GAUSSIAN TEST FUNCTIONS FOR THE JACQUET-RALLIS RELATIVE
TRACE FORMULA

CONTENTS
1. Intr 100 1
4
.__Inter ion number 6
4, hwartz function 9
[5.  From Lie algebra to group| 21
Roferonces 24

1. INTRODUCTION

The relative trace formula comparison of Jacquet—Rallis [12], which lead to a proof of
the unitary Gan—Gross—Prasad Conjecture [5] 4], relies on a comparison of orbital integrals
between a GL,-setting and a unitary setting. The main local problems in this context are
the existence of smooth transfer and the fundamental lemma.

Over non-archimedean fields, the existence of transfer was proved by Wei Zhang [25]. The
fundamental lemma has three independent proofs: one via equal characteristic methods by
Zhiwei Yun and Gordon [11} 23], one via global theta series by Wei Zhang [26], and a local
one based on Fourier transforms by Beuzart—Plessis [3].

Over R, it was proved by Hang Xue [22] that a dense subspace of Schwartz functions is
transferable which was sufficient for the global applications in [5, 4]. It is conjectured that
transfer exists for all Schwartz functions.

1.1. Gaussian test functions. In arithmetic situations, one is often interested in specific
test functions at the archimedean place. For example, when studying the cohomology of
Shimura varieties, one considers so-called Lefschetz functions, cf. [15, §3]. Their orbital
integrals are non-zero only for elliptic group elements which means they can be understood
as coming by transfer from the compact inner form of the group in question.

In the trace formula setting of Jacquet—Rallis, the analogous kind of functions are those
coming by transfer from the compact unitary group U(n + 1). For example, a transfer of the
identity function is used in Wei Zhang’s relative trace formula approach to the Arithmetic
Gan—Gross—Prasad Conjecture [24]. Such transfers were named Gaussian test functions in
[21], and these are the test functions from the title of the paper.

The purpose of our paper is to give a simple, direct, and local construction of Gaussian test
functions. Their existence was already known before from [5, Proposition 4.11]. Our explicit
construction has the advantage that it also allows to study derivatives of orbital integrals.
This matters, for example, during the proof of the arithmetic fundamental lemma [26] §12],
[17, §10]; and also plays a role in ongoing work of the authors on arithmetic generating series.
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1.2. Main result. We now give a precise description of our main result and also introduce
concepts that will be used throughout the paper. Consider the real manifold

Sut1 = {7 € GLa11(C) |47 = 1}. (L1)

The group GL,(R) acts on it by conjugation via g — diag(g,1). We denote by [Sy+1]:s the
set of regular semi-simple orbits.

In a similar way, for every hermitian C-vector space V', the group U(V') acts by conjugation
on U(V @ C). Here, C is viewed with the standard hermitian form of signature (1,0). We
again denote by [U(V @ C)];s the set of regular semi-simple orbits. The orbit matching of
Jacquet and Rallis [12] defines a bijection

[Sn41)es — H [U(V(r,s)@(c)]m (1.2)

r+s=n

where V(. 5 is a choice of hermitian C-vector space of signature (r,s). Suppose ¢ € S(Sn11)
is a Schwartz function and ~ € S,,+1 regular semi-simple. Jacquet and Rallis introduced the
orbital integral

Orb(v, ¢) = €(7) /GL . o(9~ " vg)n(g) dg (1.3)

where 7 is the sign character n(g) = sign(det(g)), where dg is a fixed choice of Haar measure,
and where €(y) € C* is the transfer factor defined in

Definition 1.1. (1) A regular semi-simple element v € S,,41 is said to match to signature
(r,s) if its matching orbit under (1.2} lies in the signature (r, s) component.

(2) A Schwartz function ¢ € S(Sp+1) is said to be a Gaussian test function if its orbital
integrals are given by

1~ matches to signature (n,0)

Orb(7, ¢) = { (1.4)

0 otherwise.
Our main result is the following theorem.

Theorem 1.2. Gaussian test functions in the sense of Definition |1.1] exist. Moreover, they
can be explicitly constructed in terms of Kudla—Millson theory.

In fact, since the groups U(n) and U(n + 1) are compact and connected, the matrix coeffi-
cients of their irreducible representations are algebraic functions. Theorem then immedi-
ately extends to a description of transfer for such matrix coefficients (see Corollary [5.5)).

We will deduce Theorem from an analogous statement for Lie algebras, and the bulk
of our paper is about this Lie algebra variant.

1.3. Strategy of proof. Consider the tangent space at the identity of Sy,1:

Sn4+1 = {y c Mn+1((c) | y+y= 0}

Also define u(V') = Lie(U(V)). Then GL,(R) acts by conjugation on s,,1, and U(V) acts
by conjugation on u(V @ C) as before. By the infinitesimal trace formula comparison [12} ],
there is again a bijective matching of regular semi-simple orbits

[Snt1les — H [U(V(r,s)@c)]rs- (1.5)

r+s=n
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The precise definition will be recalled in §2.1. We again say that y € s,41.s matches to
signature (r,s) if its matching orbit under (1.5)) lies in the (r, s)-component. For y € 8,41 s
and ® € S(s,,41), there is again an orbital integral (Definition

Orb(y, ®) = E(y)/ ® (g~ 'yg)n(g) dg. (1.6)

GLa (R)
Both s,41 and each u(V, ;) ® C) are quadratic spaces with quadratic form Q(z) = —tr(z?),
and these forms are constant along orbits. If two elements y € 5,11,:s and x € u(V(; 5 © C)ys
match under (L5), then Q(z) = Q(y). The quadratic form on u(V(, 0@ C) is positive definite,
so we can consider the Gaussian ¥ € S(u(V(, ) © C)) defined by

U(z) = e 2mQ@),
The following definition is the infinitesimal analogue of Definition

Definition 1.3. A Gaussian test function on s, is a Schwartz function ® € S(s,+1) that
is a smooth transfer of W. That is, for all regular semi-simple y € §,,41,

e~27@W) y matches to signature (n,0)

Orb(y, ®) = {

0 otherwise.

Having passed to this Lie algebra setting, our main idea is to apply Kudla—Millson theory
[13], 16], in particular their construction of certain differential forms on symmetric spaces
attached to orthogonal groups. Let X = GL,(R)/O(n) denote the symmetric space attached
to GL,, and let D be the symmetric space attached to SO(s,4+1). The action of GL,(R) on
Sp+1 is an orthogonal representation,

p: GLu(R) — SO(sn41).

It descends to a closed immersion
a: X — D

at the level of symmetric spaces, cf. Section Identifying Te(X) = Sym,(R), the
pullback a*(¢xnm) of the Kudla—Millson form ¢k lies in S(s,41) ® det(Sym,,(R)). Let
w € det(Sym,,(R)) be the properly oriented generator that defines the chosen Haar measure
on GL,(R) under the Iwasawa decomposition, see Section for details.

Theorem 1.4. Let ® € S(s,41) be the Schwartz function characterized by the identity
a*(prMm) = P @ w. (1.7)
Then, up to a constant multiple, ® is a Gaussian test function in the sense of Definition [1.3

The reader is referred to Theorem for explicit normalizations.

For the proof of Theorem we analyse the intersection behaviour of «a(X) with the
Kudla—Millson cycles Dy, y € §,41,s- On the one hand, taking into account orientations, this
intersection number is €(y) or 0, depending on whether y matches to signature (n,0) or not
(Proposition [3.2)).

