪
Z(z, w).

Exercise 8.55. Determine the irreducible components of Z(x(y + 1), x(y + x2)) ⊆ k2.

Solution. In combination with Observation 6.15, we have

Z(x(y + 1), x(y + x2)) = Z(x(y + 1, y + x2)) = Z(x) ∪ Z(y + 1, y + x2) = Z(x) ∪ Z(y + 1, x2 − 1)
= Z(x) ∪ (Z(y + 1) ∩ Z(x2 − 1)) = Z(x) ∪ (Z(y + 1) ∩ (Z(x+ 1) ∪ Z(x− 1)))
= Z(x) ∪ Z(y + 1, x+ 1) ∪ Z(y + 1, x− 1).

8.8 Basics in Algebraic Number Theory
Exercise 8.56 (12.1). Let A be a ring, and let G be a finite group acting on A by ring automorphisms.

(i) Show that A is integral over AG.
Hint: For a ∈ A, consider the polynomial

∏
g∈G(T − g(a)).

(ii) Assume that A is an integral domain. Show that Quot(A)G = Quot(AG).

We have actually seen the hint in the introduction to algebra already, specifically [Sch, Lem. 7.4].
Solution.

(i) Let a ∈ A be arbitrary, and let f(T ) :=
∏
g∈G(T −g(a)) ∈ A[T ], which is monic. Let σ ∈ G be arbitrary.

Observe that left-multiplication with σ : G → G defines a group isomorphism, since σ is invertible.
Hence σ(f(T )) =

∏
g∈G(T − σ(g(a))) =

∏
g′∈G(T − g′(a)) = f(T ). This shows that, after expanding f ,

we have f(T ) ∈ AG[T ]. Since 1 ∈ G, f contains a factor T − a, so f(a) = 0. Thus a is integral over AG.

(ii) Set K := Quot(A). Let x/y ∈ Quot(AG) with x ∈ AG and 0 ̸= y ∈ AG. Then σ(x/y) = σ(x)/σ(y) =
x/y for all σ ∈ G, hence x/y ∈ KG.
Conversely, let x/y ∈ KG with x ∈ A and 0 ̸= y ∈ A. Write x′ := x

∏
1 ̸=g∈G g(y) ∈ A and

y′ :=
∏
g∈G g(y) ∈ A. Then x/y = x′/y′. As we have seen before, σ(y′) = y′ holds for all σ ∈ G,

implying y′ ∈ AG ⊆ KG. This gives x′ = (x/y)y′ ∈ KG, hence x′ ∈ KG ∩ A = AG. In the end,
x/y = x′/y′ ∈ Quot(AG).

Exercise 8.57 (12.2). Let A be a normal integral domain, and let G be a finite group acting on A by ring
automorphisms.

(i) Show that AG is normal.
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(ii) Let k be a field with char(k) ̸= 2. Show that k[x, y, z]/(z2 − xy) is normal.
Hint: Exercise 8.46.

Solution.
(i) Let x ∈ Quot(AG) be integral over AG. We have to show that x ∈ AG. By Exercise 8.56, x ∈

Quot(A)G ⊆ Quot(A). Since x is integral over AG, it is also integral over A. A is normal by assumption,
so x ∈ A. Thus x ∈ A ∩Quot(A)G = AG.

(ii) Consider A = k[u, v]. As a unique factorisation domain, it is normal according to Proposition 7.4.
Consider the action of G = {1, σ} ∼= Z/2 via σ(f(u, v)) = f(−u,−v) for all f(u, v) ∈ A. Keeping
char(k) ̸= 2 in mind, we can reason completely analogous to Exercise 8.46 in order to see that
AG = k[u2, uv, v2]. Exercise 8.46 further shows that AG admits the presentation ∼= k[u2, uv, v2] ∼=
k[x, y, z]/(z2 − xy). Thus by (i), k[x, y, z]/(z2 − xy) is normal.

