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1. INTRODUCTION (9/16/2026)

Course Information

Prerequisites: Commutative Algebra or Introduction to Algebraic Geometry
One lecture per week, on Wednesdays 10:00 a.m. to 12:30 p.m.
Homework graded for feedback, no effect on final grade
Two exams:
— 1st on November 4th, 40%.
— 2nd on December 30th, 60%.
e Main reference: Humphrey’s Linear Algebraic Groups [!]

The goal of this first lecture are to explain what the theory of linear algebraic groups is
about, to introduce affine varieties, and to give the definition of a linear algebraic group.

1.1. What is the theory about? Mathematicians and physicist are interested in groups
such as GL,,, SL,, SO, or Sp,,,. These arise in many different contexts and with different
flavors:

(1) Finite groups of Lie type GLy,(Fy), Span(Fy),... come from a more set-theoretic, com-
binatorial perspective. They make up part of classification of the finite simple groups.

(2) Real or complex Lie groups GL,(R), SO, (C), SL,(R), PGL,(C),... arise from a more
analytic perspective which is relevant in differential geometry, representation theory,
etc.

Our perspective. We want to study these groups as algebraic objects. An advantage
of this approach is that it makes sense over various fields. For example, we can study
SO(V)/Q,GLy/Qp, Sp2,/C which is clearly relevant for areas such as number theory,
commutative algebra, algebraic geometry, and so on.
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Example 1.1. We consider SLy/C as algebraic or complex Lie group, and are interested
in its representation theory.

By definition, a representation of SLo is a finite-dimensional C-vector space V' together
with a homomorphism SLy — GL(V'). Such representations can be completely classified:

Theorem 1.2. Let V' be the finite-dimensional representation of SLg/C.

(a) V is completely reducible, meaning it is a direct sum of irreducible representations,
T
v
i=1

(b) Each irreducible summand V; is isomorphic to the n-th symmetric power Sym™(C?) of
the standard representation, for some n.

Explanation. What is Sym”(C?)?

(1) SLy ~ C2 is the standard representation
a b x\ _ [ax+by
(c d) ’ (y) o <cx—i—dy) ) (1.1)
(2) Sym™(C?) is derived from C? as the space of homogeneous degree n polynomials in x

and y:
Sym™(C?) = {anz" + ap_12" ty + - -+ agy” | an,...,a0 € C}.

S Ly acts by the coordinate substitution given by (1.1):

b
For example,
11
( 1) 2’ = (z+y)’ = 2" + 2wy + .
Theorem 1.2 is a beautiful example of a complete classification result. But such behavior
is not automatic for algebraic groups, as the next example shows.

Example 1.3. Consider the additive group G, = (C,+). It has the two-dimensional
representation

G, — GLo, tn—><1 i)

e This representation is not irreducible: C- (}) C C? is a G4-stable subspace.

e But C- (}) has no invariant complement:

(G (1) ()=(37))= s

Question. Which groups behave like S Lo, which like G,7

General theory answers this question:

e reductive groups behave like SLy (completely reducible representation theory)
e unipotent groups behave like G, (every rep has a fixed vector like () € C? before)
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Example 1.4. The groups GL,,,SL,, PGL,, SO, Sps, are all reductive.

Upper triangular matrices form a unipotent group, e.g.

1 =z y
1 z - GL3
1

Question. OK, but I've already seen all these groups before. Can you teach me some
new ones?

Answer. General theory says that these examples are the building blocks for all LAGs!
Theorem 1.5. Let G/C be a connected linear algebraic group.

(a) There exists a unique mazximal, normal, unipotent subgroup G,, C G called the unipo-
tent radical of G. The quotient Gieq = G /G, is reductive.

(b) The unipotent part Gy, is built as a successive extension of copies of G,. The reductive
quotient Greq 18 built out of GLy,SLy, SO, and Spay,.

Example 1.6. Consider the block upper triangular subgroup

r1i1 T12 Y

G:= To1 a2 2 C GLs.
0 0 I33
Then
1 0y
Gy = 1 2| 3 =2G2,  Grea = GLy x GLy.
1

Example 1.7. The projective linear group PGL,, is reductive and obtained as quotient
SL, 2% PGL,.
The spinor group Spin,, is reductive and obtained as a double cover
Spin,, EZN SOy, n > 3.
The general theory also more precisely classifies all reductive groups and their represen-
tations up to isomorphism, which we will see towards the end of the course.
To end this introduction, let us consider a different type of statement.
Question. How to work with group elements “like a professional’?