On the other hand, the Kudla—Millson form is, in a certain sense, dual to the cycles D,,.
Once the corresponding convergence statement is established, its integrals over X are hence
equal to the above intersection numbers, which ultimately completes the proof.

Two points of this construction seem miraculous to us. The first is the numerical coincidence
that underlies the definition of ® via : the negative part of the signature of s, 1 agrees
with the dimension of the symmetric space X.
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The second is the signs that are hidden in the construction. Namely, the differential forms
of Kudla—Millson transform with a certain quadratic character. Specialized to our situation,
we obtain that a*(¢xm) is (O(n),n™)-invariant. At the same time, the character of O(n)
acting on det(Sym,,(R)) is "~ 1. Taken together, this implies that ® is (O(n),n)-invariant
which aligns with the character in Jacquet—Rallis’s orbital integrals (1.6]).

Finally, we remark that the Kudla—Millson form gy and, by extension, the function ® in
are completely explicit. We refer to Examples and for the cases n = 1 and

n = 2.

1.4. Acknowledgements. We heartily thank Michael Rapoport and Wei Zhang for helpful
discussions during the writing of this manuscript and for their continued interest. We further
thank the American Institute of Mathematics, the Max Planck Institute for Mathematics in
Bonn, and the Morningside Center of Mathematics, where parts of this work were done, for
their hospitality.

2. SETTING

We give precise definitions of orbit matching and of the orbital integral in Definition
2.1. Orbits and matching. A reference for the following statements is [§, §2.1 and §2.2].
Set G = GL,(R). An element y € 5,41 is reqular semi-simple if the stabilizer G, is trivial,

and the orbit G -y C s,41 Zariski closed. A concrete characterization of this property is as
follows. Write y in a block matrix form

y= <?£ 2) < (z R, i?-%) ' (21)
Here and in the following, we use R"” and R, as well as C" and C,, to respectively denote
column and row vectors. Then
y regular semi-simple <= C[yo|-v = C" and w - Clyp] = C,,. (2.2)
The invariant of y is defined as the tuple
Inv(y) := (char(yo;T), wu, WYeU, ..., wyg_lv, d). (2.3)

It can be understood as the R-point of the GIT quotient G \\ 5,41 = A?"*! defined by y. It
is known, see [8, Lemma 2.1.5.1|, that two regular semi-simple elements y and 3/’ satisfy

G y=G-y < Inv(y)=Inv(y). (2.4)

We turn to the unitary side. Let V be an n-dimensional hermitian C-vector space. An
element x € w(V @ C) is regular semi-simple if its stabilizer U(V), is trivial and if the orbit
UWV) -z Cu(V @ C) is Zariski closed. Write z in block matrix form

[z wu wV) V
r= <—u* d) < <V* iR (2.5)
where we identified Hom(C,V) = V in the obvious way. Similarly to before, z is regular
semi-simple if and only if Clxp] - u = V. The invariant of x is defined as
Inv(z) := (char(vo; T), —(u,u), —(u,zou), ..., —(u,zf 'u), d). (2.6)

As before, two regular semi-simple elements z and 2’ lie in the same U(V)-orbit if and only
if Inv(z) = Inv(2').
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Definition 2.1. We denote by s,41,s and u(V @ C),s the subsets of regular semi-simple
elements. Two elements y € 5,415 and z € u(V @ C)y are said to match if Inv(y) = Inv(z).

Recall that V{, ;) is our notation for a hermitian C-vector space of signature (r, s). For con-
creteness, we choose V(. ;) = C" with standard hermitian form diag(1,, —15) in the following.
We have already stated in that matching defines a bijection between regular semi-simple
orbits on the general linear and unitary side, see [8, Propositions 2.1.5.2 and 2.2.4.1].

Lemma 2.2. A reqular semi-simple element y € s,41 matches to signature (n,0) if and only
if y has an orbit representative of the form

A1 1
i ' : 2.7
An Hn ( )

R

We remark that an element of the form (2.7)) is regular semi-simple if and only if the A;
are pairwise different and the f; all non-zero. This is clear from (2.2)).

Proof. Assume that y € 5,41 and x € u(V{;, o) ®C) are regular semi-simple and matching. We
use the notation of and (2.5)). Since z lies in w(Vin,0)), since V{;, oy is definite, and since
x is regular semi-simple, the characteristic polynomial of x( is separable with eigenvalues in
i - R. By the definition of matching, char(yo; ") = char(zo; 7). Thus yo is G-diagonalizable
which means that y is G-conjugate to an element of the form

A 1

/ . . .
An Hn

py o pn d

None of the p, and g, vanishes by (2.2)). The C-algebras C[y;] and Clxzg] are isomorphic via
Yo > xo. For k =1,...,n, let mp(y,) € Clyy] denote the idempotent for the Ax-eigenspace.
Then
iy i = (g sipn,) - m(yo) - (ipa, - i)
= —(u, mg(zo)u) <0,
where the second equality comes from the definition of matching, and where the inequality
comes from the definiteness of V/,, o). So

fur; - g, = (u, (o )u) > 0.

Conjugating (2.8) by the diagonal matrix diag(|u}/p1|Y?, ..., |1l /1a|"?) brings it into the
form of (22.7)).

Conversely, assume that y has the form (2.7). Set z = y and view it as an element of
M, 11(C). Since z satisfies ‘T = —z, it lies in the Lie algebra u(V{, ¢y ® C). The definition of
Inv(z) does not depend on whether we view it as element of §,,41 or of u(V(y, o) @ C). So this
shows that y matches to signature (n,0) as claimed. O

Lemma 2.3. Consider the open subsel
S = {y € Spt1.s | y matches to signature (n,0)}. (2.9)
Then & has two connected components which are interchanged by any g € G with det(g) < 0.
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Proof. By Lemma , every element of & has a representative of the form . Acting
with permutation matrices from G, and with diagonal matrices of the form diag(eq,...,ep),
e € {£1}, we may even find such a representative with Ay > ... > A, and all u; > 0. Thus,
if we let R C s,,11 denote the set of all matrices of the form that satisfy these conditions,
then

MRCG and G=G-fA.

The manifold R is connected, the group G has two connected components, and regular semi-
simple elements have trivial stabilizer. It follows that & has two connected components which
are interchanged by elements with negative determinant as claimed. 0

2.2. Orbital integrals. Recall that n: G — {£1} denotes the sign character. The transfer
factors used in [I12, [5] are adapted to a global trace formula setting which we do not need
here, so we use the following simple definition:

Definition 2.4. A transfer factor is a locally constant function
€ Sn+1,rs — {:l:l},
that satisfies e(g~tyg) = n(g)e(y) for all g € G and y € §p4115.

Note that the orbital integrals of Gaussian test functions are non-zero only for y € &, and
€| is unique up to sign by Lemma So for the purposes of our article, choosing € can be
understood as fixing one of the two (G, n)-invariant sign functions on &.

We fix a transfer factor € for the rest of the article. Recall that we also already fixed a
Haar measure on G in §1.

Definition 2.5. Let ® € S(s,,11) be a Schwartz function and y € s,,11 a regular semi-simple
element. The orbital integral Orb(y, ®) is defined by

Orb(y, ®) := £(y) /G (g™ yg)n(g) dg. (2.10)
It only depends on the orbit G - y.