Exercise 8.58 (12.3). Let L/K be a finite Galois extension of number fields with Galois group G := Gal(L/K).
Show that OL is stable under the action of G on L, and that OGL = OK .
Solution. Let x ∈ OL. Since x is integral over Z, it admits a monic polynomial f(T ) ∈ Z[T ] such that f(x) = 0.
By definition of Galois groups, observe that Z ⊆ Q ⊆ K = LG. Hence f(σ(x)) = σ(f(x)) = g(0) = 0, thus
σ(x) ∈ OL for all σ ∈ G, and OL is stable under G.

For the second claim, we argue that OGL = OL ∩ LG = OL ∩K = OK . The first equality follows from the
definition of G-invariants and the fact that OL is stable under G. The second equality follows from LG = K

for finite Galois groups G. The third equality follows since OL = ZL and OK = ZK .
Exercise 8.59 (12.4). Let k be a field, and let A := k[x, y]/(y2 − x3 − x2).

(i) Show that A is an integral domain.

(ii) Show that t := y/x ∈ Quot(A) does not lie in A.

(iii) Show that t is integral over A.

(iv) Show that Quot(A) = k(t), and that k[t] ⊆ Quot(A) is the normalisation of A.
Solution.

(i) It suffices to show that (y2 − x3 − x2) ⊆ k[x, y] is prime, i. e. f(x, y) = y2 − x3 − x2 is irreducible.
Suppose that f is not irreducible. Considering the degree in y, there is a factorisation of f of the form
(y − g(x))(y − h(x)) with g(x), h(x) ∈ k[x]. Expanding and comparing with coefficients of f , we see
that g(x) + h(x) = 0 and g(x)y(x) = −x3 − x2, implying g(x)2 = x3 − x2. But x3 − x2 can impossibly
be factored as a square.
Alternative: If we consider the whole exercise, t = y/x will play a big role. Since y2 = x2(x+ 1) in A,
we have t2 = y2/x2 = x+ 1 in Quot(A). Furthermore, we have y = tx in Quot(A).
This gives the idea to consider the k-algebra map ϕ : k[x, y]→ k[t], x 7→ t2 − 1, y 7→ t3 − t. This map is
constructed in such a way that ker(ϕ) = (y2 − x3 − x2). Indeed, we have ϕ(y2 − x3 − x2) = 0, so we
may consider ϕ̄ : A→ k[s]. Our goal is to show that ker(ϕ̄) = 0.
Consider f̄ ∈ ker(ϕ̄), which is of the form f̄ = g(x) + yh(x) with g(x), h(x) ∈ k[x]. Then ϕ̄(f̄) =
g(t2 − 1) + t(t2 − 1)h(t2 − 1) = 0. Observe that the left and right summand have even and odd degree,
resp., hence they do not cancel each other. This shows that necessarily g(x) = 0 = h(x), i. e. f̄ = 0.
Thus ker(ϕ̄) = 0, and ϕ̄ is an injection of A into an integral domain k[t].

(ii) Suppose that t ∈ A, i. e. there exists some f(x, y) ∈ k[x, y] such that f(x, y) ≡ y/x mod (y2−x3−x2).
This implies y − xf(x, y) ∈ (y2 − x3 − x2), hence there exists some g(x, y) ∈ k[x, y] such that
y − xf(x, y) = (y2 − x3 − x2)g(x, y) in k[x, y]. If we evaluate at x = 0, we obtain y = y2g(0, y), a
contradiction since y2 ∤ y. Thus t /∈ A.
Alternative: Using the same ϕ̄ as above, suppose that t ∈ im(ϕ̄), i. e. ϕ̄(f̄) = g(t2−1)+t(t2−1)h(t2−1) = t
with g(x), h(x) ∈ k[x]. Since the two summands do not interfere with each other and deg(t) = 1, we
must have g(x) = 0. This leaves deg(t(t2 − 1)h(t2 − 1)) = deg(t) + deg(t2 − 1) + deg(h(t2 − 1)) ≥ 2.
Thus such an f̄ cannot exist, and t /∈ im(ϕ̄).
Observe that if we localise at x, we obtain the induced injective k-algebra map A[x−1] ↪→ k[t, (t2−1)−1].
Under this map, y/x 7→ t. Restricting back to ϕ̄ again shows that y/x /∈ A.
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(iii) t = y/x is a root of the monic T 2 − (x+ 1) ∈ A[T ] because t2 = y2/x2 = (x3 + x2)/x2 = x+ 1.