Example 1.8. Any g € GL,,(C) can be written uniquely as a product g = gs - g, such
that

e g, is diagonalizable (also called semi-simple)

e g, is unipotent (meaning g, — 1 € M,,(C) is nilpotent)

® Js Gu = Gu " Js
Indeed, we know that g has a unique Jordan normal form up to permutation of blocks,
and the decomposition g = g5 - gy, is immediate to see in JNF. For example,

2 5 2 1 5/2
-1 —1 -1
gs Gu

Here, note that g; and g, indeed commute as required.
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Theorem 1.9. Let G be a connected LAG over C. Any g € G has a unique decomposition
g = gsGu nto a semi-simple and unipotent part, characterized by

Vp:G—GLn,  plg) = p(gs) - p(9u)
is the decomposition from Example 1.8 p(g).

Conclusion. Summing up this lecture, we have seen that the theory of LAGs

e Classifies and describes algebraic groups such as GL,,, SL,, Spin,,,
e (Classifies and describes their representations, and
e Provides structural tools for working with such groups or their group elements.

1.2. Affine varieties. Reference: |1, §1.1-1.5]

In order to define linear algebraic groups, we first need to explain how to capture the idea
of an algebraic object. This is done by the notion of an affine algebraic variety.

Let k be an algebraically closed field.

Slogan. An affine variety over k is the vanishing set in some k™ defined by a family of
polynomial equations.

We now make this definition precise. Throughout, let

Agk[Tl7aTn]/(f1?7fm)

be a reduced finite type k-algebra. We want to define the affine variety Sp(A) attached
to A, which will be done in three steps.

1st Step: The underlying set. Define the Maz-Spectrum of A as
Sp(A) := {maximal ideals of A}.

Because k is assumed algebraically closed, for every m € Sp(A), the residue field of m is
naturally identified with k:

k

A

& lquotient (also use A is a k-algebra.)
A/m
So we see:
Sp(A) = {k-alg homom A — k}
={(z1,...,xn) €E" | fi(z1,...,20) =+ = fi(x1,...,2) = 0}.

choosing presentation A = k[T1,...,T,]/(f1,-- -, fm)

Example 1.10.
Sp(k[Tl, . ,Tn]) =

kn
Sp(k[X,Y]/(XY)) = —‘— C K’
C

Sp(k[X,Y]/(Y? = X*(X +1))) =
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2nd Step: Upgrade to a toplogical space. Every f € A defines a function Sp(4) — k

f
\ m € Sp(A l
f mod m.

We usually write x = m € Sp(A4) and f(z) := f mod m € k where k = A/m, because this
is much more intuitive notation.

Polynomial functions should definitely be continuous, but k£ has no topology. So the best
one can do in algebraic geometry is to define open and closed subsets by

V(f)={x €Sp(A) | f(z) =0} closed “vanishing set”

1.2
D(f)={xz € Sp(A) | f(x) # 0} open “doesn’t vanish set”. (1.2)
Definition 1.11. Endow Sp(A) with topology generated by {D(f)}ea.

What does this mean concretely? We already have the following opens from (1.2):
Sp(4) = D(1), @ = D(0)
D(fi)yn---nD(fy)=D(fr-- fr)

So the potential new open subsets are the arbitrary unions [ J;c; D(f;) of sets of the form
D(f). Note that an open of the form D(f) is called principal open subset.

But A is noetherian: Ther exist finitely many g1, ..., g, generating the ideal (f;);e;. Then

r r

m V(f) = ﬂ or equivalently, U D(fi) = U D

iel j=1 i€l j=1

Conclusion. The open subsets of Sp(A) are precisely the finite unions (J;_; D(f;).

Dually, the closed subsets are precisely the finite intersections
'
V(fi,- s f) = [V ()
i=1

Next, we want to connect this topology closer to the ring A. We in fact have back-and-forth
definitions:

AD S subset — V(S):= (] V(s)
seS
I(Z)={feA| f(z)=0Vze Z} «<— Z C Sp(A) closed.

You should convince yourself of the following easy properties:

V(S) is closed

I(Z) an ideal

V(S)=V((9)), (S) C A ideal generated by S

If fr € 1(Z), then f € I(Z). That is, I(Z) is a so-called radical ideal. For example,
V() =V(f).