3. INTERSECTION NUMBERS

3.1. Symmetric spaces. Let G° = GL,,(R)%*>0 be the identity connected component. Let
K = SO(n) C G° be the standard maximal compact subgroup and let X = G°/K be the
corresponding symmetric space.

We denote by Sym,, and Skew,, the real vector spaces of symmetric (resp. skew-symmetric)
(n x n)-matrices. We write Sym;® for the positive definite symmetric matrices. We can
describe X as

1 1

>0 gK —s gt (3.1)

X = Sym_"?,
Recall that we endowed 5,1 with the quadratic form Q(y) = —tr(y?). There is an orthog-

onal decomposition

Spt1 = (7-Sym,, 1) GLB (7 - Skewp41)
where the quadratic form is positive definite on the first, and negative definite on the second
summand. Let
Kso = SO(i - Sym,,_ 1) x SO(i - Skew,, 1)
be the corresponding maximal compact subgroup of the identity connected component SO(s,,41)°,
and let
D :=S0(sn11)" / Kso
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be the quotient symmetric space. A concrete description of D is given by

D = {W Cs,41 | Qlw <0, dim(W) =n(n+1)/2} 52)
hKso —> h-(i-Skewny1). '

Recall that p: G — SO(s,,4+1) denotes the orthogonal representation that defines the action
of G on 5,41, i€ for g € G and y € 5,41, We set

p(9)y = <g 1) Y <g_1 1) : (3.3)

To simplify notation, we will often write g - y for p(g)y. The map p descends to a closed
immersion
a: X — D (3.4)

of real manifolds, and our next aim is to describe it in terms of and .

Suppose that H € M, (R) is a symmetric (n x n)-matrix with det(H) # 0. Then we denote
by Sym(H) and Skew(H ) the real vector spaces of matrices that are (skew-)symmetric with
respect to H. That is,

Sym(H) = {Ae M,(R)|'A=HAH™ "}
Skew(H) = {Ac M,(R)|'A=-HAH'}.
Observe that for g € GL,(R),
g-Sym(H)-g~' =Sym('g~"-H-g71), (3.5)
and analogously for Skew(H). With this terminology in place, « is given by

>0
n

H s i-Skew (7))

a: Sym," — D

(3.6)

3.2, Kudla—Millson cycles. For a vector y € 5,11, Kudla-Millson introduced the totally
geodesic submanifold

Dy={WeD | ylLW}
Clearly, as long as y # 0,

D. — symmetric space for SO({y)*+) if Q(y) >0
R if Q(y) <0.

In particular, D, is of codimension n(n + 1)/2 if Q(y) > 0.
Proposition 3.1. Let y € 5,41 be regular semi-simple. Then

1 if y matches to signature (n,0
|XﬂDy|:{ i i (n,0) (3.7)

0 otherwise.

Moreover, in the first case, the intersection X N Dy is transversal.

Proof. Assume that y matches to signature (n,0). (This in particular implies that Q(y) > 0.)
By the invariance property g- Dy, = D,.,, we may assume that y is of the diagonal form ([2.7)).
In particular y € 4 - Sym,,, which is equivalent to y L i - Skew,4+;. In terms of , this
means that H = 1, lies in X N D,, and hence X N D, # (.

Conversely, assume that X N D, is non-empty. This means that there exists a positive
definite quadratic form H € Sym,, such that y L i - Skew ((H 1 )), which is equivalent to y €
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i-Sym ((#)). In terms of the block coordinates from (2.1), this implies yo is diagonalizable
with eigenvalues in i - R. Put differently, the G-orbit G -y contains an element y’ of the form

23):

A1 P
/ . T .
An Hn
Wyl d
Since y is regular semi-simple, the eigenvalues \q,..., A, are pairwise different. Moreover,

since X N D, = X N D,y, there exists a positive definite symmetric matrix H' such that
y €i-Sym ((H')). Since y} is diagonal, the only possibility for H' is to be diagonal. Since
H’ is positive definite, its entries are strictly positive. In terms of , this implies that ug
and y, have the same sign, for all k =1,...,n. Hence 3/ is G-conjugate to an element of the
form (2.7) and hence matches to signature (n,0) by Lemma Moreover, H' is uniquely
determined by H' = diag(uy/p1, . . ., 14,/ i), which proves the set-theoretic statement (3.7).

It is left to show the transversality of the intersection. Assume that there exists a non-zero
tangent vector to a point e € X N D,,

04 v e T.(X)NTu(Dy)

where the intersection is taken in the tangent space T.(D). Since both X and D, are totally
geodesic submanifolds of D, the geodesic through e defined by v is contained in both X and
D,, in contradiction with the fact that | X N D,| = 1. O

3.3. Orientations. We fix an orientation on D, as well as an orientation on the vector space
V™ :=1i-Skewpt1 C Spt1. As described in [16], §2|, these choices induce an orientation on
each submanifold D,, for y € s,41. Note that if V' is a quadratic space of signature (p, ¢) with
p > 2 and ¢ > 1, then the set of positive length vectors V5o C V forms a connected manifold.
Thus there are only two conventions for orienting the family {Dy}yes,,,,y20 such that the
orientations vary continuously in y. The definition in [16, §2| can be understood as fixing one
of them.

Given an orientation on X, let [X] denote the resulting oriented manifold. The transver-
sality statement in Proposition allows to consider the topological intersection numbers
[X] p] [Dy] € {£1} whenever y is regular semi-simple. Recall that we fixed the transfer
factor e.

Proposition 3.2. There exists an orientation on X such that for every regular semi-simple
element y € sp41,

€ if y matches to signature (n,0
[X] 1p) [Dy] = { ®) ¥y ‘ I (n.0) (3.9)
0 otherwise.
Proof. Let z € §p41 s match to signature (n,0). Then X intersects D, by Proposition |3.1
Fix the orientation on X such that [X]-p)[D.] = &(2). We claim that, with this choice,
holds for all ¥ € 55,41 1s.

By Proposition the intersection number [X]-p ) [D] is non-zero precisely for y € &, the
subset of y € §,41,s that match to signature (n,0). This set has two connected components
by Lemma and these are interchanged by G'\ G°. By definition of the transfer factor, we
have e(g - y) = n(g)e(y) for all g € G. Our task is hence to show that we have the identity

[XT D) [Dgy] = n(g) - [X] - 1p) [Dy)]
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for one choice of y € 6.
The action of G® on X and D extends to an action of G by extending the formulas in (3.1)

and (3.2)):
GxX—X, g-H='¢ ' Hg!
GxD-—D, g-W=gWg L

For all g € G, invariance of intersection numbers under isomorphisms implies that

[X] 0y [Dy] = (9 [X]) (g0} (9~ [Dy))
where the terms (g-[M]) denote the image g(M) together with their pushforward orientation.
We consider the specific element o = diag(—1,1,...,1) € G which stabilizes the base point
e =1, € X. It is clear from definitions that o - Dy = Ds,. We need to understand how o
interacts with the orientations on X, D, Dy, and Dg,.

n—1

(1) The tangent space T.(X) is Sym,, and conjugation by ¢ on Sym,, has determinant (—1)
So we obtain
o-[X]=(-1)"X]. (3.10)