(iv) Since t ∈ Quot(A), we already have k(t) ⊆ Quot(A). Conversely, observe that A ⊆ k[t] since x =
t2−1 ∈ k[t] and y = t3−t2 ∈ k[t] for the k-algebra generators of A. Hence Quot(A) ⊆ Quot(k[t]) = k(t).

Notice that the normalisation of A is nothing other then A
Quot(A). By (iii), we have k[t] ⊆ AQuot(A).

Conversely, we know that k[t] is normal by Proposition 7.4. Because of A ⊆ k[t] and Quot(A) = k(t),
we have AQuot(A) ⊆ k[t].

8.9 Review
Exercise 8.60. True or false?

(i) If A is a unique factorisation domain, then A is noetherian.

(ii) If A is a principal ideal domain, then A is noetherian.

(iii) If A ⊆ B is a finite ring extension, then it is also integral.

(iv) A ring A is a principal ideal domain if and only if all free modules are free.

(v) If 0→M ′ →M →M ′′ → 0 is an exact sequence of A-modules, then Hom(M ′, N)→ Hom(M,N)→
Hom(M ′′, N)→ 0 is also exact.

(vi) If A is a local ring, then A[X]/(Xn) is local again for all n ≥ 1.

(vii) If f : A→ B is a surjective ring map, and if A is local and B ̸= 0, then B is also local.

(viii) Z(y, x2 − y − 1) ∈ k2 is irreducible.

(ix) If k is an algebraically closed field, then k (with the Zariski topology) is Hausdorff.

(x) An A-module M is free if and only if Mp is free as an Ap-module for all p ∈ Spec(A).

(xi) If A is a euclidean ring, and if M is a torsion-free A-module, then M is free.

(xii) There is a bijection between radical ideals in k[x1, . . . , xn] and algebraic subsets of kn for any field k.

(xiii) Let A be a finitely generated k-algebra that is also an integral domain. Let 0 /∈ S ⊆ A be a multiplicative
subset. Then dim(S−1A) = dim(A).

(xiv) (7) ⊆ O√
37 is divided by three different prime ideals.

(xv) (5) ⊆ O√
−1 is divided by two different prime ideals.

Solution.

(i) False: Consider (X1, X2, . . . ) ⊆ A := k[X1, X2, . . . ], which is not finitely generated. A is indeed a
unique factorisation domain, since any f ∈ A consists of finitely many terms, and we have A =⋃
n≥0 k[X1, . . . , Xn]. Hence we finde some m ≥ 0 such that f ∈ k[X1, . . . , Xm], so f admits a prime

factorisation.

(ii) True: Every ideal is generated by one element.

(iii) True: Corollary 5.8.

(iv) True: For the ‘if’ direction, note that, by assumption, each ideal a ⊆ A as a A-module is free. Let
{a1, . . . , an} be an A-basis of a. Then a1a2 − a2a1 = 0, so we must have n = 1.
For the ‘only if’ direction, if the module is finitely generated, we use the structure theorem 3.52 since
any submodule of a torsion-free module is torsion-free as well. The general case follows by transfinite
induction over ordinals.

(v) False: The contravariant Hom-functor is left-exact (Proposition 8.33).
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(vi) True: The prove is similar to Proposition 1.47, i. e. we show that f̄ ∈ (A[X]/(Xn))× if and only if the
constant term of f̄ is in A×.

(vii) True: By the homomorphism theorem, we have A/ ker(f) ∼= B. Since the ideals of A/ ker(f) correspond
to the ideals in A containing ker(f), A/ ker(f) ∼= B are local.