Theorem 1.12 (Hilbert’s Nullstellensatz). The above maps define a bijection

{radical I C A} LN {closed Z C Sp(A)}
I— V(I),
1(Z) +— Z.
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The significance of this theorem is that it allows to translate any statement about unions,
intersections, non-emptyness etc. of closed or open subsets of Sp(A4) into a statement
about ideals in A, and vice versa. That is, it provides a dictionary between geometry and
algebra.

3rd Step: Equip Sp(A) with its polynomial functions. Set X = Sp(A) in the
following. For every open U C X, we want to say what the polynomial functions on
U are. This is similar to the definition of the smooth functions on an open subset of a
manifold, for example.

For traditional reasons, what we intuitively just called “polynomial” functions, is usually
called regular functions.

Definition 1.13. For U C Sp(A) open, we denote by Ox(U) the ring of all regular
functions f : U — k.

(1) If U = D(h) is principal open, then by definition
Ox(D(h)) := A[h71].
Note that this makes sense since h : D(h) — k* is an invertible function.

(2) For general U, we say that f : U — k is regular if VD(h) C U, the restriction
flpmwy € Ox(D(h)).

Definition 1.14. The pair (Sp(A), Ogp4)) is the affine variety defined by A. Here, Sp(A)
denotes the topological space, and Og,(4) denotes the regular functions on Sp(A). But
usually one only writes Sp(A) for brevity.

Example 1.15. The n-dimensional affine space over k is

A" :=Spk[Th,...,T,).

(1) Underlying set = k",
(2) Opens = complements of vanishing sets V(f1,..., fm),
(3) Regular functions =

Oun(U) = {lq’ € k(Th,...,Ty) | q(z) #0 Yz € U}.

Example 1.16. Here is an interesting example of regular functions on a non-principal
open: Consider A2 = Spk[X, Y] with open subset U = k% \ {(0,0)}. This is the union of
D(X) and D(Y). Then

Op2(U) = K[XFL Y] N k[X,YF] = k[X, Y]

where the intersection happens in the quotient field k(X,Y) = Quot(k[X,Y]) (also
called the fraction field).

The above procedure is in fact general: If A is an integral domain, then
Ospay)(U) = ﬂ Alf7Y, intersect in Quot(A).
D(f)cU
It suffices to take the intersection over an open covering U = D(f1)U...U D(f,,) in fact.

4th Step: Morphisms. We had three steps to define the object Sp(A), but we also
need to define morphisms between affine varieties. Let X = Sp(A) and Y = Sp(B) in the
following.
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Definition 1.17. A morphism from Y to X is a map ¢ : Y — X that preserves regular
functions. That is, if V C Y and U C X are open with ¢(V) C U, then for every
f € Ox(U), the composition

fop:V—k
lies in Oy (V).

e In particular, if ¢ : Y — X is a morphism, we may apply this definition to V =Y and
X = U and obtain a ring map

QD* A= ﬁx(X) — ﬁy(Y) =B
fr=Toe
This is the pullback map on the coordinate rings of X and Y.

e Conversely, any k-algebra homomorphism ¢* : A — B k induces a morphism of affine

varieties .
¢=5p(¢):Y — X

BDOmpgr—— (gp*)_l(mB) C A.

Theorem 1.18 (Hilbert’s Nullstellensatz). The above functors define an equivalence of
categories

duced finite t P jeti
{ reduced finite type } =, { affine varieties }

k-algebras over k
A — Sp(A),
Ox(X) «— (X, 0x).

The general principle for passing between maps of varieties and algebra homomorphisms
is the following. A morphism

ks km
given by an m-tuple of polynomials in n variables

(15 ey ) > (Q1(T1y ooy Ty ooy P (X1, oy T))

corresponds to the ring map

KX, oo Xa] =25 KT, oo, T
goi(Xl, ,Xm) i T;.

1.3. Linear algebraic groups. Reference: [!, §7.1, §7.2]

Throughout, k is an algebraically closed field of characteristic 0. We often abbreviate
“linear algebraic group” by LAG.

Definition 1.19. An LAG over k is an affine variety G over k together with a group
structure
m:GxG— (G

which is also a morphism of varieties.

Explanation. Let X = Sp(A4), Y = Sp(B) be affine varieties over k. Then X x Y is the
affine k-variety Sp(A ®y B).