(2) The tangent space T,(D) is Hom(i - Skewy,41,% - Sym,, ;). Conjugation by ¢ acts with
determinant

((_1)n)dim(Skewn+1) . ((_1)n)dim(Symn+1) _ (_1)n(n+1)(n+1) -1,

So we find
o-[D] = [D]. (3.11)

(3) Finally, let y € & be such that e € D,. The orientation on T.(D,) is defined as follows.
Recall that we have fixed a reference orientation on i-Skew,1. Orient the line (y) by declaring
y to be positive. Consider the induced orientation on Hom(i - Skew,+1, (y)). Finally, orient
the space T.(D,)) = Hom(i - Skew,, 11, (y)*) by requiring that the direct sum decomposition

Hom(i - Skewp 41,7 - Sym,, 1) = T.(Dy) ® Hom(i - Skew,, 41, (y)) (3.12)

is compatible with orientations. Moreover, o acts on i - Skew, 1 via a transformation with

determinant (—1)". Thus, by (2) and (3.12), we conclude

o - [Dy] = (=1)"[Doy]. (3.13)
Taking (3.10), (3.11) and (3.13) together, we obtain
[X] (D) [Doy] = =[X] -(p) [Dy] (3.14)
as we needed to show.
O

4. SCHWARTZ FUNCTIONS

4.1. Mathai—Quillen formalism. We begin by recalling a general formalism of Mathai and
Quillen [I8]. Our presentation here follows [2]. Assume that M is an oriented manifold, and
let C3p (resp. 23,) denote the spaces of smooth functions (resp. differential forms) over M.
Tensor products in the following are meant as smooth vector bundles over M, meaning over
Ci-

Suppose that (E,(, )) is an oriented metrized vector bundle of rank r over M, and that
V:E— Q}VI ® F is a connection that is compatible with the metric in the sense that

d(Sl, 82) = (VSl, 52) + (81, VSQ).
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Let k: E — 02, @ E denote the curvature, which is a section of Q3, ® End(FE). From the
compatibility of V with the metric it is immediate that
(k(s1),82) + (s1,K(s2)) =0
for all sections s1,s9: M — E. This means that s defines a section x : M — Q%W ® so(F).
We identify A’E = so(E) by
s1 A s2 —> [v = (s1,v)s2 — (s2,v)s1]

and view k as a section

ke M — Q3 @ (A’E). (4.1)
Consider the bigraded (non-commutative) algebra A = Q}, ® (A*E) with sign convention

(c1®7) (02®@ 1) = (—1)deg(n)deg(”2)(al A o9) @ (11 A T2).
The last piece of notation we need is the Berezin integral
{-}: A— Q5.

It is given by composing the projection A — Q%, ® (A'PE) with the (unique) trivialization

(A*PE) 5 M x R that preserves orientation and metric.
Now suppose that s: M — FE is a section. Consider the three elements

52 = (s, 5) € O,
V()€ ®F (4.2)
K € Q%\/j & (/\ZE)
all viewed in the algebra A.
Definition 4.1. Let r = rank(F). The Mathai-Quillen form of s defined by the above data
is the r-form
- (_1)7‘(7’71)/2(27_(_)77‘/2{6727T|S|272\/;V(8)7H} e Q?M

Here the exponential is defined by the usual power series, with products taking place in the

algebra A. We remark that the normalizing factors are motivated by Theorem below.

We denote by Z(s) or Z; C M the zero locus of s. Assume in addition that s is a regular
section, meaning that for all points = € Zs, the induced map ds: T, (M) — E, from tangent
space to fiber is surjective. Then Z; is a submanifold of M of codimension 7.

Definition 4.2. Let [Z;] denote the submanifold Z4 equipped with the following orientation:
for any point x € Zg, the derivative ds defines an isomorphism N, ~ E, where N is the
normal bundle of Z;. The fixed orientation on E pulls back to an orientation of V. As we
have also fixed an orientation on M, we define an orientation on Zs via the identification
NP N, @ NPT, Zo 5 NPT (M).

For a compactly supported differential form 7 € €22 ,,, we define the J-current

Oz, (n) == / 1z,
(2]

Proposition 4.3. Let M be an oriented manifold, EE an oriented metrized vector bundle of
rank v, and V a compatible connection. Suppose that s is a regular section of E with oriented
vanishing locus [Z].
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Let v denote the Mathai—Quillen form, and for a compactly supported differential form
n e Q;M consider the current

[1/15](77) = /M s A 1.

Note that for t € Rsg, the section ts is again reqular, and induces the same orientation on
Zs = Zyss. We then have

Jim [3rs] = 01z(s))-
as currents on M.

Proof. This proposition follows from the estimates in [6, Theorem 3.12]; see also [10, Theorem
2.1] for a direct proof in local coordinates. g

We will also have need for the following “transgression formula”:

Proposition 4.4. Let M be an oriented manifold and E an oriented metrized vector bun-
dle, equipped with a compatible connection, as above. For any section s of E, we define the
transgression form

CS = (_1)r(r71)/2(2ﬂ_)7r/2 {S A 6727r\s\272\/?V(s)7/@} e Qrfl(M).
Then for t € Rsq, we have
0
ta%s = —2/m d(ss.
Proof. This is proved in [18], §7]; see also [10], Prop. 1.3]. O

Proposition 4.5. Suppose M is an oriented manifold, E is an oriented vector bundle of rank
r, and s is a regular section of E with vanishing locus [Zs] oriented as per Definition ,

(1) On M \ Zs, the integral
o dt
gi= [ (4.3)
1

defines a smooth form.
(2) The form gs € Q'Y (M \ Zs) extends to a locally L'-form on M.
(3) Let [gs] denote the current given by integration against gs. Then we have the identity

2V dlgs] + 9z, = [t)s] (4.4)

of currents on M.

Proof. These statements follow from analogous estimates to those found in [6, Theorem 3.12],
which are presented in greater generality (and under slightly different assumptions) in loc.
cit. For the convenience of the reader, we give a self-contained argument here.

Let C = (—1)"0=1/2(27)=7/2, Since |s|> commutes with both V(s) and # in the algebra
A, we may write

(s = 06_2”“9'2{3 A e 2VTV(s) kY (4.5)

Note that the expression {s A e 2V™V(5)=#1 is a polynomial expression in s, V(s) and . In
particular, we may write

T
Co= Y mi(s)e >l
k=1
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where n;(s) € Q"~1(M) is homogeneous in s of degree k, i.e. ng(ts) = t*ny(s) for t € R. Then,

on M\ Zs, we have
J o dt
. = tk —2mt?|s|? Wb
gs = (/1 e - ) (s)

k=1

" _ o0 7ﬂ,zdt
:Z\s\ k</|| the Qtt>77k(s).
k S

For each k > 0, the integrals appearing above define smooth functions on M \ Zs and the
function |s|~* is also smooth on M \ Z,. Part (1) follows from these observations.