(viii) False:

Z(y, x2 − y − 1) = Z(y, x2 − 1) = Z(y) ∩ Z(x2 − 1) = Z(y) ∩ (Z(x− 1) ∪ Z(x+ 1))
= (Z(y) ∩ Z(x− 1)) ∪ (Z(y) ∩ Z(x+ 1)) = Z(y, x+ 1) ∪ Z(y, x− 1).

(ix) False: Show that the intersection of two non-empty open sets is again non-empty.

(x) False: Consider the Dedekind ring A = Z[
√
−5] and the non-principal ideal M = (2, 1 +

√
−5) ⊆ A.

Then Mp ⊆ Ap is locally free for all p ∈ Spec(A), but M is not free, e. g. 3 ·2− (1−
√
−5)(1+

√
−5) = 0.

(xi) False: Q as a Z-module is not free (see Exercise 8.1), but Q is torsion-free since the Z-module structure
originates from the multiplication in the field Q.

(xii) False: Consider k = R, which is not algebraically closed. Then (1) 7→ ∅ and (x2 + 1) 7→ ∅. Note that
(x2 + 1) ⊆ R[x] is radical since x2 + 1 is irreducible over R.

(xiii) False: Consider A = k[T ] and S = A \ {0}. Then dim(S−1A) = dim(Quot(A)) = 0 ̸= 1 = dim(A). But
cf. Proposition 6.59.

(xiv) False: Recall Example 7.31. The minimal polynomial of
√

37 has at most two factors over Z, so there
are at most two prime ideals above (7).

(xv) True: By the Chinese remainder theorem 8.5, we have

O√
−1/(5) ∼= F5[T ]/(T 2 + 1) ∼= F5[T ]/(T + 2)× F5[T ]/(T + 3) ∼= F5 × F5

=⇒ |Spec(O√
−1/(5))| = |Spec(F5 × F5)| = 2.

Exercise 8.61. Compute the Noether normalisation of the following rings:
(i) k[x, x−1].

(ii) k[x, y, z]/(y − z2, xz − y2).
Solution.

(i) We have k[x, x−1] ∼= k[x, y]/(xy − 1). We claim that k[x̄+ ȳ] ⊆ k[x̄, ȳ] is integral. Indeed, x̄ is a root of
the monic non-zero polynomial T 2 − (x̄+ ȳ)T + 1 ∈ k[x̄+ ȳ][T ]. Similarly for ȳ.

(ii) We have k[x, y, z]/(y− z2, xz− y2) ∼= k[x, z]/(xz− z4). We claim that k[x̄] ⊆ k[x̄, z̄] is integral. Indeed,
z̄ is a root of the monic non-zero polynomial T 4 − x̄T ∈ k[x̄][T ].

A Appendix
A.1 Donating Computing Power for Number Theory Research
Databases like [LMF] require a lot of computation, and this database in particular was contributed by a handful
of people. The data on number fields includes data from John Jones and David Roberts, which in turn
include data from the project NumberFields@home by Eric D. Driver. This project is remarkable since it is
a distributed computing project and runs on home computers of volunteers, and you (yes, you!) can contribute
by donating free clock cycles. For more information on the theoretical site, check out the project description.

A.2 Mumford’s Treasure Map
I came across very interesting and actually very deep depictions of spectra in algebraic geometry. These are all
from Mumford’s [Mum], a very influential book back in the days where intuition in algebraic geometry was
almost non-existent. You can read a bit of trivia and an explanation of Figure A.5 in the great blog post [Leb].

I decided to just put the Figures A.1 to A.5 here and let you philosophise on them and behold them in awe.
If not noted otherwise, all pictures are self-made screenshots.
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Figure A.1: Spec(Z).

Figure A.2: Spec(A) for a discrete valuation ring (A,M).

Figure A.3: Spec(k[X,Y ]) for algebraically closed fields k.

Figure A.4: Spec(Quot(k[X,Y ])) for algebraically closed fields k.
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Figure A.5: Spec(Z[X]). The first picture is from the urtext (source), the second from the Springer edition. In
our notation, V ((p)) := Z((p)).
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