Why does this make sense?

e Mathematically:
A=EK[Ty,....T.])(f1,. .., fm) = X =V(f1,..., fm) CE",
B=k[S1,...,5]/(91,...,95) +— Y =V(g1,...,95) Ck".
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— A®kB: k’[Tl,...,Tn,Sl,...,ST]/(fl,...,fm,gl,...,gs)
and
Sp<A Xk B) - V(fla .. 7f’m) X V(gl7 R 798) - kn-i-?“’
just as desired for a product!
e Sp(A ®j B) also has the universal property: For Z = Sp(C), we have
Mor(Z,Sp(A @k B)) Mt Homy,_a14 (A ®1 B, C)
= Homk_alg(A, C) X Homk_alg(B, C)
L

= Mor(Z,X) x Mor(Z,Y).
Hilbert

—> Sp(A4 ® B) has univ. prop of X x Y!

Conclusion. If G = Sp(A4), then G x G = Sp(A ®; A). Condition on m is that it is
defined by polynomials, equivalently that it comes from a map A — A ®; A, and that it
gives a group structure to the set underlying G.

Example 1.20. The additive group Gg.
Gq = (k, +) with variety structure k = Sp(k[t]).
+:kxk—k, (r,y) — z+y
is the polynomial map corresponding on rings to
k(2] @ ky] <= k[t]

TR@1+1®@y<+—t.
Example 1.21. The multiplicative group Gy,.
Gy = (k*, %) with variety structure kX = Sp(k[t,t]).

* kX X B — kX (x,y) — z-y

induced from
klzF] @ k[yT] «— k[tH]

Ty +—t.

Remark 1.22. The above considered k* as an open subset of A'. One can also treat a
localization as a closed subset in an affine space of one dimension higher. For G,,, this
means identifying

klty, ta]/(tite — 1) = k[t, t 7}

t1,tg — t, 1L

In these coordinates, multiplication is obviously given by polynomials:

kX x kX _mi=x kX (z,y) s Ty
[ [ ! !
~ (z, 2 Ly, y ) — (ay, (zy)™h)

k2 x k2 ————— k2

m: (z1, T2, 41, Y2) —— (2122, Y1Y2)-
Example 1.23. The special linear group SL,.
SL, = (SL,(k),*) with variety structure
SLy = Sp(k[T11,- .., Ton)/(det((Tij)ij) — 1))
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Here, det((T5;); ;) is the determinant of the matrix with 7; ; in the (¢, j)-th entry. This is
a polynomial in k[T11,. .., Thn).

SLp x SLyp ------ MOTmE » SLy
Jj deet =1
an X an kn2

n
m: (i), (ig)) — (Z %‘kykj)
k=1 ij
The morphism m preserves the determinant 1 condition and hence restricts to a multipli-
cation morphism on SL,,.
Example 1.24. The general linear group G Ly,
GL,, = (GLy(k),*) with variety structure
GL, = Sp(k[T3j, D] /(D - det(Ty;) — 1)) € k™ x k.

The relation D - det((T; ;)i ;) — 1 forces that D is the inverse of det((7j;); ;), making the
determinant invertible. This is the same as localizing at det((7; ;)i ;) as in Remark 1.22
before. We have

GL, x GL,, GL, (i)

[ [

(k" x k) x (k" x k) k" x ks

((zi7), det(zii) ™", (yiz), Dy) — ((xi5) - (yjr), D - Dy).

Example 1.25. Let H € M,,(k) be a non-degenerate symmetric matrix, i.e. H = H and
det(H) # 0. The special orthogonal group defined by H is

SO(H)={g € SLy(k)| g'Hg = H} C SL,.
2

((%ij), D)

Writing out the condition g'Hg = H gives n? many quadratic polynomial equations
fi,..., fp2 in the g;;. Correspondingly, the variety structure on SO(H) is by realizing it
as

AS()(EI):: Sp(kﬂg11,---,gnnl/(11,---,fﬁ2,d€t(9m) —-1)).

The group structure is matrix multiplication from SL,.

Observation. We always assume that k is algebraically closed, so there exists a unique
non-degenerate, n variable quadratic form up to isometry.

= After change of basis:

H—< ﬂm) n=2m or H = 1, n=2m+ 1.
I
1

Here 1,, denotes the m xm identity matrix. For comparison, recall that over R a quadratic
form is classified by its signature. Correspondingly, there would be several n variable
orthogonal groups.

Example 1.26. The symplectic group Sps,,, over k is defined by
T 1,, m
Span) = {g € M) | (g P )o= (L, ) fen

It is described by 4m? polynomial equations with matrix multiplication just as the special
orthogonal group before.
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Remark 1.27. SL,, 502y, SO2,+1 and Spay, are called the classical groups.
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