To prove part (2), it suffices to show that g, is locally L' in a neighbourhood of Z,. If
Zs is empty, there is nothing to show. Otherwise, fix a point z € Z5 and a coordinate chart
U C M around z with coordinates x1, ...z, mapping z to 0 € R™. We may further assume
that there is a local orthonormal frame ey, ..., e, of E|y such that

r
S = E €T;€;5.
1

In particular, we have |s|? = 22 + - - - + x2. Substituting the above expression for s into (4.5]),
we conclude that upon restriction to U, each 7 (s) can be written as a linear combination of
the form

(4.6)

-
ne(s)|u = sz - (smooth form on U).
i=1
Moreover, all the integrals appearing in (4.6) are evidently bounded. We are reduced to
showing that the functions
— = ) i,k<r
[sI* (a4 2t

are integrable on a sufficiently small open neighbourhood of 0 € R"™; this latter fact is a
straightforward calculus exercise via polar coordinates.
Finally, we prove part (3). Suppose 7 is a compactly supported form on M. Then

. todr
d[gs](n)Z/ gsAdnz/ <thm/ Crs> A dn
M M \t7%° /1 r
t
= lim </ Crsdr> A dn (4.7)
t—o0 M 1 r

t
= lim d(/ Crsdr>/\77

where the interchange of limit and integral in the second equality is justified by the proof of
part (2) and the dominated convergence theorem. Applying Proposition we have

o [e) = [[ac.

1 [to
= —ﬁ ) Ewrsdr
= ! (Q;Z)ts - 1/]5) .

NG
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Substituting this into (4.7)) and applying Proposition yields the result.
O

4.2. The Kudla—Millson form and a result of Brancherau. We begin with a slightly
more general situation. Let (V, Q) be a real quadratic space of signature (p,q). Let V =V &
V'~ be a decomposition into maximal positive and negative, definite subspaces respectively.
Let D(V) = SO(V)?/SO(V+) x SO(V ™) be the corresponding symmetric space. As before,
there is an identification

D(V)~{zCV |Q|:<0and dimz=gq}.
The space D(V') is naturally equipped with a tautological vector bundle E of rank q;

concretely, the fibre Ez at a point z € D is simply the space z. We define a metric (-, )E on
E by the formula
(3.9)5() = 2QE(z). & D)+ E.

It is clear that the datum (E, (-,-) ) is naturally SO(V)%-equivariant. Given any v € V, there
is a section
S$y: D(V) — E, Sy(2) = pr,(v)

i.e. for z € D(V), we take the orthogonal projection pr,(v) of v onto z. By construction, this
section satisfies

Y8y = 8y-1y (4.8)
for any v € SO(V)Y. Moreover, we have

Z(sy) = D,

where
D,:={2€D(V) | z Lv}

is the Kudla-Millson cycle from Section §3.2

Furthermore, fix an orientation on D(V) and E. We note that as D(V) is connected, an
orientation on FE is determined by the choice of an orientation on any single fibre E,. Such
a choice determines an orientation of D,, as in [16, §2]. On the other hand, if Q(v) > 0,
then it is straightforward to check that s, is regular, which in turn induces an orientation on
[Z(5y)] via Definition[.2] Unwinding the definitions, one can verify that the two constructions
coincide, i.e.

[Z(5y)] = [Dy]. (4.9)

Finally, the bundle Eis equipped with a natural connection Vz called the Maurer-Cartan

connection; see e.g. [T, §3.1| for details. This connection is compatible with the metric on E,

and is SO(V)%-equivariant.
Having specified the requisite data, we now have the corresponding Mathai—Quillen form

¥s, € A1(D(V)) (4.10)

as in Definition E11

On the other hand, Kudla and Millson have constructed an explicit differential form, sat-
isfying a natural Thom form property with respect to D,. We briefly recall the construction,
referring to [7), §2] for a more detailed discussion. We begin by noting that there is a canonical
identification

P :=T.(D(V)) ~ Hom(V~, V).
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Note also that the linear action of O(V) on V induces an action on D(V'), and the maximal
compact subgroup K := O(VT) x O(V™) acts on P by post- and pre-composition in the
natural way.

Fix orthonormal bases 1, ...,z for V1 and xpi1,...,xpe for V7. These induce a basis
{Xi;} for P, with 1 <i <pandp+1<j < p+q. Concretely, X;j(z) = djnxi. Let wg
denote the dual basis, and define the Howe operator

H:S(V)®c A*B* — S(V) @c A*TIpR*
by the formula
ptq 19
Jj=p+1li=1
where S(V') is the space of Schwartz functions on V', and A;; is left multiplication by w;; .

Definition 4.6 (16, §5]). The Kudla-Millson form ¢k is the g-form obtained by applying
the Howe operator to the Gaussian:
oM = H - e ) ¢ S(V) @ (ATB*).
This form satisfies the following equivariance property. Let v: O(V) — {£1} denote the

spinor norm. Recall that this is the unique character whose restriction to K = O(V)xO(V ™)
is given by v(k*, k™) = det(k~). We then have

prm (k™) = v(k) - K (pru(v)) € AP (4.11)

for all v € V and k € K, see [I3, Theorem 3.1].
In particular, ek lies in the space of invariants (S(V) ® AT3*)
natural isomorphism

[S(V) @ AtV 00T 2y (s(v) @ Qi(DV)ITOV” ) s

SO(V*)xSO(V™)  There is a

determined by the relation 7], = n. We define
Bra € [S(V) @ Q1(D(V)) P

to be the image of ¢y under this isomorphism.
We now have two constructions of differential forms associated to a vector v € V. The
following theorem of Brancherau asserts that the two constructions essentially coincide:

Theorem 4.7 ([7]). For any v € V, we have
Prm(v) = 2792670y

v

O

Now we specialize the notation to our case of interest. Take V = s,.1 and D = D(sp,4+1)
as before. Let X = Sym,,(R)>¢ and consider the map a: X — D as in (3.4). In fact, it will
be more convenient to work on the group B C G of upper triangular matrices. Consider the
surjective map

B— X=Sym°  br—lp ! (4.12)

which is a finite covering map of degree 2", and let § be the composition

f:B— X -5 D.
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Pulling back via 8, we obtain the bundle F := 5*E, equipped with the pullback metric (-, ) g
and connection Vg, as well as a pullback section s, = 3*s, for any y € s,41. We let

by =y, € QTD/2(B), (4.13)
and

(y = Cs, € QD271 (B (4.14)
denote the Mathai—Quillen and transgression forms attached to this data. Note that dim(B) =

n(n+1)/2, i.e. ¢, is a form of top degree on B. Moreover, it is clear from the construction
that these forms are functorial in the data defining them, i.e. we have

pr - 5*¢§yu <y = ﬁ*ggy
Remark 4.8. The role that Theorem plays in our present work is as follows. On the
one hand, as evident in Definition it is straightforward to write down explicit formulas
for the Kudla—Millson form. On the other hand, we may apply the general machinery of

the Mathai—Quillen formalism, in particular the current equation (4.4), to deduce geometric
properties that are not immediately evident from the construction.

4.3. Schwartz forms. We will employ the terminology of Schwartz forms on real affine
algebraic varieties, which is a special case of that of Nash manifolds discussed in [1].

Definition 4.9. Let M be a real affine algebraic smooth variety, and let C*°(M) and Q°*(M)
denote the space of smooth functions, and smooth differential forms, respectively. A function
f € C®(M) is called a Schwartz function if for every algebraic differential operator D, the
function Df is bounded on M (cf. [I, Corollary 4.1.3|). The space of Schwartz (differential)
forms is the subspace of Q°(M) spanned by elements of the form fw where f is a Schwartz
function and w is an algebraic differential form.

Note that if M = R™, we recover the usual notion of Schwartz functions, i.e. rapidly de-
caying functions on R™ such that all partial derivatives of all orders are also rapidly decaying.

Lemma 4.10. Let M be an oriented real affine algebraic variety, and let m = dim(M).
(1) If ® € Q™(M) is a Schwartz form of top degree, then the integral

| e
M
exists (i.e. is finite).

(2) If ® € Q™ Y(M) is a Schwartz form, then

/ d® = 0.
M

The same conclusions hold if M is replaced by any connected component M’ of M.

Proof. Both claims follow from straightforward calculus arguments when M = R™.

In general, suppose M’ is a connected component of M, and ® € Q®*(M'). There exists a
finite open cover M’ = U U-- -UUj such that each Uj; is isomorphic to R as a Nash manifold.
Applying a partition of unity, as in [1, Theorem 4.4.1], there are Schwartz forms ®; € Q*(Uj;)

such that
=)o,

In this way, we reduce both claims to the case M = R™.
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We now apply this discussion to the case M = B, the group of upper triangular matrices,
and the metrized bundle F, equipped with its connection V. To this end, we first endow F
with an algebraic structure.

Recall that p: GL,(R) — O(s,41) denotes the representation (3.3)), and recall that we
had fixed a decomposition 5,11 = VT @ V™ with V= :=i - Skew,,1. By definition, we have
B(b) = p(b)(V~) € D for any b € B. By equivariance, E is a trivial vector bundle with
trivialization

triv: Bx V™ % E, (b,v™) —> (b, p(b)v7). (4.15)

Using this isomorphism, we identify E with the R-points of the trivial algebraic vector bundle
B x V~. That is, a section s : B — FE is algebraic if and only if the function f : B — V~
defining triv™! o s is algebraic. An equivalent way to phrase this definition is declaring B-
invariant sections of E algebraic.

Lemma 4.11. (1) For any y € s,41, the sections s, and V(sy) are algebraic.

2) If y s regular semi-simple, then s, is regular in the sense of Section |4. 1)
y

Proof. It is a direct consequence of definitions that, in terms of (4.15)), s, = 5*s, corresponds
to the function

fy: B— V™, fy(b) = pry- (p(0)" ()
and that Vg(sy) corresponds to dp fy, [I don’t understand the statement about Vg (s,).| both

of which are evidently algebraic.
For a regular semisimple element y, the regularity of s, was already shown in Proposition

B.1. O

Proposition 4.12. (1) Suppose that y € s,41 is reqular semi-simple. Then 1, and (, are
Schwartz forms on B.

(2) Let p € C°(B) be a function such that p =1 in a neighbourhood of Zs, and let f =1—p.
Then fgs is a Schwartz form.

Proof. In the sequel, use the abbreviations
S = Sy, g=n(n+1)/2, and C=(=1)1"D/2(27)~9/2
(1) By definition, we have
wy — C{e—2w|s|2—2ﬁV(s)—n} and Cy — C{S A 6—277\3\2—2\/EV(5)—/-@}.
Since |s|? commutes with both V(s) and & in the algebra A, we may rewrite these forms as
wy _ 067277\5\2{672\/EV(5)71@}’ Cy — 067271—\3\2{8 A 672\/EV(S)*H}

Note that the differential forms {e=2V7V()=*} and {s A e~ 2V™V(5)=#1 appearing above can
be expressed as polynomial expressions in s, V(s) and «, and hence are algebraic, by Lemma
41Tl It therefore will suffice to show that the function

O(b) := e 2ls()?
is a Schwartz function on B. By definition of s and the metric on F, this function is given by

(b)) = e2mQ(pry— (p(0) "1 (V)
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We multiply it with the constant e ™@®). Recall that Q is invariant along the G-orbits of 8,1,
implying Q(y) = Q(p(b)~1(y)) for all b € B. Moreover, from by the orthogonal decomposition
V =V*t@®V~, we have
Qp(5) () = Q(pry+(p(0) ™' (1)) + Q(pry—(p(b) ' (1)))-
Hence we see
e WP () = e~ TRMPry 4+ (p(0) ™ (1)) —Q(pry,— (p(b) " ()))]

— o~ (p(0)" ()

for the positive definite quadratic form Q* = Qly+ — Q|y~. (In fact, this is the Siegel
majorant.) In other words, we consider the Schwartz function ®(v) = e~™@" () on s, 1, and
pull it back to B under the orbit map

B — sp41, b—b-y.

Since y is regular semi-simple, the stabilizer of y under the action of B is trivial, and the orbit
B -y is Zariski closed in s,+1. Moreover, the action B X §,4+1 — §,41 is an algebraic map,
and in particular, a closed immersion. Thus we obtain an identification B ~ B -y as a closed
Nash submanifold of s,,41. As the restriction of a Schwartz function on a Nash manifold to
a closed Nash submanifold is again a Schwartz function, we see that ® = ®’|g., is Schwartz,
concluding the proof.

(2) Suppose f € C°°(M) satisfies |f| < C for some constant C' and f = 0 on an open
neighbourhood U of Z,. Using (4.6, we may write

r—1 )
foe=>_f (/1 tke?’rﬁ's'Q?) M (s)
k=0

where each nx(s) is a polynomial expression in s, V(s) and . In particular, each ng(s) is
algebraic.
Moreover, there exists a constant ¢ > 0 such that

1s(b)> > ¢ for all b e B\ U.
We then have that for any k& > 0,

f/oo tke—27rt2s2dt' < C/OO tke_Qﬂt2|S|2ﬁ
1 t 1 t
00
<o [T eemeineend
1

t
< Ce—ﬂs\z /OO tke—ﬂ'ctQ@
t
1

The integral is finite, and the function e~ms is Schwartz, as in part (1). This concludes the
proof. O

Let BY C B denote the connected component of the identity, so that the map B — X
restricts to an isomorphism
B = X. (4.16)
This isomorphism also identifies
pt if y matches to signature (n,0)

BNz, S XnD, =
o v {@ otherwise
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cf. Proposition [3.I] Furthermore, in Section we had fixed orientations on D and on
V= = i-Skewy41, which in turn determined an orientation on D,, as well as on X via

Proposition The orientation on V~ determines an orientation on the bundle E , and we
have

[Zs,] = [Dy],
where [Z;, ] is oriented according to Definition . On the other hand, using to transfer
the orientation on X to BY, we have

if y matches to signature (n,0) (4.17)
0 otherwise. .

de (1Z,,]) = [X] o) [Dy] = {5(”

Theorem 4.13. Let y € sp,41 be a regular semi-simple element. Then

/ b, = e(y) if y matches to signature (n,0)
RO Y7o otherwise.

Proof. If B® were compact, this identity would follow immediately from Proposition by
evaluating (4.4) at the constant function 1. In our case however, we will need to be a bit more
indirect.

Let us again abbreviate s = s,. We begin by fixing a sequence of successively relatively
compact open neighbourhoods

UycUycC---
of Zs such that UU, = BY. (If Z, is empty, we fix an arbitrary family of nested relatively
compact open sets exhausting B®.) We choose a family of compactly supported functions
pr € C°(By) such that
lpe(b)] <1 for all b € BY
and
pr=1 on Uy.

Then, by Proposition we have

ve=tim [ v
BO k—o00 BO
= Jm Gz (o) + 27 [ g ndp
k—o00 BO
By construction, we also have for all k£ that

if y matches to signature (n,0)

d12(5) (pr) = deg([Z4]) = {6(.@)

0 otherwise.

On the other hand, let f € C*°(B°) be such that f =0on Uy and f = 1 on B\ Us. If k > 3,
then dpy, is supported on B\ Uy, so

/ gs Ndpy, = / (fgs) Ndpr, = / d(fgs) N pr-
BO BO BO
By Proposition and Lemma we have

tim [ d(79.) A pi = /B d(fg.) =0,

k—oo B

concluding the proof of the theorem. 0
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4.4. Differential forms and orbital integrals. As a final step, we interpret Theorem
in terms of orbital integrals. Consider the Twasawa decomposition G = BY - O(n). We obtain
a decomposition dg = dbdk of measures, where dg is our fixed Haar measure on G, where dk
is the Haar measure on O(n) normalized to have total volume 1, and where db is the left Haar
measure determined by the integral formula

/Gf(g)dg = /BO /O(n) f(bk) dk db

for any integrable function f.

Next, recall that we have fixed an orientation on B ~ X as in Section[3.3] Let & € Q'P(B)
be a left-invariant (algebraic, in particular) differential form of top degree whose restriction
to BY is positive, and induces the measure db; i.e. for any integrable function f on B, we have

/ o= fya.
BO BO

Let b = Lie(B), and let w € det(b) be the value w = w, of w at the identity element. Consider
the pullback map induced by g : B — SO(sp41),

B S(n1) © ANHDE(PY) — S(sp41) ® det(b),
and define ® € S(s,41) by the identity

B (pxm) = ¢ @ w.
Lemma 4.14. For k € O(n) and y € 5,41, we have ®(k~! - y) = n(k)®(y).

Proof. Let V* =4 -Sym, . and V™ =i-Sym,_; again denote our usual choice of maximal
definite subspaces of s,1. The composition

O(n) -5 O(VF) x O(V™") 2 [£1}

equals 7", because the element o = diag(—1,1,...,1) acts with determinant (—1)" on V™.
Moreover, the identification By — X induces an isomorphism b = T,X = Sym,,, and hence
via composition an action of O(n) on b. Its determinant, which is simply the determinant of
O(n) acting on Sym,,, is "~ L.
From the invariance property in (4.11]), we obtain for general k € O(n) that
Pk ) @w=mnk)" ()@ (Fw)
=n(k)®(v).

We now state our main theorem:

Theorem 4.15. Suppose y € 5,11 is reqular semi-simple. Then

e=2™QW) i y matches to signature (n,0)

gn(n+1)/4 Orb(y, (I)) _ ‘
0 otherwise.

In other words, 27""tV/4® 45 q Gaussian test function.
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Proof. By definition, we have

Orb(y, &) = e(y) / (g y)n(g) dg

=e(y /BO/ k7t y) (k) dkdb

— =(y) /B B y)b

where in the last line, we use the fact that ®(k - y)n(k) = ®(y), as in Lemma
Applying our conventions on measures, as well as Theorem we have

[ o= [ ap s
/ B (erm(y

n(n+1)/4 —27Q(y %

The result now follows from Theorem O

Example 4.16 (Case n = 1). In this situation our construction recovers the test function
used in [26] §12]. Consider G = R* with Haar measure dt/t. We denote the coordinates on

52by
52:l{<;2 ydl) aadaylayQGR}

Then a and d are G-invariant. We pick a transfer factor € that is positive whenever y; and
yo are positive. The quadratic form Q(y) = —tr(y?) is give by

Qy) = a® + d* + 2y1 .

Its definite components are

2 )2
Q+(y) _ a2+d2—|— (yl —292) ’ Q— — (yl 2y2) )
The Siegel-Gaussian is hence
e 2m(Q4+Q-) — —2m(a®+d?+y7+y3)
The Schwartz function ® from Theorem is
B(y) = 9-1/2 (y1 + y2)6—27r(a2+d2+y%+y§)'

The theorem now states that

Orb <z (“ yl) ,q>> _ pomlaear) )€ i gy >0
y2 d 0 otherwise.

Example 4.17 (Case n = 2). We first normalize the Haar measure on G = GLy(R). Use the
following notation for the coordinates of the Iwasawa decomposition of an element g € G:

9:<a1 a2>'(1 ll)>'9, ai,az € Ryo, b ER, 0 € O(2).

Then fix the measure as da das dbdd
dg = %’ / do — 1.
aiag (2)
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We denote the coordinates on s3 by

Y11 Y12 U1
$3=1" Y21 Y22 w2 ||all entries in R
w1 w9 d

The entry d is G-invariant. We pick a transfer factor € that is positive on elements of the
form (2.7) with A\; > Ao, 1 > 0, and ps > 0. The quadratic form Q(y) = —tr(y?) is given by

Qy) = v2, + y3s + d* + 2(y12y21 + viw; + vows).
Its definite components are
(y12 4+ y21)2 + (v1 +w1)? + (v2 + we)?
2
(y12 — y21)* + (v1 — w1)? + (v2 — w)?
2

Q+(y) =yi +yso +d° +

Q-(y) =
The Siegel-Gaussian is hence
e 2m(Q++Q-) _ g—2n(yf + .. +d?)

where the exponent involves the sum of the squares of all 9 entries of y. The Schwartz function
® from Theorem is

d(y) = V2 (y11 — y22) (v1 4+ wr)(v2 + we)

1
*ﬁ(ylz + y21) ((v1 + wy)? — (vg + w2)2) e 2m(Q++Q-)

5. FrROM LIE ALGEBRA TO GROUP
Recall the definition of S, 4 from (|1.1)). Our aim is to prove the following theorem.
Theorem 5.1. There exists a Gaussian Schwartz function on Spy1. That is, there exists a
Schwartz function U € S(Sp+1) such that for all regular semi-simple vy € Sp41

Orb(y, ¥) =

{1 if v matches to signature (n,0) (5.1)

0 otherwise.

Recall that the occurring orbital integral was defined in (1.3), but that we still need to
provide the definition of the transfer factor € : Sy41,s — C*. This will be done in the next
subsection. The proof of Theorem |5.1| will be given after that (see §5.2)).

5.1. Transfer factors. We completely follow the conventions in the literature, see [25] and
[22]. Fix a character i’ : C* — C* (necessarily not quadratic) that extends n: R* — {£1}.
Note that all such characters are of the form z — (z/|z|)™ with m € 14 2Z. Let us write
Snt1rs © Spy1 for the subset of regular semi-simple elements. Let e be be the row vector

(0,...,0,1) € C,,41. Define the transfer factor on S, 11 by
€:Sntis — C*

, /2 (5.2)

e | (det(’y)_L(T‘Jr )/2] det ((e;ev,...,ex™))).

Here, (e, ey, ...,ey") denotes the matrix with e’ in the (i 4+ 1)-th row. Note that unlike in
the Lie algebra setting, ¢ is not locally constant. It still satisfies e(hyh™1) = n(h)e(y) for all
h € GL,(R) and v € Sy41,s. The definition of (1.3)) is now complete.
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We would like to compare € with a transfer factor on the Lie algebra. So, again following
[25] and [22], we make the following explicit choice:
€ 8p410s — {£1}
Y — 77((—2')”("“)/2 ~det ((e, ey, ..., ey™))).

Definition 5.2. Let ¢ € C! be an element of norm 1. Define open subsets Sny1,e and 5,11 ¢
by the condition

(5.3)

det(y —&) #0 resp. det(y —&) #0. (5.4)

We write Sy, 41.rs¢ and 8,41 1s¢ for their subsets of regular semi-simple elements. The Cayley
transform (with parameter £) is the isomorphism
Cet Sn411 — Sn1—¢
1
l—y

Its inverse is given by v — (v — §)/(y + §). Note that c¢ is equivariant with respect to
GL,,(R)-conjugation. In particular, it preserves the property of being regular semi-simple,
inducing an isomorphism

Ce P Sp4lrs,l — Sn-l—l,rs,—ﬁ'

It was shown in |25, Lemma 3.5] that ¢ and e are compatible under the Cayley transform.
There seems to be a typo in the argument, though, so we give a complete proof.

Lemma 5.3 (|25, Lemma 3.5]). Let & € C! be an element of norm 1. Then € on S,11.s1
and € on Sy q1rs—¢ are compatible in the sense that there exists a smooth, algebraic, nowhere
vanishing function pe on sp41,1 such that for all reqular semi-simple y € $,41.1s,1,

e(ce(y)) = pe(y) - e(y)-

Proof. Define v = £ 1cg(y); concretely, v = (1 +y)/(1 — y). Pulling out factors of £ row by
row in the definition of €, we have

e(ce(y) = p1(©) e(r),  pr(€) = o (D=t LED 2],
Next, we have
e(v) = p2(y) ' (det((e,ev,...,ev™),  pa(y) = n'(det(1 +y)/ det(1 — y))~ LT/,

Note that ps is a smooth function nowhere vanishing functionin y € s,411. Set T' = 2y/(1—y)
and observe that v =14 T. By elementary row operations, we find

det ((e,e(1+T),...,e(1+T)")) = det ((e,eT,...,eT™)).
Multiplying with (1 — %)™ from the right, and writing r3(y) = 27(**1/2 det(1 —y) ", we have
det (e, eT, ..., eT”) = r3(y) det ((e(l —y) eyl —y)" L ey 1 —y), ey”)).

By elementary row operations, the last determinant equals

det ((e, ey,..., eyn))7
which is also the determinant occurring in (5.3). In summary, we obtain that

e(ce(y)) = p1() - paly) -0/ (raly)) - ' (@) +H/2 - e(y) (5.5)
which completes the proof. O
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5.2. Proof of Theorem We now prove Theorem Let Qn+1 and q,+1 denote the
R-points of the GIT quotients by GL,, of (the algebraic varieties underlying) S, 1 and $,,11.
For every n-dimensional hermitian C-vector space V', these are also the GIT quotients by
UWV)of UV @®C) and u(V @ C). The quotient maps

inv: Sp41, UV @C) — Qnii,
inv: spp, (Ve (C) — On+1

realize the matching bijections in (1.2 and (1.5).
Recall that our aim is to construct a Schwartz function ¥ € S(Sy,,41) such that (5.1) holds.

This construction can be performed locally in the following sense: Let T' C @5, +1 be the image
inv(U(n + 1)), which is compact. Assume that T'C U]_,U; is an open covering of T in Q41
and that ¥; € S(S,,41) are such that for all v € inv=1(U;),

1 if v matches to signature (n,0)
0 otherwise.

Let p; C C°(U;) be such that (3.4 pi)|r = 1. Then > ;_, p;'¥; satisfies and the proof
of Theorem is complete. Our task is hence to construct the datum (U;, ¥;);_;. Since T
is compact, it suffices for each ¢ € T to construct an open neighborhood U C @Q,11 and a
Schwartz function ¥y satisfying for v € inv=1(U).

The definition of Sy,41¢ and 6,11 ¢ by in Definition [5.2]is in terms of the G-invariant
polynomials det(y—¢&) and det(y —&). There are hence Zariski open subsets Q41,6 and gp41,¢
of Qni1 (resp. gp+1) such that

Sntte =10V H(@Qnite)y  Sntre =0V (Gnr1)-
Choose ¢ € C! with t € Qn+1,¢ and consider the Cayley transform
Ce i Sni11 —> Sniie.

By G-equivariance of c¢, for any Schwartz function ® € S(s,41) and regular semi-simple
v € Spt1,s,¢, We have

€(7) 7 Orb(7, ¢+ (®)) = eleg ()™ Orbleg ' (7), ).

Let A € C2°(Qn+1,¢) be any compactly supported function. Then inv*(X)-c¢ «(®) is a Schwartz
function on Sy 41 with support in S,,11¢. The ratio

eleg ' (M/e(r)s 7€ Snrrg

is an algebraic invertible function by Lemma [5.3] and hence

et
vy =" fm()v)) () - e (®)
lies in S(Sp+1) and satisfies
Orb(vy, ¥y) = A(inv(7)) - Orb(cgl(fy), D), v € inv H(U). (5.6)

We now make the following choices. Let ® € S(s,,41) be the Gaussian test function from
Choose A such that A = c¢.(e>™@) on a neighborhood U of t. (Here, the quadratic form
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Q(y) = —tr(y?) has been descended to a function on Q,+1.) Then (5.6) specializes to
Orb(y, Wy) = ™ Orb e (7), @)
1

_J1 ifyeinv™
)0 otherwise.

(U) matches to signature (n,0)

Here, in the final step, we have used the following lemma.

Lemma 5.4. Lety € 541,151 be a reqular semi-simple element. Then y matches to signature
(r,8) if and only if ce(y) matches to signature (r,s).

Proof. The Cayley transform can also be defined on the unitary side by the same formulas.

The statement then follows from the definition of matching. g
This completes the proof of Theorem [5.1] O

Let us write U(n+1) for U(V/,, )@ C). For a smooth function ¢ on U(n+1) and a regular
semi-simple element g € U(n + 1),5, we consider the U(n)-orbital integral

Orb(g, ¢) = oo ¢(h~ gh) dh

where the Haar measure is normalized by Vol(U(n)) = 1.

Corollary 5.5. Let ¢ be an algebraic function on U(n + 1), such as a matriz coefficient or
the character of a finite-dimensional representation. Then there exists a Schwartz function
Y € S(Sn+1) such that for all v € Spi1 s,

{Orb( g,¢) if v has a matching g € U(n + 1)

otherwise.

Orb(v,¢) =

Proof. Let U(n) and U(n+1) be the algebraic groups defining U(n) and U(n+ 1). The function
# being algebraic means that ¢ € R[U(n + 1)]. The averaged function ¢(g fU (n) #(h~tgh)
then lies in the invariants R[U(n + 1)]Y(. Since U(n) is connected, these are the same as
the algebraic invariants R[U(n + 1)]Y(. In other words, ¢ comes by pullback from the GIT
quotient. In particular, there exists an algebraic function f on S,41 such that ¢ = inv*(f)
and we have

Orb(g, ¢) = f(inv(g))
for all g € U(n + 1);s.
Let ¥ be a Gaussian test function as in Theorem Then, for every v € Sp11.rs, we find

Orb(v, f¥) = f(inv(y)) Orb(y, ¥)
_ {Orb(g, ¢) if v matches an element g € U(n + 1)

0 otherwise.
Thus ¢ = fU satisfies the requirements of the corollary. O
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